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3amnporoHOBaHO aHAAITUYHI MOAEAL rpaBiTalliitHOTO TIOASI Ta TEOAOTIUHOTO CEPEAOBUIIA AAST
TOPU30HTAABHO-IIIaPYBATOT'O CEPEAOBHIIA 3 KIABKOMA I'YCTUHHMMU Me’KaMU IIOAIAY IIAPiB y HIK-
HBOMY IiBIpocTopi. [lepiila MoAeAb siBAsI€E COOOIO PIBHAHHSA CUAU TSDKIHHS, OTPUMaHe 3 PO3TASIAY
HOPMAABHOTO IIOTEHIIIaAy CUAU TAKIHHS Y AOKAABHOMY OKOAI IIOTOYHOI TOYKU BUMIPIOBAHb ¥
ABOBHUMIpHOMY 300pa’kKeHHI. AAST MOAEAL cepepAOBHUINE, Ha AOAATOK AO BiAOMHUX Y Teopil iHTepIpe-
Tallil TOTeHIlaAbHUX ITOAIB OCHOBHHUX KAACIiB KOHTAKTHHUX IOBepXOHb (Hymeposa, OcTpomo-
ruAbcbKOro i CTpaxoBa), BBEA€HO HOBUU KAAC KOHTAKTHUX ITOBEPXOHBb — Kaac HopHoro. Hase-
AEHO 3Da3KM TeopeM PO3AIAEHHS IOAIB AAS BUIIAAKY KiABKOX OAHO3B'A3HUX 06'€MiB i KIABKOX
11apis, 110 He IePeTUHAIOTHCS (ABa HAWUIMOIIYASIPHIII TOYAaTKOBI HAOAMIKEHHSI CePeAOBHINA ) Y
AOCAIAKYBaHIN MoAeAi. ONMcaHO HOBUM YHCEABHUM IIAXIA AO BU3HAUEHHS II09aTKOBOTIO HAOAU-
>KeHHS I'yCTUHHOTO KOHTAKTY i HOT0 aCUMIITOT y OaraToIlapoBOMY I€OAOTIYHOMY CEPEAOBUIIII 3a
AOIIOMOTI'OIO KIABKOX "KOHTAKTHUX' @ATOPUTMIB.

Two analytical models of gravity field and geological medium have been suggested for the
horizontally layered medium with several density interfaces present in the lower semi-space.
The first model is acquired from the equation of gravity derived from 2D consideration of nor-
mal gravity potential in a local neighborhood of the measurement points. In addition to well-
known in the theory of potential fields interpretation the main classes of contact surfaces a new
medium model is introduced named a Chorny contact surfaces class. The examples of field se-
paration theorems for a case of several one-coherent volumes and several non-crossed layers
(two most popular initial approximations of a medium) are given in the model studied. A new
numerical approach for definition of the start approximation of density interface and its asymp-
totes in the multilayered geological medium by means of several “contact" algorithms is given.

OcHOBHOe HanpaBreHue Hay4yHoro rnporpecca —
37O co3faHue obBLuMX MaTeMaTUveckux mogernen
B reonoruu, reousrke u B AanbHeilem — cosgaHue
reonoro-MaTeMaTU4ecknx Teopui ...

U3 dokn. “Mamemamuyeckoe modenupogaHue 8
nempogu3uke npu KOMIeKCcHol uHmeprnpemayuu
OaHHbix TNC, kepHa u onpobosaHus”

TMAHIEA

Beepenne. B mocaepHee BpeMs GOABIIOE BHUMaHME YAEASIETCS BOIIpOcaM IleperHTeplIpeTanuu
KapTorpadruyeckoro MaTepuana, IOAYIYeHHOI'O II0 AQHHBIM ChbeMOK 30-AeTHel AaBHOCTH, BBUAY Pe3KO-
To OrpaHuYeHUsI 00BEMOB reOAOropa3BepAku. OAHAKO BCAEACTBHE NMOBBIIIEHHBIX TPDEOOBAHUM K TOYHO-
CcTU U 3(PPHEKTUBHOCTU MHTEPIIPETALIUN TaKas epeodpaboTKa OOABIINX 0OBEMOB reOPU3UIECKUX
MAHHBIX TpeOyeT HOBBIX IIOAXOAOB K UHCA€HHOMY OOOCHOBAHUIO METOAOB, MCIIOAB3YEMBIX IIPU ITOA-
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0. 1. AY6OBEHKO, O.A. YHEPHAA

rOTOBKe ¥ 00pabOTKe COOTBETCTBYIOIETO KapTorpanuuecKoro MaTepuaia. BloanHe AOTUYHO 00Bbe-
AVHUTDH Pa3BUTHIE MaTeMaTHdecKre KOHCTPYKIIUY C COBPEMEHHBIM MHTEPAKTUBHBIM ITPOIPAMMHBIM
obecrnieueHreM, AAOBI KOMIIAEKCHO PELINTh IPOOAEMBI OIIU(PPOBLIBAHNS, BU3YAAU3AIIUN U UCTOAKO-
BaHUs re0PU3NIECKUX AQHHBIX. [IpoOAeMa NCTOAKOBAHUS AQHHBIX, HaubOOAee BaKHas C TOUKU 3pe-
HUS IIPUAOKEHUU (BIIPOYEM, TECHO IIepelAeTeHHAs Ha YPOBHE IIEPBUYHOU OOPAOOTKY C IIE€PBBIMU
ABYMsI), pelllaeTcsl B IIOCAeAHEee BpeMsI B PYCAe IIePEeCTPONKM aHAaAUTHUECKON U BBIYUCAUTEABHOMN
0a3bl TEOpPUM UHTEPIIpeTalliy NOTeHITMAaABHBIX ITIOAEeN, oOeclieunBalollell CTaHOBAeHYe HOBOYU (Tpe-
Thel) ITapaAUTMEI B TEOPUU U IPAKTHUKe MHTEepPIpeTaluu.

CoBpeMeHHBIe METOABI 00PabOTKU reo(pru3ndeCKUX AQHHBIX Pa3BUBAIOTCS AAS CO3AQHUS TU(PPOBBIX
QHAAUTHUUECKUX MOAEAEH TIOAS U TEOAOTUUECKOU CPEeABl U BLICOKOTOUHBIX aATOPUTMOB, OPUEHTUPO-
BaHHBIX Ha npuMeHeHUe B naketax ['MC, ocobeHHO IIpu 0TOOpa>keHUM BXOAHOW MH(OPMAanuu U
Pe3yABTaTOB ee TPaHC(hOPMAIIUU C BO3MOKHOCTBIO COIIOCTAaBAEHU C allpUOPHOYN HH(pOPMAIUel, Tak-
>Ke IIPeACTaBAeHHOM B rpaUuecKoM BUAE (Tak Ha3blBaeMasl BU3yaAbHasl MHTepIpeTalus, puc. 1).

CobcTBeHHO, "ocAOMHAA" 00paboTKa NPeACTaBASIET HOBBIM 3TAll KAUeCTBEHHOU MHTePIIPETAlluY,
B KOTOPOM BO3MOJKHOCTHU IIPEACTaBA€HUSA HH(OPMAIIUU B BUAE SAeKTPOHHOTIO JKypHaAa U3MepeHNU N
[Axumuuk, 2010] MOKHO MCIIOAB30BaTh A IPeA0OPabOTKYU NH(MOPMAIIMU B Cpeape CIIelTUaAu3Uupo-
BaHHBIX [TIAKETOB OOIIEro U CIEenUarbHOrO Ha3HaYeHuU . [IpuMepoM Takou npepoOpaboTKUA MOIYT
OBITH ITPOIIEAYPHL: BHIAGACHUSI PeTHOHAABHOTO (DOHA, HAIIpUMep, ITyTeM MUHUMU3AINN HEBSI3KHU MexK-
Ay HaOOPOM AQHHBIX U HEKOTOPEIM IIOAMHOMOM B cpeAe Matlab; npeapBapuTteabHas puabpTpanus us-
MepeHUl B cpepe Excel; HaxoxxpeHMe 0COOBIX TOUEK IOASI METOAOM OOPaTHOU MHTEPHOASIIUYN ITOAU-
HOoMa Aarpanxxa B Maple; pepAyKIUM ITOAS ¢ OMOIIBIO aaropuTMoB B. H. CTpaxoBa, pearnn3oBaHHBIE
B Python, u 1. 1. OpHUM 13 HauboOAee YAQUHBIX IIPUMEPOB U(MPOBOU KaUeCTBEHHOU UHTEPIIPETAlluN
MOJKHO CUMTATh OOPabOTKy 3HAUEeHUM IIOAS CUABL TsKecTH B cBsA3Ke 1O MaplInfo + CorelDraw, npea-
AOKeHHBIU B pabore [fAkumuuk, 2010], 4TO, OTHIOAB, HE UCKAIOYAET UX 3aMeHBI B 0003pHUMOM OyAY-
1IIeM Ha open-source aHaAOTH.

