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Abstract—The attitude determination based on measuring the distances between points of the body and
reference points (beacons) is analyzed. The conditions for choosing these points are determined. In the
analysis, the matrix method and the least squares method were used. As part of the problem, a positioning
problem of independent significance has been solved. The influence of distance measurement errors on
the accuracy of determining the orientation is investigated. The proposed form of the loss function allows
us to simplify the expression for the matrix of directional cosines and, thereby, perform an analytical
analysis of errors. It is shown that for small errors, their influence on the accuracy of determining
orientation angles can be characterized by an additional rotation of the coordinate system associated
with the body. Theoretical and numerical analysis showed that the accuracy of determining the
orientation can be significantly increased by increasing the number of measurements.

Index Term—distance; attitude; determination.
I. INTRODUCTION

Measurement of distances between fixed points
and points of a moving body is the basis of
algorithms for determining the orientation using
Global Positioning System (GPS) [1], [2]. But GPS
can’t be always used due to technical restrictions on
its use. The development of modern information
technologies has led to widespread use for
determining the distances of ultrasound and radio
methods. That is, they are used to solve the problem
of positioning a moving body [3]. Consider the
measurement of distances between fixed points and
moving points for solving the problem of
determining the orientation of a moving body.

II. PROBLEM STATEMENT

Consider the problem of determining the
orientation of the body based on information about
the position of fixed points (beacons) 4,(i=1,...,n)
and distances between these points and the points of
the moving body (nodes) M ,(j=1,...,m) (Fig. 1).
The position of fixed points A with known
coordinates is given by the vectors 7 . The position

of moving points M, with unknown coordinates is
given by the vectors p,. The position of the point
4; relative to the point M, is given by the
vector d It

From the triangle OM , 4, find

dj =r'+p;-2r'p,. (1)

Fig. 1. The points and the vectors

To exclude from consideration a nonlinear

unknown component pi , write the difference

di—d}=r" - =2(r, —r])T p;-

1 1

That is,
kp,=h,, )
where
k=2(r-n), h=d—d -

From one equation (2) it is impossible to find a
vector p; so add the same relation for other points

A, and consider the system of equations
Kp, =k, 3)

where
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From here find a vector p, that characterizes the

translational movement of the body. If, n=4 that is,
the matrix K is square, then

o =K'h. )

J

The need to find an inverse matrix K™ imposes
a restriction on the choice of vectors 7. The
determinant of the matrix K will be zero in the case
when at least one of the vectors r, -1, r,—r, r,—r,
will be proportional to another, that is, these vectors
are parallel. This case should be excluded. Suppose,
B0 ) thatis r, =1 +MA(r, —r). Inthis case, the
KhL—h
vectors F, r,, r, are in the same plane. Thus, in
order that the determinants of the matrix K do not
equal zero, it is sufficient to choose the stationary
vectors in such a way that all vectors are not in the
same plane.

If n>4, ie. the matrix K 1is not square, the
vector p; can be found by the formula

p, = Dh,. (5)

-1 -
where D=(K"K) K", D=(K"K) K".

Note that this expression is optimal in terms of
the minimum error of estimating a vector p,.

To determine the orientation of the body write
the expressions for the vectors associated with the
body

u =p —p =D(h —h)=Dh. s=2xm, (6)
where
d.fl - d.&'22 - (d121 - d122)

h. = d.f] - d.&'23 - (d121 - d123)

S

d.fl - d.fn - (d121 - d]2n)
Combine the equation into a system
KU =H, (7)

where U =[u, u,..u,); H=[h. h,. ... h, .]

Consider the use of least square method to
determine the matrix of directional cosines R,
which establishes the relationship between the

projections of any vector before (u,) and after
(u, )the turn of the body (u, = Ru,).

The task of estimating the orientation using the
method of least squares [4] is to determine the
orthogonal matrix R with the determinant +1, which
would minimize the loss function which assume in
the form

g(R)= %itr{[GKT (KRU,~H,)E]

v=1

[GK" (KRU, - H,)E |}

1 L
- EZtr(ETUOT U,E-2E"H'KG"RU,E
v=l
+E"H/KG"GK"H,E),
(®)
where L are number of measurements;

-1
G=(KTK ) ; E is the matrix, the expediency of

which will be explained later.

Use the restrictions R'R =1 and take the loss
function in the form

2, =g +trGA(RTR—1)j, )

where A is the matrix (Lagrange multiplier).
Equating the derivative g, over R to zero,
obtain:

1

Q=5(RAT +RA), (10)

L
where O=GK'H,EE'U;, H, =Y H,.
v=l

Let's assume that the matrix A is symmetric.
Then formula (10) takes the form (Q=RA or

R=QA™". Substituting this

relationship R"R=1, find A=./Q'Q, that is, the
calculated matrix will be equal

& =0(Joo) .

