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An improved synthetic mathematical model of optimal investment portfolio is proposed.
Modeling of the optimal securities portfolio of the US energy companies was conducted in order to
compare the proposed model with those previously known. Criterion of relative riskiness was de-
veloped to combine ratios of risk and profit in order to compare effectiveness of investment portfo-

lio models
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Statement of problem. Investment port-
folio optimization was an issue of scientific and
practical interest since stock markets establish-
ment.

However, since the global economy in
general and Ukraine economy in particular are
unstable, the challenge of financial resources
efficient allocation becomes more urgent.

Traditionally, financial tools and mathe-
matical-economical models that reduce risk and
provide high-profitable investment are of par-
ticular interest in the periods of economic un-
certainty.

Analysis of recent papers. Many foreign
and domestic researchers and practitioners trad-
ers investigate the problem of optimal portfoli-
os formation. Application of the theory of ran-
dom matrices in the analysis of investment
portfolios is discussed in the works [1, 2]. This
method is an effective tool for filtering incom-
ing data on securities volatility. As for research
works relevant for CIS countries, a significant
contribution to the theory of optimal investment
portfolio is made by A. N. Burenin [3] and
A. S. Shapkin [4].

Despite the existing variety of scientific
and practical approaches to formation of in-
vestment strategy and risk management, classi-
cal Markowitz [5] and Sharpe models [6] are
widely applied for direct distribution of funds
among the assets.

Major drawback of mentioned above
models is that the expected return is based on
the results of previous periods. On the top of
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that, usage of each of the models involves the
selection of one of the mutually opposing ob-
jective functions: profit maximization or risk
minimization. There is a need for the develop-
ment of a mathematical model that would allow
aligning conflicting goals of investment portfo-
lio formation.

The aim of this study is to improve the
investment portfolio optimization model by
combining existing Markowitz and Sharpe
models.

Aim of the paper is to consider the most
common model of investment portfolio optimi-
zation.

Materials and methods. Markowitz
Model. According to Markowitz, investment
portfolio is considered optimal under conditions
that

1) for the given level of profitability there
is no any-other investment opportunity with
lower risk;

2) there is no other more profitable in-
vestment portfolio, that is characterized by the
same level of risk. This refers to the so-called
non-systematic risks.

Markowitz optimal portfolio for maxi-
mum profitability criteria (1). Markowitz opti-
mal portfolio for the minimum risk criterion is
(2). Sharpe model. Unlike Markowitz model,
which considers the relationship of considered
securities rate of return, Sharpe model exam-
ines the relationship of rate of return of given
securities with an average market rate of return

3).
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where x; — is share of j equity in diversi-
fied portfolio, &; — is excess of expected rate of
return on asset j, f#,— is estimated risk of asset j
in the portfolio, R, — is rate of return on the

risk-free asset, Rn — is average asset rate of re-
turn, preq — 1s risk frontier set by the investor, N
— is number of assets.

The major shortcomings of the Sharp
model are: neglecting of fluctuations of rate of
return of the risk-free asset and necessity of
returns rate prediction for stock market and
risk-free securities (assets). Sharpe model is
used to analyze a large number of securities
that compose the most part of relatively stable
stock market.

Pistunov-Sitnikov risk-revenue model.
The model was created as a solution to mul-
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ticriteria optimization task ensuring risk mini-
mum and profit maximum [7]. As a result, con-
volution of two Markowitz criteria was formed.
Whereby the criterion of "minimum" was
placed in the numerator and the criterion of
«maximumy - the denominator. Also, the nu-
merator was added to the weighted average
variance portfolio. The main idea of this model
was to unite the Markowitz model with maxi-
mum rate of return and minimum risk.

Its advantage over the previously de-
scribed models is that there is no need to de-
termine the acceptable level of risk and income.
This model requires the same statistical calcula-
tions as Markowitz model. This model works
great with small number of assets and with rela-
tively volatile stock market (4).

(4)

where d; — is average rate of return of as-
set i, vi— 1s variation (standard deviation) rate of
return on asset i, vjj— is covariance of profitabil-
ity of assets j and 7, xi;— is the share of capital
spent on the purchase of securities i and j.

Integrated Pistunov-Sitnikov-Sharpe
model. We use the Pistunov-Sitnikov approach,
that allows assembling two Markowitz models
into one by putting the rate of return into nu-
merator and the risk into the denominator.