KocueMcs, opHaKO, MHOTO HATIPaBAEHUS B paMKaxX AeTePMUHUPOBAHHOTO TIOAXOAA K MHTEpIIpeTa-
LMY AQHHBIX ITIOTEHITUAABHBIX ITOAEH — Pa3pabOTKMU HOBBIX aHAAUTUYECKUX KOHCTPYKIIUN reoU3n-
YeCKOTO IOASI ¥ TeOAOTUYeCKOU cpeAbl. OTHOCUTEABHO MaTeMaTUIeCKUX KOHCTPYKIIUM IIOASL OTCHIAQEM
3aMHTEpPEeCOBAHHBIX YMTaTeAel K paboTe [Axkumunk, 2009], a cpear MoAeAelr CpeAbl aBTopaM Haubo-
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Puc. 1. KapTa rpaBUTaliMOHHBIX aHOMaAUNW YKpauHbI B cpepe cBoOopHO pacnpocTtpaHsemoi ['MC Quantum GIS.
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O BBIBOPE HYAEBOI'O ITPUBAMPKEHUA T1PH OITPEAEAEHNN CAOXKHOI'O KOHTAKTA

Aee OAMBKU IIAOTHOCTHBIE MOAEAM THIIa KOHTAKTa, OAHY M3 KOTOPLIX IIpepAaraeM BHUMAaHUIO YUTa-
TeAel.

ITpu pa3paboTKe TAKOBBIX KOHCTPYKIIUYU PAaAX MOBEBIINIEHUS TOYHOCTH UHTEPIPETAIlUU AQHHBIX
reo(PU3UKU 00SI3aTEABHO CAEAYET YIUTHIBATh YCAOBUS AA€KBATHOCTH IIOCTAHOBOK COBPEMEHHBIM Tpe-
OOBaAHUAM K IOAYUYEHUIO UCXOAHBIX reO(PU3NUECKUX AQHHBIX U UX 00paboTke. B mieaoM, CyThb 3TUX
TpebOBaHUN CBOAUTCS K TaKUM IIYHKTaM:
® BBEICOKAs TOUHOCTh U TEXHOAOTMUYHOCTb aATOPUTMOB U IIPOTPaMM, UX IIePeHOCUMOCTh;
® aAANTAINS MOAEAEH ITOAT K 3aAQHUIO UCXOAHBIX U3MepeHUN Ha KOPOTKUX IPOPUAIX;
® QAANTAlUI MOAEAEN T€OAOTUYECKOM CPEABI K €€ CAOJKHOMY (HEAMHEMHOMY HEOAHOPOAHOMY) CO-

CTOSTHUIO.

OnpepeneHre KOHTAKTa B U3BECTHBIX MOAEATX cpeAbl CTpaxoBa, Hymeposa, Marosuuko [HopHuis,
Ay6oBeHKo, 2002] TPapAUIIMOHHO 3aMBIKAEeTCsl Ha BEIYUCAEHUU PA3HOCTU YHAYAIIIUN HEKON TeOPeTH-
YEeCKOM MOAEAU CPeAbl OT HEKOTOPOTO OIIOPHOTO €€ dAeMeHTa, OT KOTOPOT'O 3TU YHAYASIIMN He CAU-
IITKOM CUABHO OTKAOHSIOTCS. [IOABOX COCTOUT B TOM, UTO IIPU 3TOM HEOOXOAMMO 3apaHee 3HAThH He-
KOTOpPBIE 3AE€MEHTHI rTeOMeTPUH (TAYOuHY, (hOpMY, OpHEHTAIUIO ) AAHHOTO OIIOPHOI'O 3A€MeHTa (MO -
AEABHOTO TeAd AMOO KOHTAKTA ), KaK HAaYaAbHOTO NPUOAM>KeHUs uTepanuii. OT BEIOOpa yAQUHOTO
HAQYaAbHOT'O IPUOAUIKEHUS 3aBUCUT, B IIeA0M, 3 (HEKTUBHOCTE AIOOOTO M3 CYIEeCTBYIOIMIUX UTEePa-
ITUOHHBIX aATOpUTMOB [CTapocTteHko, 1978].

ITpepraraem BEIBEAEHHBIE AASL TOPU30HTAABHO-CAOUCTON CPEABl C HECKOABKUMU MAOTHOCTHBIMU
rpaHUIaMU pa3jpeAa CAOEeB aHAAUTHUYECKUE MOAEAM IIOAS U F€OAOTHUYECKOMN CPeAbl, B KOTOPBIX 3TU
OIIOPHBIE 3AEMEHTHI PACCUYUTHIBAIOTCA B IIpOIlecce UTepanuii. Moaeab MOASA IIPEACTaBAIET COOOM
ypaBHEHUE CUABI TSIJKECTH, IIOAYYeHHOE 13 PACCMOTPEHUSI HOPMAABHOTI'O ITOTEHITaAd CUABI TSIKECTH
B AOKAABHOU OKPECTHOCTHU TeKYIed TOUKY U3MePeHUN B AByMePHOM IIpeACTaBAeHUM. Pa3Mepsl ca-
MOM AOKAABHOM OKPECTHOCTHU CYIeCTBEHHO 3aBUCAT OT Pa3MepOB CaMOM TAroTeloIlel 0OAaCTH U
TOYHOCTHM AIIIIPOKCHUMAIUM CaMOM¥ HOPMAaAbHOM COCTaBAsIOlIed noTeHnaAa [AyooBeHko, 2011].

OcCHOBHO€ ypaBHEHHUE IOASL. PacCMOTPUM B TPEXMEPHOM HEOTPAHUYEHHOM €BKAUAOBOM MIPOCT-
paHcTBe E 3 ABe obractu G u G, BAOKEHHBIE ADYT B Apyra TaK, YTO PACCTOSHHE MEeKAY UX
rpanuniamMu 0G; u dG, ypoBAeTBOpsieT HepaBeHCTBY dist(dGy, 0G4 )20 mpu G; N Gy = G,.
Paccmorpum B o6racTu G, HaYaAO KOOPAWMHAT U TOYKY obAacTe G~ = Gy U 52, 52 =G, U dG,,

6yaeMm obosznavath yepes & = (&, £,, E3), a TOUKM 3aMKHYTOI HeorpaHWYeHHOM obracTh G * =
1/2

=E®I\G, 06*=0G, — wepes x = (x;, x9,X3); [ x-E&l =y (x, &= Z(Xi—ﬁi)z

ITycts o6AacTs G, 3allOAHEHAa MAacCaMy C IAOTHOCTBIO 8, (§), a obracts G, =G, \ G,
MaccaMu € AOTHOCTEIO 84 (&) (puc. 2). O60o3HaumM depe3 n (x) eANHUYHYIO HOPMaAb K TIOBEPXHOCTH
0G ", BHemIHIOO 1O OTHOWIEHHMIO K G~ . Torpa HOPMaAbHAs COCTABASIIONIAS CHABI TSKECTH paBHA

u(x)=328=ij_8(&)J(x)-y(i@d&, (1)

rae 8(8) =8, () -8,(8), E€G,,8(E)=0, E€ G, f— rpaBuUTallHOHHAS KOHCTaHTa. Boobie
TOBOPSI, CUAY TSJKECTH ONMUCHIBAET (PYHKITUS

u(x)=| gradv (x)| = [8(8) grad,r™ (x.8)] dE, @
o

TIOCKOABKY 3HAUeHUSI CUABI TSXKECTH — 3TO 3HAUEeHUS MOAYAS I'PajHeHTa IOTeHI[Uana, a He Co-
CTaBASIOIINE IPUTSKeHUs, B TOM uucae u (1) [Aybosenko, 2009].