To find the matrix E, consider the expression

expression into a

(11)

T .
O QO in the absence of measurement errors for one
measurement. In this case

V=0'0=U,EE"U;U,EE"U;. (12)
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Choose the matrix E from the condition V' =1.
Introduce the notation E, =EE', X=U,U, and
multiply the expression (12) first to the left onto the
matrix U, , and then to the right to the matrix U, .

Then XE =1 and EE"=(UU,) . Accept
E=E".Then E=,[(UJU,) . Finally
0=GK'H,(UlU,) UL (13)
and
v =arctg(R, (1,2)/ R,(1,1)),
6 =—arcsin(R (1,3)), (14)

@ =arctg(R (2,3)/ R (3,3)).

The introduction of the matrix E allows obtain
analytical expressions for errors in the determination
of angles.

Considering the measurement errors of small
ones, write the matrix H, in the form

H, ~H, +A,,, where H, =KRU| is the matrix H
in the absence of errors of measurements; A, is the
matrix of errors. Then

Q0=GK" (ZL:(H +Ay, )JE]Ug

v=]

(15)
=LR+GK'A,,E, U,

where A, ZZL:AHV-
Then -
0'0=(LR" +U,EA},KG")(LR+GK"A, EU, )
~CI+L(V+77),
where
V=R'"GK'A,,EU, .

For small errors you can write down
T ~LHI-——(V+VT) |
(o) =z 155y +v7)]
Then the matrix R, (11) will be equal to
1 i 1 T
R, =LR| I+—V |L'|I-—(V+V")|~BR, (16)
L 2L

1 - - .
where B = 1+5(z ~Z"), Z=GK'A,EU,R";

L
%ZAHV is the averaged value of the matrix

v=1
A,
The matrix B, which is the sum of the unit and
small skew-symmetric matrix, can be considered as
an additional rotation matrix (matrix of errors of
determination of angles) due to measurement errors.

That is, you can write

0 & -¢

z y
B=I+|-¢, 0 g, (17)
e, —¢&,

where ¢, € , ¢ is the orientation error, which is

calculated relative to the axes of the connected
coordinate system.

The relationship between the errors calculated in
the associated coordinate system ¢, € , €, and the

Ay, Ay, A,

coordinate system (the difference between the
calculated and set values of the angles), the
following [2]:

v

errors calculated in the reference

1
cos0

Ay = (gz cosQ+g, Sin(P),

(18)

Ay =g, cos@p—g_sinQ,
A, =¢, +tgb(e, cosp+e, sing).

Perform a numerical error analysis.
Assign (given in meters) the position of four fixed

points r =[10 -89]", r, =[8 -8 10]", , =[9 8 10]",
r,=[10 9 -8]' of the body
p,=[0.4 0.6 —0.3]".

To form the displacement of three more points,
set their position in the body relative to the first
point of the body (that is, the beginning of the
moving coordinate system is taken at the first point
of the moving body) u,, =[0.203 -04],

u,, =[0.50.304]", u,, =[030.5-0.4]" and the
Euler's three corners of the body rotation
v =10°6=20° ¢=30°.

Note that the choice of moving vectors u,, ..., u,,
is subject to the same condition as the choice of
fixed vectors.

The current position of moving points was
calculated by the formula p, =p, + Ru,,, j=2,3, 4.

and the point

For measurement errors, a normal distribution law
has been adopted, namely, taken
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d, =[5 | (1+1:107 M. ),

ij

where d; :”Fi —;3].||(1+1-104‘M(i,j)) is the matrix

of random numbers.

Figure 2 and Figure 3 shows the dependence of
the number of averaging of the errors of the Euler
angle determination as the difference between the
values calculated by the formula (11) and the given
values.
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Fig. 2. Errors of angles determination
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Fig. 3. Errors of angles determination

The graphs of errors, calculated by the formulas
(18), practically coincide with the given graphs.

One way to improve the accuracy of determining
the angle orientation when using GPS, is to increase
the distance between receivers [2]. Show that a
similar result holds in this system. For analysis, the
vectors u,,, u,,, u,,, were multiplied by ¢ times.
Figure 4 shows the dependence of the parameter g

(at L=1 ) relative error of the determination of
A

Yy _ 6, _ Pq
VS o Ay =—".

V=i eq:l Pg-1

They are

angles A, =

. . 1
identical and very close to dependence —. The

q
graphs of errors, calculated by the formulas (18),
practically coincide with the given graphs.