Considering the Sharpe model we have Ry
— rate of return on the risk-free asset. Elimina-
tion of this parameter provides us with portfolio
level of profitability i.e. maximum aiming func-
tion.

There is a rate of return index in the de-
nominator of Pistunov optimal portfolio model.

Two options exist to combine two crite-
ria. One way is to merge them by summing, but
then their weighting has to develop. Another,
simpler option is to multiply two criteria, in this
case the denominator will look like (5):
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Let us consider the main constrain of the
Sharpe model (6):

N N
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This inequality ensures the implementa-
tion of the premise that the risk of the portfolio
should not exceed pre-specified risk frontier.
The counterpart of this constrain is also present
in the Markowitz model, as well as set before-
hand expected portfolio return. But the
Pistunov-Sitnikov model allows to omit the
determination of such values as predefined
profit and risk. On the top of that, the index that
characterizes risk (f:) is present in the denomi-
nator. Therefore, the Sharpe model constrain is
discarded completely. So a simplified version
of the denominator is multiplied by the denom-
inator of Pisunov model and the numerator re-
mains unchanged.

Thus, Integrated
Sharpe model is (7):

Pistunov-Sitnikov-

= JE = )

Comparison of the models. To compare
the effectiveness of the models data of NYSE
trades are used. Calculation and comparison
was conducted for the results obtained by the
models of Sharpe, Pistunov-Sitnikov and Mar-
kowitz with a given income and a given risk.
Especially for this comparison criterion of rela-
tive riskiness was developed, that is calculated
according the formula (8):

Vr = R/M, (8)

Where R — is risk, a M — is rate of return
of asset.
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The criterion of the relative riskiness
shows the effectiveness of the model, since it
determines the ratio of risk to the income port-
folio. The smaller V7, the more effectively in-
vestment is distributed.

Calculations were made on the energy
sector, as this stock market segment is unstable
vibrations of this segment are typical. The port-
folio is formed of six companies of the energy
sector:

1. Ameren Corporation — holding compa-
ny engaged in the transmission and distribution
of electricity and natural gas. Deviations from
the average share price (variation) — 0,104.

2. American Electric Power - an Ameri-
can company, the main electricity business
owner with subsidiary enterprises in the differ-
ent parts of the United States. Deviations from
the average share price (variation) - 0.106.

3. DTE Energy Company - a diversified
energy company in the United States. The
company generates, buys, transmits, distributes
and sells electricity in southeastern Michigan.
Deviations from the average share price (varia-
tion) - 0.173.

4. Edison international - a holding com-
pany that manages the Southern Calofornia
Edison Company (California utility company)
and Edison Missing Group Inc. Deviations
from the average share price (variation) - 0,331.

5. Enbridge - Canadian energy sector en-
terprises. The main activity of the enterprice is
the construction of pipelines for crude oil and
petroleum products, natural gas pipelines and
natural gas distribution. Deviations from the
average share price (variation) - 0.418.

6. Public Service Enterprise Group Inc. -
US energy company that owns a diversified
portfolio of energy assets. The company has
significant generating capacity in the electricity
in the northeastern and mid-Atlantic regions of
the United States. Deviations from the average
share price (variation) - 0,142.

Estimation on described optimization
models defines different structure of optimal
portfolios (shown in Table 1.). The developed
integrated model shows the lowest relative risk-
iness Vr = 0.000702 and the highest income Mp
= 64.37. The second performance is proved to
be model-Pistunov Sitnikova with estimated
relative riskiness Vr = 0,00077, and rate of re-
turn Mp = 62,5.
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Return on the portfolio for the integrated
model exceeds the return for Sharpe and Mar-
kowitz models by 8.7% and 7% respectively.

Thus, the proposed model is perfectly

suited for the current unstable conditions of
stock market. Worst compared results were
provided by Markowitz profitable model, alt-
hough it provides a high income.