YnpocTtuM BelpakeHue (1), pacCMOTPEeB AOKAABHYIO OKPECTHOCTE {2 TOYKU X IIPU OOABIIIOM ee
“yBeamueHun". TOrAa ¢ U3BECTHOM AOAEH IPUOAIKeHus [Ay6oBeHKo, 2011] yuacTok 9G = Q N G+
rparuns 0G OyAEeM CUMTATh "HEOTPAHUYEHHOU" MAOCKOCTEIO, T. €. dG = {x : x5 = x3 (X, X9 ) =
= const, (x;, X5 ) € Sg }, TAe So = Q N IG " . PaClOAOKUB B 3TO# MAOCKOCTU HPSIMOYTOABHYIO CH-

CTeMy KOOPAWHAT TakK, 4TOOBI OCh 0X3 OBbInG IIepIIeHANKYAAdPHA K IINOCKOCTH, IIOAYyUIUM
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Puc. 2. Moaeab KOHTAaKTHOM Ccpeapbl B Kaacce HepHoro.

a(x)=z, x=(xx0.x3), &=(§.8,.83), Q'=anG*
Q =QNnG™, G=QnIG*.

ITycTb B okpecTHOCTH Q~ dbyHkmmu §; (§) = const, E€ G, Q7,845 (§)=const, E€ Q™ N Gy,
nud=08,-908;, a Gy — cobecrBeHHOE TOAMHOKeCTBO Q. PakTryeckue pasMepsl obractu Q 3a-
BUCSIT, TIPEJKAE BCETO, OT Pa3MepOB M3ydaeMOl TATOTelomIei 06AacTi Gy ¥ TOYHOCTH AlIPOKCUMATIAN
BeIpaskeHus (1) [AyooBenko, 2011], T. e. B HallleM cAydae

fJ.S &) aix(l)&l -fo _[ . X1 al)daldézd% <E. 3)

Ecau € > 0 pocTaTouHO Maao, TO Q BEIGpaHa yaauHo. I'panuny 0G4 = Q N dG, BEIOHpPaeM AOCTa-
TOYHO TAQAKOM:

0G, ={x: x; =x; (x;xe ) (x; o3 ) €98, 1,).k=123;US; =9G, 1x; € €0 (95,) |

[pu TaKUX AOTYIIEHUSAX O CPEAE TIOAYYAeM MOTEHITUAA TTPUTSIKEHUS

Vv (xl,z,z)_k | 9 d&dE,dt;
aX3 3

@ Z(&i X )2

i=1

u (x1,2,3 ) = 93

rae k= fo.
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Ecam Macchl, cocpepoTOoueHHBIE B £, TEHEPUPYIOT aHOMAaAUM u (Xx; ), BBITSIHYTBIE, IIOAOKUM,
BAOAB OCHU 0X,, TO X AYYIIIe BCETO U3MEPSThH 110 NPOMUASIM, TaparreAbHBIM o ;. Ho dopmyaa (4)
MaAOTIPUTOAHA AAST OOPaBOTKM TaKUX M3MepeHuh. [I[pouHTerpupyeM Bhipakenue (4) mo &4, T. e.
BBIYMCAUM HHTETPaA

i(zz) wdv
I I —3/2,
;;(21) (c2402)

ae u=8; —x;,v=E8y—x9, w=E3—x3, T2 =u’+w?, d&, =dv. Aeras 3aMeHy HepEMEHHOI

wd v _2 2. 2 T?
WHTErpupoOBaHUd v =TtgQ, dv = , @ =arctg —, TS +Ttg Q@ = , IOAYYUM
cos “ @ T cos “ @
¢2 1:d(p/cos2 w 2 wo. 2
=w '[ =— j cos@dp=—sin@ =
.2 32 2 2
/cos 0] 0 1
2 1
w §(2 ) X3 &(2 ) X2

e \/u2 +w? + (&(22)_)62 )2 \/”2 +w’ (agl)"% )2

Ecam ‘ §(2) - &(21) >>y u?+w?, u, we Q7 To paccmorpum npepen I (u, w) mpu ﬁ(zz) — oo,
E,,(l) —oo (YTO MMeEEeT CMBICA NIPU M3YYEHWHM IPOCTPAHCTBA BOAW3W MOBepXHOCTH JG , IpUYeM

dist (§53, x3 ) << diamodG ). Tak Kak

= hm =1

V—>°°\/r +v? 1/1+r
2w
TO I (4, w) = — 5 TpH E,,(ZZ) — oo, E,,(Zl) — —oo, U, CA€AOBATEABHO,
us+w

€3 -x3
u(xy,x3)=2k dg,dgs,
o ” —xp )P+ (&3 -x3)° o

rae S — mpoexiusi Gy Ha MAOCKOCTb 0x; X5, k = fo . TToromum x3 =0, 53 =E5(&), a<&, <h,
TOTAQ

(2)
b & boo(gy—x, ) +ED)
2 &1 -x1 )" +&57 (&)
w(v0)=k[ g, | RS PR a g, ®
a igl) (& -x ) +§3 . -x)? +&37 (&)
rae &gl) g“) &y)m (2) ‘222) (&1), a<&; <£b — KpuUBBIE, OTPAHNYNBAIOIINE CHU3Y U CBEPXY

TATOTEIOLLYIO0 ABmepHon o0AaacTs S.
MoaeAn KOHTAaKTHBIX IOBEPXHOCTEN. PacCMOTPUM HECKOABKO IOMYASPHBIX KAGCCOB KOHTAKT-
HBIX IOBEPXHOCTEM, AASL KOTOPBIX FaPAHTUPOBAHA €AMHCTBEHHOCTD pellleHrsi OOPaTHBIX 3aAad.
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Kaacc A. X. Ocrtpomoruapckoro Ost (L&) (g, b). Aokazano [Octpomoruabckut, 1970], uto B
9TOM KAACCe OAHO3HAUHO OMPEAEASIIOTCSI ITepeMeHHasi IAOTHOCTE d (&, &5 ) W rpanwuma paspena
cpep x3 (§;) MO 3HAYEHUSIM BHEIITHETO TIOAS.

I'panuria dG paspera Cpep C MePEMEHHBIMU MAOTHOCTSIMHU 3aAQ€TCsI ypaBHeHHUEM

x (E_, ): _h+6x3(§1)’§e[a’b]’ 6)
ST —n, &1 &la,b],
mpudeM dx3(a) = dx3(b) =0, x3 (&) — KycouHO-HempepbIiBHAs QYHKIUS U
| 83 (x, )‘Zc(xl —a)*, a<x; <a+38, 0>0,
| 3x3 (xl)‘ZC(b—xl ) b—8<x, <b, 0>0. 7
ITopAKAACCEL Ostgi)a) u OstEl_')a) xaacca Ost (I @) (a, b) MO>XHO CUUTATHL MOAEASIMU aHTUKAMHAAC

Y CUHKAMHAAEH COOTBETCTBEHHO.

Kaacc B. H. CrpaxoBa ser o) (a, b) KOHTaKTOB paccMOTpeH HeopAHOKpaTHO [CTpaxos, 1970;
19744, 19746; 19754, 19756; 1976]. I'panuiia dG paspera cpep C Pa3AUYHBLIMU MIAOTHOCTSIMHU 3aAa-
eTCsl ypaBHEeHUeM

—h; +0 , ,b),
X3 (él)z{ hl Ton (al)g &_1;[61 ) 8)
—ny, 1 =0.

ITpu arom dx3(a) =0, hy, hy >0, x, (1) £0 — KyCOUHO-HENpPEepHLIBHA U YAOBAETBOPSIET Ha
KOHIIaX UHTepBaAa [a, b] ycaroBusaM

‘5363(&1)‘2“1(&1—@)”&’ a<& <a+d, a>0,

1+o
|8x3 (& )2, (b-€, )™, b-8<E; <b, §>0, 9)
npruHUMas Ha [a, b] KOHeuHOe (CYeTHOe) YMCAO 3KCTPEMAAbHBIX 3HAUEHHM, TaK YTO MHO’KECTBO

extrz (§) | HemycTo. 3peCh
[a, D]

zs :Z(Cl )ZSUPCXUZ(Q ) —z5 <hyz; ZZ(Cz )ZinfethZ(il ) —z; Shy, (10)
[a,b] [a,b]

TAe ¢y, C9 € [a, b], a TOURHA ¢y, ¢y MOTYT OBITH AUOO BHYTPEHHUMM TOUYKAaMU OTpe3Ka [a, b] Anubo
COBIIAAATh C €ro TPAaHUYHBIMM TOYKAMHU. B IocaepHeM caydae IIPU YCAOBUHM, UYTO hy < ho,
cp=a,cyg=Db.