Definition of displacement p, s of independent
importance (this is a solution to the problem of
positioning the body). Figure 5 shows the errors of
determining the coordinates of moving the point M,
as the difference between the values (5) averaged
over the L measurements and the given values.
Averaged values were searched by the

p, = Dh,, (19)
- 1<
where 7, :—Zhlv_
L v=l
1
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Fig. 4. Relative errors of angles determination
0.8
0.6
0.4 j
E N
n N
o
@
0 L
-0.2
-0.4 i
0 20 40 60 80 100

Fig. 5. Errors of point M, coordinates determination

III. CONCLUSION

An algorithm for determining the orientation of a
solid on the basis of measuring the distances
between moving points of the body and fixed points
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JI. M. Pu:xkoB. BusHaueHHs opieHTalii Ha 0CHOBI BUMipIOBaHHS BiacTaHeil

[IpoananizoBaHo BU3HAYEHHS Opi€HTAIlil HA OCHOBI BUMIPIOBAaHHS BiJICTaHEH MK TOUKaMH Tijla Ta OOPHUMHU TOYKAMHU
(masikamu). BusHaueHo ymoBu BHOOpY X To4yok. [Ipu aHanizi BUKOPUCTAHO MAaTPUYHHUI METOJ] Ta METO] HAWMEHIIINX
KBajpaTiB. Sk yacTHHY 3a/1a4i po3B’s3aHO 3a/auy MMO3UIIIOBAHHS, SIKa Ma€ CaMOCTiiHe 3Ha4eHHs. J[oCIiPKeHO BILTUB
MOXMOOK BHUMIpPIOBAHHS BiJICTAaHEW Ha TOYHICTh BHM3HAYCHHS opieHTaIlil. 3amporoHoBaHa (opMma (YHKINI BTpaT
JIO3BOJISIE CIIPOCTHUTH BUPA3 ISl MATPUILI HAITPSIMHHUX KOCUHYCIB i, TAM CaMUM, BUKOHATH aHAJITHYHUH aHaJIi3 TTOXHOOK.
[okazaHo, M0 AJIs1 ManuX MOXMOOK iX BIUIMB HAa TOYHICTh BH3HAYEHHS KYTIB OpI€HTALll MO)KHA XapaKTepHU3yBaTH
JIOATKOBUM IIOBOPOTOM 3B’SI3aHOI 3 TLIOM CHCTEMH KOOpJAMHAT. TeopeTHYHHWH Ta YMCETbHUH aHali3 I0Ka3as, IO
TOYHICTh BU3HAYEHHS Opi€HTAIli] MOXKHA CYTTEBO ITiIBUIIUTH 33 PaXyHOK 301JIbIICHHS KIIBKOCTI BUMIpIOBaHb.
Kiio4uoBi ci10Ba: BiJCTaHb; TOJOYKEHHS; BU3HAUYECHHS.
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inctutyt iMm. Irops Cikopcerkoro», KuiB, Ykpaina.
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JI. M. PoikkoB. OnpenesieHue OpMeHTAIIUM HA OCHOBE M3MeEPEeHHs PacCTOSHUIA

[IpoaHamU3upOBAHO OMPEACICHUE OPUCHTAIIMM Ha OCHOBE M3MEPEHHs PACCTOSHUI MEKIY TOUKAMHU TEJIa M OIMOPHBIMHU
ToukaMu (Maskamu). OmpeneneHbl yCiaoBUsA BbIOOpa 3TUX ToueK. IIpu aHaiW3e UCIONB30BaH MATPUYHBIA METOA U
METOJI HaUMEHBITNX KBaapaToB. Kak yacTh 3amauyM pelicHa 3ajada MO3HIIMOHUPOBAHMS, UMCIONIAs CAMOCTOSTEIBLHOE
3HauyeHue. VcclnemoBaHo BIMSHUE IMOTPEITHOCTEH H3MEPEHUsS] PACCTOSHHI Ha TOYHOCTH OIPEICIICHUS OPHCHTAIIHU.
[pemtoxkenHas ¢popma GyHKIHUU MTOTEPh MO3BOJIAET YIPOCTUTH BBIPAXKCHUE JJII MATPHIILI HAIIPABIIAIONINX KOCHHYCOB
U, TEM CaMbIM, BBHIMOJHUTh AHAIMTUYCCKUHM aHaIW3 morpemHocteil. [loka3zaHo, YTO JJIS MalbIX HOTPEIIHOCTSH HMX
BIUSHAC HA TOYHOCTH ONPEACICHHS YIJIOB OPHUEHTAIMHM MOXKHO XapaKTePH30BaTh JOMOJHHUTEIBHBIM IOBOPOTOM
CBSI3aHHOU C TEJIOM CHUCTEMbI KOOpAHMHAT. TEOpPeTUUEeCKUN M YHCIICHHBIN aHaJIU3 MOKa3al, TO TOYHOCTh ONPEICICHHUS
OPHUCHTAITUM MOYKHO CYIIICCTBEHHO IMOBBICUTH 3a CUCT YBEIMUYCHHS KOJIMICCTBA U3MEPCHHIA.

KiroueBble cjI0Ba: paccTOSHUE; MTOJI0KEHHUE; OMPENCIICHUE.
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