Table 1
Comparison of calculations on optimization models
Model A AE | DTEE En | PSEG | Mp p Vr
Dgerveﬁle‘zlpf:oigf' 22.8% | 33.8% | 22.6% | 6.6% | 1.7% | 12.5% | 64.3 | 0.0452 | 0.000702
P‘St““%‘dsgltmkov 22.7% | 42.6% | 24.7% | 3.1% | 0.0% | 6.9% | 62.5 | 0.04814 | 0.0008
Sharpe model 0.0% | 0.0% | 22.7% | 52.0% | 25.3% | 0.0% | 593 | 2.8 0.0472
hﬁfmﬁtﬁﬁk 91.6% | 85% | 0.0% | 0.0% | 0.0% | 0.0% | 48.6| 4.999 | 0.102801
M;i%g;gﬁf“ 20.6% | 79.4% | 0.0% | 00% | 0.0% | 0.0% | 599 | 62144 | 0.1036

Legend for corporations: A — Ameren, AE — American electric, DTEE — DTE Energy, EI —
Edison international, En — Enbridge, PSEG — Public Service Enterprice Group,

Conclusion. Analysis of existing
approaches to optimal investment portfolio
formation allowed us to develop the model of
optimal investment portfolio structure. The
model was tested on real data of equities of the
energy sector, traded on the New York Stock
Exchange. The effectiveness of the model was
proved by the comparison with the results of
calculations on existing optimal portfolio
models: Markowitz, Sharpe and Pistunov-
Sitnikov. The optimal investment portfolio was
formed of equities of six companies: Ameren,
Amirican Electric, DTE Energy, Edison
International, Enbridge, Public  Service
Enterprice Group.

The obtained results indicate that the
developed integrated model is the most
effective among models considered on the rate
return criteria. This conclusion is supported
with the criterion of relative riskiness that was
developed specially for this study. The relative
riskiness  (0.000702) 1is minimal for the
portfolio formed on integrated model.
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VY craTTi 3apONOHOBAHO YOCKOHAIEHY CUHTETUYHY €KOHOMIKO-MaTeMaTHYHy MOJENb OIl-
THUMAJILHOTO TOPT(ENI0 IMIHHUX ManepiB. 3AIHCHEHO MOJETIOBAHHS ONTHMAJIBHOTO MOPTQEIIo
LiHHKUX manepiB eHepreTnyHux kKommaHid CHIA. 3 mMeTor0 MOpiBHSAHHSA €(PEeKTHMBHOCTI MoJenei
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1HBECTULIIHOTO MOPThenst po3po0IIeHO KPUTEPii BITHOCHOI pU3MKOBAHOCTI, IO 00'€JHY€E MOKa3-
HUKHU PU3UKY 1 TPUOYTKY.

Knwuoei cnosa: inBectulliiinuii moprgens, GOHAOBUI PUHOK, MPHUOYTKOBICTh, 1HBECTULIIN-
HUW PU3HK, MOJenb Mapkogina, moaens [lapma.

NMHTET'PUPOBAHHA S MOJEJIb OIITUMU3ALNUN [TOPTOEJIA HEHHBIX BYMAT
U. H. ITucmynos, 0. m. u., npogheccop, U. A. benxuna, K. 3. H.,
npenooasamens, I BY3 «HayuonanvHuili 2o0publii yHueepcumemy»

B crarbe npeiioxkeHa ycOBEpIIEHCTBOBAHHAS CUHTETUYECKasi SKOHOMHKO-MaTeMaTHUeCKast
MOJIeJIb ONITUMAJIBHOTO MOPTQes HeHHbIX OyMmar. OCyIIecTBICHO MOICTHUPOBAHNE ONITUMAIBLHOTO
noptdens neHHbix Oymar sneprerndeckux kommnanuii CIIIA. C nenbto cpaBHeHUs 3G (HEKTUBHOCTH
MoJieNield MHBECTHLIMOHHOTO TOpTdens pa3paboTaH KpUTEpUH OTHOCHTEIBHOH PHUCKOBAaHHOCTH,
00BETMHAIONINK MMOKa3aTeIN PUCKA U IPUOBLITH.