Ecam (a, b) — OeCKOHeUHBIM IIPOMEXYTOK, T. €. @ = —, b = 4+ oo, ypaBHeHUe TpaHULEI (8) U
ycAoBHUA (9) IPUHUMAIOT BUA,

2=2(&)=—h +32(8), Ee (&9, 8o), | 2(®)=hy|<a, &[T,

&2,

2(@)-hy|<b,y| 8|0, B0, (11)

rae hy, hy >0, a zS=z(c0)=sup{ extr z(él)}, zi=z(c2)=inf{ extr z(&l)},
&0 .80 ] (&0 &0
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mpu ¢y, ¢y € [-&¢ . Eg ], IpUIEM AAST OIPEAEAEHHOCTH TOAOKUM —2zg < iy, —2; S hy, 0<hy <hg.

AN KOHTAaKTHOU I'PAHUIIBI Pa3AeAd CAOEB C IIOCTOSTHHOM IIAOTHOCTBIO YCTAHOBAEHA EAMHCTBEHHOCTD
[Hepeanuuenko, 1978 a; 1978 0].

[Iycts G~ — ropu3oHTaAbHas IIOAOCA, OTPAHMYEHHAs CBEPXy M CHHU3Y IPIMBIMH zq = hy,
2=hg, 0< hy <hg < +o0, mmycTb G~ pa3speAeHa Ha ABa CAOS C AOTHOCTSIMH O u 89 GECKOHEUHO
TAAQAKOM KpuBOM 0G ~, 3BE3AHOM OTHOCUTEABHO OECKOHEUYHO-YAAAEHHOM TOYKM, KOTOPAsi UMeeT
ACUMIITOTOM IPSAMYIO z = h, hy < h < hy, npuyeM

|2 (&)-h|<k|E]”, a>0, |E]>Ey, 2(E)€dG. (12)

Toraa, ecAu 3HaueHUe s ¥ BeAWYMHA CKauykKa IAOTHOCTH Ad = 89 — 8| M3BeCTHHI, TO rpaHuna J9G
pasaena CAOEB IO BHEITHEMY IIOAIO BOCCTAHABAMBAETCS OAHO3HAYHO.
AokazaHo [CTpaxos, 1974 6], uTo pellleHre 0OPATHOM 3aAaYU O KOHTAKTHOM ITIOBEPXHOCTHU KAacca
(12) eAMHCTBEHHO, €CAY M3BECTHBI CKAYOK IIAOTHOCTH A M KOHeuHasi Ayra KpuBoit z (&) us (12).
BBeAeM crmeruaarbHOe 00o3HaueHme AAT Kaacca (12): Ch (LB (=00, ) .Knaacc (11) 6ypaem o603Ha-
qate St (1P (=00, 00) . OueBUAHO,

Ost™® (a, by St ® (a, b), Ch"P) (=0 00) cSt1F) (00, o),

St (g, by St ¥ (—co, o). (13)

IIpoGaeMa pa3pereHHMs MOAeN. B npakTuKe rpaBupa3BepKd HanOOAbIlee 3HaueHHe UMEeIOT
3aAa4¥, B KOTOPBIX BHEIITHEE IIOAE CO3AAIOT CAOJKHEIE PACIIPEASAEHUs MAcc, HAllpUMep, 1 IIOapHo
HemnepeceKkaromuecs oobeMbl Gy, kK =1, 2, ..., n, UAH n IIOIIAPHO HellepeceKaroluecs: FPAaHULbl Pas3-
A€Ad CAOEB PA3AMYHOM IAOTHOCTU. B 3apadax cO CAOKHBIMHM PacIpeAeA€HUIMHU MacC eAMHCTBEH-
HOCTb pellleHus 0OpaTHOU 3aAauy BEPHA AUIIBL B AOBOABHO Y3KUX KAACCAX, T. €. IPU HAaAWYUU OOAB-
LIIOM allpUOPHOM MH(pOpManuu 00 UCTOYHUKAX. TeopeMbl EAMHCTBEHHOCTHA OOPATHOM 3aAauHd I'pa-
BUPA3BEAKU A CAOJKHBIX PACIIPEASACHNN MAacC OCHOBAHEI HA TeOPEeMax Pa3pAeAeHUs IIOAEH, KOTOPBIe
IIO3BOASIFOT CBECTHU pellleHre OOPAaTHOM 3aAa4M 110 CYMMapHOMY BHEIITHEMY ITOATO # OOBEKTOB (PYAHBIX
TeA, TPAHMUIL Pa3AeAd CAOEB) K PEIIeHUI0 OOPAaTHOU 3apa4U AAS OTAEABHBIX OOBEKTOB IO IIOASIM OT
3TUX OOBEKTOB.

I[Tpumep 1. IlycTs BHENIHEe NTOAE CO3AAETCSA MACCaAMU C HOCUTEAEM B BUAE OOBbEAUHEHUSA U
KOHEUHBIX II0IIaPHO HellepeCeKaloIINXCsl OAHOCBA3HBIX 00beMOB G, k=1,2,...,n, c rpaHUIaMu
0G ;, , He UMEIOIIUMH [TOIIapHO OOIIUX ToUeK. [TAOTHOCTH Macc B Ka>KAOM U3 00beMOB G ITIPEAIo-
AQraioTCs OTPaHUYEeHHBIMU.

TeopeMma pa3peseHHS moAeH. EcAu uzBecmHbl BHeWHUE OMHOCUMEALHO gPYT gpyra raagkue
3aMKHymble KOHeUHble NnoBepxHocmu 2, k=1,2,..., n, cmporo BRympu Kaxgol u3 KOmopblxX 2
Haxogumcs OgHA U MOABKO OgHA KOMNOHeHma G HOCUmeAs MAaccC, Mo NO 3agaHHOMY CyMMADHOMY
BHEUWHEeMY noAto (BHe obbeguHeHus 06beMoB G ) noasa komnoHenm G, onpegeAslomcsi OGHO-
3HAYHO.

W3 3TOM TeOpeMBl A€TKO MOAYUYUTH TEOPEMBI AAST CAOJKHBIX PACIIPeAEAEHUN MacC, aHAAOTUUHEBIE
TeopeMaM HoBukoBsa u Pannonopra — CpeTeHCKOTO (A 00BeMOB G , 3B€3AHBIX OTHOCUTEABHO
3apaHHOM ToukM [HopHa, 2003], An60 06AaAAIOIIUX CPEAHUMHU IAOTHOCTSIMMU) .

[Tpumep 2. IlycTh B n-CAOUCTOU ABYMEPHOU CpeAe KaKABIUA U3 CAOEB G HMeeT IOCTOSHHYIO
MIAOTHOCTB 0 . ['paHuIlE! pasaesa croeB 0G;, — GeCKOHEeYHbIE KPUBBIE, UMEFOIIHe TOPU30HTaAbHBIE
QCUMIITOTHI z=h/:r uz=hy (h]:r >0, h; >0) creBa u cupasa (puc. 3).

Teopema pa3zaereHns moAer. Ecau kaxkgas u3 rpanuy pasgeaa 0G, cogepsKum ropu3oHmManb-
ol ompe3ok oG (& =const, a; <&<by ), usBecmubl npoeKyus HeKomopol ero yacmu Ha ocb Ox,
o <x<PBy, unpamble Y, pasgeAsiowue rpaHUUbL CAOEB, MO NO 3AgaHHOMY BHewHeMy (npu z<0)
CyMMAPHOMY NOAIO Ag € MOYHOCMBIO gO NOCMOAHHLIX ONPEJeAUMbl NOASL Ag ; OMGeAbHbIX rpaHuq

CaegcmBue [I'aacko, Ctpaxos, 1977]. Ecau ipu 5TOM U3BECTHBI IOAOKEHUST aCUMIITOT 2 = h u
z=h U CKauKM NAOTHOCTeH Ag j+ TPAHUIIBL oG, (k=1,2,...,n) pa3pera CAOEB BOCCTaHaBAI/IBaIOTCH
110 3aA@HHOMY CyMMapHOMY IIOAIO Ag OAHO3HAYHO.
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.I:ﬂ; dﬂ, El =iy
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Puc. 3. K paspenreHnio nmoaedl OT HECKOABKMX CAOUCTBIX MCTOYHUKOB.

CucTeMa HermepeceKaroIuXcsi KOHTAKTHBIX TPAHWUIL U TAOTHOCTeH O (&) BOCCTaHABAMBAETCS €AWH-
CcTBeHHBIM oOpa3oM [Duaaros, 1974].
PaccMoTpuM Temeph pellleHuss HeANWHEMHOTO HHTEerPaAbHOTO ypaBHEeHUs

b N2
g(x,z)=fln (E.\ X) +Z2(§)d

5 g, (%)
. G0+ 7108

TAe 2=2, (8), a<&<b — "Bepxuss", z=2;(§), a<E<b — "HwKHAS" TPAHUIIBI TAOCKOM 0OAa-
ctu G, . Toroxkum B ypaBHenun (5) g (x) =k 'U (x), 27 (&)=H =const, z;(§)=z (&), rae z (&)
IIPUHAAAEIKUAT OAHOMY M3 MHOJKECTB (Hanpumep, (13), Anbo ApyroMy) AOIYCTUMBIX (DYHKIIUU (AMHEAAY),
TOTAA TIOAYYUM HEAMHENHOe NHTerparbHOe YpaBHeHHUe 10 OTHOUIEHUTO K KICKOMOM (pyHKImN z = z (§):

b 2 2
~x)2+ H
g(x)=jm ( xl , d&. (14)
. E-x)"+z7(©)

ETo MOXXHO paccMaTpWBaTh KakK (PYHKIIMOHAA Ha HEKOTOPOM AMHeaAe. HaliaeM ero mpupaitiieHue
Ag (x,2)=g(x,z+h)—g (x,z), TAe h(a)=h(b)=0 npuHAANEXUT 3apaHHOMY AUHeaAy. B urtore
nuMeeM

b 2 2
d&—flnEE—fl—tELfdﬁz.nz

(é—)c)2 +z2

(E-x)>+H?
(E=x)% + (z+h)?

Ag (x,2) =I In

a a

b b 2 2
2 —02-
:_I 2z(&)2 h(&)di—f [(€ xl z2 (&)]2 N
L (E=x0)7+ 27 (&) L LE-0)7 + 27 (8)]

2| 3[z(E)+0 (&) h (E)] N 41z (E)+0(E) h(8)]
3| {E-0?+[2(E)+0 G hEN ) {E-0)? +[2(E)+0(E) h () )’
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O BBIBOPE HYAEBOI'O ITPUBAMPKEHUA T1PH OITPEAEAEHNN CAOXKHOI'O KOHTAKTA

OTcropa
b b 2, .2 b 22
2 - - —
_J- 2(&)2 h(&)d&:jln (iz x)7+z27(8) . dé+j & x)2 22(5)2 2 (E) dE+
(E-x)"+z7 () o G0+ [z (&) +h(©)] L [E—x)" +27(8)]
b 2 ase N2
gJ- [Z(§)+9(§)h(§2)]{[z(§)+9(§)h(§)] : 33(§ x) }h3(§)d<§. (15)
3 {(E=x)2 +[2(E)+0 (&) h(E)]* )

AaropurMmbl. Ha ocHoBanuu (14)—(15) MOKHO ITOCTPOUTH HECKOABKO CIIOCOO0B BOCCTAHOBASHUST
KoHTakTa z =27 (&), a <& <D, o 3apanHOMy 1OATO g (x), c<x<d, [a,b]C[c,d], mes[a,b]<mes[c,d].

1. Crroco6 Hprotona. Cuntasi U3BeCTHBIMUA a,b, H, pa3sroxuM B psp (14) orHocuTeabHO z (&),
OTPAaHUYMBASICH TIEPBHIM YAEHOM. YUUTHIBAS, UTO

9 E-0P+H? (@074 E-0P+H? 2
02 (g-x)2+72 (E-n +H? [E-02+:2)? (E-x)2+22
HaXOAUM
S -nreH? 0 2008
g(0)=[In S, de] S Az (©) g
. G- +z27 (&) L (E=x0)7+27(8)
Orcroaa, moaarast Az () =z, (§)—z, (&), umeem
b 2 2
2 n () - +H
DO @[ e,
a (é_x) +Zn (é) a (é_x) +Zn (é)
2
w® 4@ (16)

+
2 2
a (&—x) T2, (é)
2. Cnoco6 “koHTakT 1”. PaBenctso (15) 3amuiuem ¢ TOYHOCTHIO A0 /2 (£), T. e.

b b 2 2
2O e EVETO

L (E=0)? 427 (8) L E—0 [z (B)+h(E)?

(B0 —[2(B)+0(E) h(E)]?
+|

2
S 5 h7 (B
L E-02 + 2 () +0 (&) h (D)%)

CAO’KUM ITIOAYYEeHHOe TOXKAECTBO C (14), mepeHecs npepBapuTeAbHO B (14) ¢ (x) B IpaByIO 4acCThb:

_? 22 (%) h@d&:’jln CRRERC I

L (=022 L -0 [z (&) +h(E)?
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b N2 2 b N2 2
+J~ (E-x)" = [2(E)+0 (&) h(E)] hz(g)dﬁ—g(x)+Jln (E-x)"+H gt

L AE-0)2 + [z (E)+0(E) h(E)7 ) LE-0P 7 ()

Toraa, OG'BeAI/IHHH HepBBIﬁ n HOCAeAHHfI HUHTEI'PAABL, CTOLIVEe CIIPaBa, IIOAYYHUM

b 2 2
2 - H
_J~ z (&) h(&,)d&:J.ln (E x)° + : de
L (E- 0% +z2 () L (E=x)" [z (&) +h (8]

b 2 2
— — 0 h
g (x )+.[ (E-x)" =[z(E)+6 (&) (ﬁ)]2 2 2(&)03&
{(E- X) +[z2(E)+0 (&) h ()]

B sTom paBeHCTBe, Kak u paHbliie, —1<0(x)<1. B utore c TOYHOCTEIO AO & 2 (&) maxopum

b 2 2
2 - +H

_I 2 (©) h(E)de=[In f o S de-g(x). (17)

o (E- x) +z (&) L, (-7 +[z2(E)+h(8)]

TTonarast 7,41 (&) =2, (&)+h, (§), n=0,1,2,..., u hy(§)=0, IPUXOAUM K YPaBHEHUIO
b b 2 2
2z, —0%+H

N ICY I T e Y 18

E-07 +22 (&) L &0 4zl (©)

OHO paspermmMo mpu u3BeCTHOM 2 (&) :z21 (§) =z (§)+hg (&) . Tak KaK h,q (&) =2,40 (§)— 2,41 (§), TO

b 2 2
2z, (%) - H
—J T Y T E L M
) 60?422 @) L E0’ ©
b
2 n
e (18)
(&= 422 (B)

OTKYAQ OUEBHAHO: aATOPUTMELI Hbl0oTOHA 1 "KOHTAKT 1" (hOpMarbHO COBIIAAQIOT TOABKO Ha IIEPBOM
mare, Tak Kak z; =z, a Ha BCeX IOCAEAYIONINX IIaraX OHU (POPMarbHO pasAquLI
3. Cmoco6 “kKonrakT 2". CrOKUM BeAMYUHH! (14) 1 (15) ¥ ¢ TOYHOCTBIO AO n? (&) moayuum

b 2, .2
_J- 2z(9) K& dE=[n (E-x)"+27(9) dE

L (E-x0)7 427 () L E—0P [z (O+h ()

b N2 2 b N2 2
+ (=07 ~27 (%) 12 (€ de+ [ In Co0T+HT e o).