Knrwoueewie cnosa: NHBECTUIIMOHHBIN MOPTQeEns, GOHIOBBIN PBIHOK, JOXOJHOCTh, HHBECTHU-
LIMOHHBIN pUCK, MOoAenb MapkoBuna, Moaens [llapna.
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CYYACHI HAIIPAMM 3AINIOBIITAHHSA BIATOKY JAEITO3UTIB HA OCHOBI
CHUMBIO3Y BAHKY TA CTPAXOBOI KOMITAHII

L I'. Abepnixina, k. e. H., oyenm, Hayionanona memanypeiiina akademia Ykpainu,
irina.abernihina@gmail.com
L. I'. Coxupuncoka, K. e. H., doyenm, Hayionanvna memanypeitina akaoemisi Yxpainu,
sokirinska@gmail.com

VY cTaTTi BU3HAYEHO BIUTMB 3HMKCHHS MPOIICHTHOT CTABKU HA 0OCST JIEMO3UTHOTO MOPThEIto
OaHKy Ta MPOBEJACHO aHaII3 HAMPsAMIB cTadiizamii Horo piBHi. OOrpyHTOBaHO, 110 11 30epekKeH-
Hs PIBHS JICTIO3UTHUX BKJIAJIIB HEOOX1THO BiJIIATH Bijl BUKIIOYHO MAaKPOCKOHOMIYHHUX PETYIIOI0UNX
3aXOMiB 1 3aIPOBAIUTH 1HAUBITyATbHUH MAKET MOCIYT (IKWUH BKIIOYA€E CTAHIAPTHI YMOBH Ta YMO-
BU 320XOUYEHHS KIIEHTIB J]O aBTOMAaTUYHOTO MPOJOBKEHHS JIETIO3UTY HAa HOBUW CTPOK) st VIP-

KJII€EHTiB 0aHKY Ha OCHOBI €(DeKTUBHOI B3aEMOIii OaHKY Ta CTPaxoBOi KOMITaHii.
Knrouoei cnoea: mpolleHTHA CTaBKa, JEMO3UTH, JCTIO3MTHUN TOPTQeEns 0aHKy, CTpaxoBa
KOMITaHisl, CTpaxXyBaHHS KHUTTS, 1HAWBIyIbHUHA ITaKET TOCTyT OaHKY.

IlocTtanoBka mnpoOiaeMu. YnpaBiiHHA
3aydyeHHSM ONTHUMAILHOTO 00CATYy THMYaco-
BO-BUJTBHUX KOINTIB HACEJICHHS Ta CyO’ €KTIB
MITPUEMHUIIBKOI JiSIBHOCTI B JJaHUW dYac €
OJIHUM 3 HalBaXXJIMBIIIUX 1 aKTyaJlbHUX Ha-
IpsIMIB PO3BUTKY MACUBHUX OIepalliil B miso-
My, TaK sIK 1€ JI03BOJISIE€ 30UTBIIMTH TTPUOYTOK,
00cATy HaJaHUX TOCTYT 1 K HACTIOK 3HAYHO
MIABUIINTY IpecTuk OaHKy [4].

B ymoBax ¢inaHcOBOi HecTaOIIBLHOCTI
OJIHUM 3 HaMBaXJIMUBIIINX 3aBIaHb OAHKIBCHLKOT
JISITBHOCTI € ONTUMI3AIlis pecypcHoi 0asu, 110
BH3HAYA€ MacIITabu PO3BUTKY KOMEPIIIHHOTO
0aHKy 1 30imbIIeHHs 00csaTy MpuOyTKYy. OCHO-
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BY pecypcHOi 6a3u OaHKy CTaHOBIIATH 3aTy4eH1
KOIIITH, CTATICTh SIKUX € OTHUM 3 (haKTOPiB Ho-
ro JIKBIIHOCTI.

OcHoBHOI0O TIpoOIIEMOIO TpH (HopMyBaH-
Hl JEMO3UTHOTO MOpTQens, SKa Ha ChOTOJHI
noTpeOy€e HEraWHOro BUPIIICHHS, € BIATIK
IPOIIOBUX KOIITIB 3 JEMNO3UTHUX pPAXyHKIB
KIII€HTIB, 10 BUKIIMKAHE HacaMIlepe/l 3HUKECH-
HSIM CTaBOK 3a JICTIO3UTAMH.

AHaJi3 OCTaHHIX AOCJTIIXKEeHb Ta myo-
Jgikanii. [Ipobnemu popmyBaHHS AETIO3UTHUX
noptdemB OaHKIB B yMOBaX HECTaOUIBHOCTI
JCTIO3UTHOT 0a3W Ta YJIOCKOHAJCHHS YIIpaB-
JHHS 3aTy4YeHUMH JCTO3UTHUMHU PEeCypcaMu
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