CIE-0 ) L -0 7 ()

OTciopa, 0ObeAVHSS TIEPBBIM U TTOCAEAHUN WHTErpaAbl B MIPaBOM YaCTH, a TaKyKe ImoAaras
Tt (8) =2, (B)+h, (), n=0,1,2,..., u hy(§)=0, a<E<b,
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IIPUXOAUM K YPABHEHUIO

b
2z, ()
G
L, (E- x)? +z, 2 (&)
b ) 2 b N2 2
ZJ’ln (& xz) +2H E_, (x)+.|. (& X) in (&) h,% (E_,)dé (19)
(a_X) +Zn+1 (&) [(é X) + n(é)]

D70 ypaBHEHHE, Kak u (18), MOXKHO pelaTh UTEePaTHBHO, eCAM 3aAaHO zo (§): 21 (&) =2z (&) +hg (&).
VpaBuenwue (19) TakKe MOJKHO AQTh B BUAE, anarornatoM (18°). TToaarast h, (§) =z ,41 (&) -2z, (&),
MOAyYaeM

b b 2 2
2z, 0%+ H
B @ SV -
&0t 422® NG P
b b 2 2
2 n - “<Ln
2O @ ST E e @i 9

L (E-0)7 4z, (8) L LE-0 T +z, (B)]

A 49TO, €CAM OIIPEAEASITh He TOABKO KOHTAKT Z = Z (§), a<&<b,mom "acumnroTry" H = const?
4. Cnoco6 HpoToHa. IlpumeM BO BHMMaHHUE, 9TO

o C-0r+H? 2z 9 E-0P+H?_ 2H

0z (é—x)2+z2 (é—x)2+z2 oH (E—x) 2472 (E_, 02 +H?

’

W 3aIIuiieM

2 b
(E-x)° +H f 22(8) Az (E) de+] —H CAHUE,
E-x)2+2% (&) L (E- )% +z2 () L (E- x)% +H

b
g(x)=]In

Orciopa, oarast 2,4y (§) =2z, (E)+Az, (8), Hyy =H, +AH,, n=0,1,2,..., u Azy(§)=0, AH, =0,
a<&<b,m3apaBas Hy u 7 (&), moryuaem

b

2 n —x)? HI%
Zz (g)z Az, (8) d&- I—ZAH dg=[In « xl +2 d&-g(x). (20
o (6= 42, (8) . &—x)"+H, « (60742, (9)

OTO Xe ypaBHEeHHUE B APyrou popMe (HEIIOCPEACTBEHHO B "IPUOAMIKEHUAX ") IPUMET BUA,

b

b 2 2
2 n(a) (é_ ) +Hn
[ @) - j—z pt dE= [ In = e
L (E=x)7 42, (8) (G- +H; LG0T+ ()
n (S) 2H
—g (0)+ f 220 - j—zH g, n=0,1,2,..,  (20)
L (E- )2 +zp (&) L (E-x)"+H,
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5. Crroco6 “xonrakTt 1". B orAnune or 1. 2, 30€Ch IOMUMO Omipeperenus z, (&), a<&<b, 6y-
AeM HaxopuTb U H, , a <& < b. AAst 9TOTO paccMOTPUM (PYHKI[HOHAA

b 2 2
- H
¢ (x.z H) =J‘ In (& xl + : a
L, (-7 +z27(8)

U OIIpEeAeAuM Ha AMHeaae ero npupailenue Ag (x,z,H)=g (x,z+h;H+1t)—-g (x,z,H), TAe
h(a)="h(b)=0.TIlocre HECAOKHBIX IPeOOPA30BAHUN B UTOTEe IIOAYUUM

b
2
-[ E(E")z h(a)d§+j—zrd§=
(E-x)"+z2°(8) L (E-x)"+H
b N2 2 N2 2
:J- n (E—x)"+(H+1) T (E—x)° + (z+h) Je -
. (E-x)2+H? (E-x)2+2°2
_ 2
_.[ (€~ x)? e+ 7.[(H+9T)[3(§ x)? = (H+61) ]r3dE_,+
IE-x) +H2]2 3 [3(E-x)? + (H+61)71°

a

+0n)[3 — (z+6h)2
% (&) dE- 3I(Z MBE-DT= O] 5 e o

+} (-2 22 (&)
[(E-x)2 + (z+0m)* 1°

LE-02+27 @)

a

CAO>KMM IIOAYUYEHHOE TOXKAECTBO C TOYHOCTBIO AO h? (&) c pasencrsoM (14), mepenecem g (x)
B IIPaBYIO YaCThb IIOAYYEHHOT'O COOTHOIIIEHUS 1 CBEAEM AOTapudMBbL:

—j 22 (%) h(g)d§+j —Hzrd§=
. (G- 0% +z% () L E-0)"+H

b ) 2 N2 2 b 2 2

1 E-07+H+D? (G0’ + @+ g [ ET e,

. (&-x)2 +H? (E-x)2 +2° LE-0T 427 (E)
OTKYAQ

b 2 2
- +(H+

_I 22(8) h(g)d§+j—H ,E=[In ¢ ;) () &g (x).

. (- 0%+ 22 (8) )+ H . G077+ (z2(8)+h (&)

Ilonrarasg B 3TOM ypaBHEHUM

2o (B)=2, (E)+h, (E), Hoy =H, +T,, n=0,1,2,..., u hy (§)=0, 19 =0, a<E<b, (22)
u 3apaBast Hg, zo (&), a <§<b, noryuaem

o 27,@)
e f

b

(&- x) + H?
g e [
+H, Lm0zl ()

dE—g (x). (23)
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Tar Kak h,y1 (&) =2, (&)= 2,41 (&), T,,41 = H 40 — H .41, TO ypaBHeHUEe (23) IpUMET ellle TaKoii
BUA,;

b b

2z, (&) 2H, (E-x)° +H
—J Zpen (B)dE+[ " H 5 dE=[1n w dé-g (x)-
L (E-02 422 @) L (E-x0)? +H] L E0?+2 (©)
22, (&) " om
—j zn+1(§)d§+j—”2 L dE, n=0,1,2, ... (23)
L (E- )2 +z2 () L (E-x)" +H,

6. Cnoco6 “kKonrakt 2". CroXUM BeAMuuHE! (14) 1 (21) ¢ TOYHOCTBIO AO h? (§) u moayuum

22(8) L -0+ (H+1D)?
—j h(g)d§+j—2 wE={ In ; S &g (x) -
(-0 +22(8) 02+ H L &m0+ (2

_} -0 -H? f (E-02-22©)

2
I h? (8) de.
L &0 +H? ] L &0 +27 @)

Orcropa, nmoaaras (22) m 3apasasg Hy =H, z1 =29 (&), a<&<b, 6GypneM uMeTh

b 2
2 2H (E-x)2 +H
—f o (‘;’)2 M (&)d&+j—”2rn+1d&=jln " dg-g (x) -
(&-x)7+2; (8) (&-x) . E=07 4z ()
b b
_J- (&- x) n %d& J' (&- x) —Zp (‘2) hz(é)dé. (24)

L E-0)2+H P =07 +27 @)

[MoactaBasisi i,y (E)=2,400 (&)= 2,41 (&), T,p1 = H 30 — H 41, IOAYYUM TO K€ ypaBHEHUE B "TIPH-
ONDKeHuAX '

b b b +H
-[ e @ dg+] " H,dE=[n SR dg-
o G007 +27 () &= +H, . G0zl ©

b

b
2z, 2H )
—g - (E")Z Zpt (B A&+ [ I H . dE- (24)
L (G- 422 () (50 +H]

b N2 2
S (Hy —H, )? dE+ Sl TR (2041 (E) =2, (817 dE,
2 2 2
(-0 +H)? LIE=x)2 +27 (8]

(E-x)2 +H}

g

n=0,1,2,...
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Bb100op HyAeBOTO IpUOAMKEHH. [1ycTs KpuBast g (x), ¢ < x < d uMeeT Ha [c, d ] HECKOABKO

3KCTPEMYMOB B TOUKax c¢; € [c,d], i=1,2,...,n. Tak Kak 0 >0, TO KA&)KAOMY 3KCTPEMYMY OTBEUaeT
. extr X .
OAHOMMEHHBIN 3KcTpeMyM z =z (), a < & < b. OnpepeArM BO MHOKECTBE {[C d] g (X)} HAMOOADLIITUH

Y HAUMEHBIIINN SKCTPEMYMBI (HaOOABIINY MAKCUMYM Z ¢ U HAaUMEHBIINY MUHUMYM Z; ), T. €.

gs =g (c;)=sup{extr g(x)}, g;=g(c;)=inf{extrg(x)}.
[c,d] [c,d]

O6o3naunm uepe3 zg =z (¢; )=sup{ extr z (&)}, z; =z (c;)=inf { extr z (&)} cootBetcTByIOIIVE
[c,d] [c,d]
9KCTPEeMYMEI z. 3AeCh aOCHIMCCHL g ¢ U zg (U g; M z;) COBIAAAIOT, UTO He BCETAA UMeeT MeCTO, HO
B AQHHOM CAydYae BepHO. HyaeBoe npuOAM’KeHHe KOHTaKTa MOJKHO 3aAaBaTh, 110 MeHbIIeN Mepe,
AByMsA criocobamu (Oz HallpaBA€HA BBEPX) !

20 =20(&)=—Hy+Ag (§,Hy), a<&<h, (25)
29 =20 (&)=-Hg +kgAg (§), a<E<D, (26)
rae Hy >0 — 3apaBaeMast KOHCTAHTa — “acuMITOTA" (DYHKIUM Z(; Ha A€BOM KOHIIE IIPOMESKYTKa

[a,b]; Ag(E)=g(&)—g(a); Ag (§, Hy) — aHaAUTHYECKHU TIPOAOAKEHHOe 3HaveHue Ag (&) Ha
ypoBHe —H ; ko =k(H () — NOAMEKAIIUA ONIPEACAEHHIO KOI(PDUIUEHT.
PaccMmoTpuM, Ipeskae BCero, CiocoOBl OIIPEAEACHUS Ky .
1. I'lycTb B TOUKe c€ [a,b] pacnonraraercsa zg UAU Z; . OUEBUAHO,
b 2 2 by 2 2
g(c)=jln (G-e)" +H d§=_l‘lnidu,
L (E—or 7 (®) u? +z% (u+te)

al

tac u=E—c, du=df, a;=a-c, by =b-c.BosbmeMm zg 22(E), (z; £z(&), a<E<b. Torpa

n[(E-c)? +z2 (E)N<In[E-c)® +z5 L In[(E-c)* +27 (B2 [(E-c) +2] 1. (27)
OTcropa caepyer
b by 2
+H +H
gs =1 ”2 —du, g <1 ”2 du. (28)
a u +zS a u- +z;
I u’+H?
O1eHUM HUHTEeTrpas .[ln —————du, moaarasd, uro a=0, b=1, a;=-c, by =1-c. Ilocre
u2 +22
ay
psiaa peo0Gpas3soBaHUM OKOHYATEABHO HAXOAUM
by ) 2 2 2 2 2
+H l-¢c)" +H +H
J.lnuidu=(l—c)ln( ) +cln €
a u’+z2 (l—c)2+z2 c?+z?
H
+2H arctg ———— — 22 arctg;.
H? —¢(1-c) 22 —c(-c)
IoaTromy
(1-c¢;)2+H? c?+H?
gS 2(1—6'1' )ln ﬁﬁ'ci In 724'
(1-c;) tzg c; tzyg
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H s
+2H arctg 5 -2z arctgz—, (29)
H —C; (I—Ci) ZS —C; (I—Ci)
(I—c;)2+H? ci+H?
giS(l—cj)ln +cjln7+
(l—cj)2+zi2 o +Zi2
H Zi
+2H arctg 5 —2z; arctg 5 . (30)
H —Cj (I—C]) Zi _Cj (I—C])

[TorydyeHHBIE HEPABEHCTBA ABASIFOTCSA MCXOAHBIMU AAS OIIPDEAEAEHUS z g U z; IIPU 3aAQHHBIX H,
gs 1 g;. OTbICKaHMWe 3HaUeHUN 7z ¢ M z; OAHOTUIIHO, TIOTOMY B AQABHEUIIIeM HHAEKCEI OITyCKAIOTCL.

CocraBuM (PyHKIWIO

f()=(=c)In[(1-¢)? +z? J+cln(c? +z% ) +2zarctg

22 —c(l-c)
—(1-c)In[(1-¢)> +H? ] =cln(c> +H?) —2HarctgL+g. (31)
H? —c(1-¢)
BEIYHMCAMM TIEPBYIO IPOU3BOAHYIO
f(z)=(-c) 2 +c 22 +2arctg¥+
(-c)2+z%  c?+z? 22 —c(l-c)
N 27 ‘Zz—c(l—c)—ZZZ 3
. 2 (22 -c-c)?
I+ —————
22 —c(1-¢)
2z[z% +c(1-c
=(l-¢) 22 +c 22 +2arctg < - [ (1=o)l (32)
(1-0)2 +z%2 242 22—c(-c) (22-c(l-c)? +z°
Aast Berumcaenust f7(z) mpousBopAHYIO f'(z) Aydllle IPEACTaBUTH B BUAE
f(z)=2(-c¢) £ T P +2arctgl_—c+2arctg£—
(1-¢)% +22 c?+z7? z z
273 2c(1-c)z )
(22 —c-c)?+2% (22 —c-c)? +7?
1= S . Auddepentiupys BTopoii pas (32°) o z, moarydaem

c c
TIOCKOABKY arctg —— + arctg — = arctg
z Z z°—c(l-c)

, 4(1-c)z? 4cz? 2322 +¢(1-¢))
[ (2)=- - -
(A-0)2+22)% (c?+z%) (22 -c(-c)? +22
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+4zz(2zz—20(1—0)+D(12+c(1—cD

(z% -c(1=c)]% +22%)2

(33)

[Mpubam>keHUS z,, KAKOro-AmMOO M3 3HAUEHUU zg U Z; OIpepeAdeM IO cxeMe UeOhwlmeBa [be-
pes3uH, JKupkos, 1960]:

Fz) ) [P ()

- (34)
FGa) 2 ()

Tptl =2p

ITochrepoBaTeAbHBIE TIPUOAMIKEHUS KOPHS (0 ypaBHeHus f(z)=0 MOXXHO IIOAYYMUTH 3HAUU-
TeABHO Ipoiie, ueM cAerano I1. A. UeObImeBsIM. A UMEHHO, €CAU KOPEHDb Z pacmnoaaraeTcsi B
AOCTaTOYHO Y3KOM HMHTepBaae [o, 3], To, ecAn z,, BEIOPAHO C TOTO JKe MHTEPBAaAg, C TOYHOCTBIO AO
MaAbIX 3-TO TTOPSIAKA OTHOCUTEABHO z(O) —Zn; Z(O) , 2, €L, Pl umeem 0= f(z(o) )= f(z, )+

”
0 f(zy) 0 2
+f (2 )2 =2, )+T(z( ) —z.)2.

Otcropa ipu f'(z, ) #0 (3T0 MOXKeT GbITh, UOO TOABKO AASI KPAaTHBIX KOopHel f(z) = f'(z)=0)

[IOAy9aeM

(0 S () 2O _,

_ 2
_Zn - ’ ’ l’l) .
f(z,) 2f(z,)

YuuThIBasd MaAOCTb PAa3HOCTU (Z(O) —Zn )2 , HA OCHOBAHUU IIPEABIAYIETO COOTHOHIEHM ST IIOAOKUM

2 ” 2
(Z(O) _Zn)z =\~ f,(Zn) ,OTKYAa Z(O)_Zn = - f/(zn) _f (Zn )f (Zn)
) PG 2z

G S )
F'Ga) 2(f(z, )3

CXOAUTCS (3—4 mTepaluy AN TTOAYUYEHUS 29 ¢ rounocTsio A0 1077, uTO COTAACYyeTCsl C Pe3yAb-
TaTaMH, TIOAyYeHHBIMHU B paboTe [bepesun, Kupkos, 1960]).

3ameuanue I. V13 ypasHenuii (29) u (30) caepyert, uto f(z5)=0,a f(z;)<0. A npu He o4eHb
Marblx H >0 mMeeM cTporme HepaBeHCTBaA:

, TIO3TOMY Z,41 = 2, —

. T. e. moayuuM (34). I'lponecc (34) npu ypauHOM BEIOOpE Z,, OBICTPO

flzg)>0, f(z;)<0. (35

[TosToMy KOPHM Zp, Zy COOTBETCTBYIOIIMX ypaBHeHMU f(zg,gs)=0, f(zy,g;)=0 pator
NPUOAVIKEHUS Zg U Z; CHU3Y M CBEPXY COOTBETCTBEHHO, UTO MOJKET CKa3aThbCs Ha "KadecTBe' Hy-
A€BOTO MPUOAMIKEHUS 2 =z (§).

3ameuanue 2. CoraacHO 3aMeydaHuio 1 zg¢ U z; OIPEAEATIOTCS He OYeHb XOPOIIO IIPU GOABIINX
H, 0cOOEHHO, eCAU 3HAUEHUsI Zg U Z; AOCTATOYHO OoAbmKe. [To3TOMy AOIIOAHUTEABHO MOJKHO OII-
peaeAuTs, ecant 8 g =g (b)—g(a)#0,KpoMe zg U z;, 38AQHHOM AeBOM H ~, ellle U IIpaByIo "acUMII-
tory" H * xpuBoit z = z (§). DTo AeAaeTcst IO OIMMCAHHOM cXeMe, TOALKO B BHIPaKeHUHU f (7) BMe-
cTo gg UAM g; Oepercsa g Aag ompepereHus H i

BBIunCAMB Tak AN K&JKAOTO 38A@HHOIO 3HaveHus H; , i=1,2, ...(,_gz , Ae(B)()fI "acUMOTOTEI" UCKOMOH
o — < < 1 .l + - .
KpuBoit z=17z (&), a <&<b, onpepeArM 3HAYEHUs IITAPAMETPOB g 0 Hl. v i=1,2,...,n:
(i _ ) - _ D - gt -
u —ZS _Hi’ I/l(l')—Zl. _Hi’ AHi_Hi _Hi’

d¢=g(b)—g(a), 8gmax =85 —8(a), dgmin =8; —8 (a),
1 Ha¥pAeM

e

(i) _ 1 (i)

k, _;Zki , (36)
i=1
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[«

. ; U AH
(i)
rae kl(z) _ . ;z) _ ‘ ‘ i k3 :‘ ‘
‘ngax ‘ngin‘ ‘Sg‘
PaCCMOTpI/IM CXeMy OTBICKAHUSI HyA€eBOT'O HpI/I6AI/I>KeHI/I${ AN KOHTAKTOB, OITMCBIBAEMBIX beHKHI/IHMI/I

(1,2)

(=) (a, b) . TUIMYHBIMU TIPEACTA-

U3 KAACCOB "aHTUKAMHaAeln' Ost Ei’)z) (a, b) n "cunrauHaremn”" Ost
BUTEASIMU 3TUX KAACCOB ABASIOTCS (DYHKIUU (pHUC. 4):
a) aHTUKAUHAAD
z(E)=—-H+a(1-§)E, 0<E<I, (37)

0) CUHKAUHAAD
72(&)=—-H-a(1-§)&, 0<E<1. (38)

AASL OTBICKAHUS k() CHCTeMY KOOPAMHAT YAOOHO BBIOPATh TAK, YTOOBI TOYKA IKCTpeMyMa g (x)

HaXOAMAACh B Hayare KOODAUHAT, T. €. [ixZ]g (x) =g (0) , TOTAQ U UHTepBaA [c, d] BeIOMpaeTrcs
"CMMMETPHUYHO" OTHOCUTEABHO HayaAa, Tak )Xe KakK U a =-c, b=c. [Ipu stoM pra mopern (37)
(cAeBa Ha puc. 4) UMEIOT MeCTO COOTHOIIeHus o =arctg C/H , Hoy < z0O,, O > Oy, @ AAST MOAE-

AM (38) — coorHomeHus 0., =arctgC/z, Hoy > z0,, O] <Olgy.

Oyurnus f(z)=2cln (c2 +2z2 )t+4z arctg£—2cln (c2 +H2)—4H arctg§+g, TAC §=8¢5 —

z
B CAy4ae aHTUKAMHAAM, g = g; — B CAy4Yae CMHKAMHAAM (00a 3HaYeHMus — CO CBOMMM 3Hakamu). Ee
’ c ”
npousBoAHBIe f (z)=4arctg—; f'(z)=— 5 . Tak kak f(H) =g, TO B CAy4Yae CUHKAWHAAU
< c”+z
” c
f(H)<0,aB cayuae auTukAuHaAu f(H)>0.B oboux cayuasax f"(H)=-———<0.Tloatomy

2 +H?
f(H)f"(H)>0 apst cunranbaavu v f (H) f7(H) <0 AA @QHTURAWHAAKM. B 060UX CAyYasX AAS OTI-
PeAeAeHUs zg U Z; UCIOAB3yeTcs nponecc (34). [TonelTku 0O00OUTHUCH PyOBIMY NPUOANKEHUSIMUA
Zg U Z;, BBIYUCAEHHBIMU He no (34), BooOIe rosops, yclexa He UMeAHn', XOTs B psIAe CAYYaeB
IIPUBOAMAM K XOPOIIUM Pe3yAbTATaM. ) )

c c
PaccmoTpuM HEKOTOpPBIE U3 MONBITOK. [TycTe BHaware g =2¢ln ——— +4 H arctg — —4 zarctg —.
2 2 H Z
c”+z
Ans cuHRAMHAAU (cM. puc. 4) z=H+u, H, z, u>0, 0] 20, (3HAK paBeHCTBA AOCTUIAETCS

TIPU ¢ —> o) U, CAeAOBaTeAbHO, 4 H arctg%—4 (H +u) arctg =4Ho -4 (H+u)o, <0.TTosromy

+u

T I'|'|'|ll|'.lI |II'|'I T

Puc. 4. MoapeAar KOHTAKTOB, ONMCBHIBAEMBIX (DYHKIUSIMU “"@HTUKAMHAAeN' U “CUHKAMHaAen".

1 Chabas CXOAUMOCTH (A0 50 uTepalyii) U Hu3Kask TOUHOCTD, YUCA€HHAsl HEyCTONYNBOCTb.
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2 2 _8 _8
+H
mE S8 22 2y e 20, uS\/(cz+H2)e 2 _¢2 _H.  (39)
c?+z? 2

Anst anTuRAMHAAM z = H —u, H, u >0, oty < 0.y U, CA€AOBATEABHO,

4H arctg§—4(H—u) arcth =4Ho; —4z0, 20.
z

IMosTomy

2 2 _8
+H
e 8 uSH—\/(c2+H2)e 2¢ — 02 (40)
cr 472 2¢

HpI/I HeOOABIINX 3HAUEHUSIX U (HO CpaBHEHMUIO C H) MOJKHO IIOCTYIIATh II0 APYT'OMY, @ UMEHHO IIPUHATH

2H
Infc? +(H+u)?]1-In(c?>+H?*)=~ "y,
c2 +H2

H
(H+u) arctgL—H arctgi ~ arctgi—ci "
H+u H c2+H?

c
AN cuHKAWHaAU. [Tostomy g =—4 arctgg U W, 3HAYUT,

= 4 <
u g/ arctgH, (41)

IIOCKOABKY AAS CUHKAMHAAU g < 0. AAd aHTUKAMHAAK, XOTH g >0, Igo z=H —u . Tloatomy popmyara
(41) ocraercs npexxuei. 3ametuM, uto f(H)=g, f'(H) =4 arctg I U I03TOMY (41) sABAsIeTCS Hep-

BBIM IPUOAMIKEHUEM B UTepanusx (34).
BTopoii crtioco6 0CHOBAH Ha OIPEACACHUN PA3AMYHBEIX MOMEHTOB KpUBOH 2z = z (&) . B mpocretiem
oo

caydae, o teopeMe K. I'aycca I g (x)dx=2mm (m — BO3MyIIaloOIas Macca, COCPEAOTOYEeHHAs B
obaacTH, orpaHUYeHHON KpuBbiMu 7] =z (§), 29 = —H, a<§<b, oCch 0z — BBEPX), IOITOMY

b b b
m=[ o 2(&) de+| oHdg=[ (z(&) +H)dE, o=1.,

m m
Orcropa zg = P -H, z; < —H uan

-a b-a
Zg 2¥jg(x)dx—H, Z52¥J.g(x)dx—H. (42)
2n(b-a) 2n(b-a)
) d
B nmocaepHUX (hopMyAax moaaraeMm .[ g (x)dx = I g (x) dx.
oo c
d d b (E‘,—x)2 + HZ
OOpaTtuM BHHUMaHMNe Ha BBHIUMCAEHUE I g (x) dx:I dxj In 5 5 d&. TlopcTaBasis
. L, EenTeiE)
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u=&—-x, du=—dx, uy =§-c, uy =§—-d, noayuaem

d b uy
J. (x)dx—j In M+2Harct X _ozarctg X d& =
4 = u 2 > g I Z g =

. a u-+z ¢ uy
b (&-x)2+H? (§-x) E-n|"
:J' (¢-x)In * +2H arctg ! -2z (&) arctg g dg=
. (g_x)z_l_ZZ(&) H Z(é) &—d
b 2 +H? > +H? c
:J‘ clh —————dln ————————+2H arctg — —
P B (S B SN

-2H arctgfl—2z (&) arctg %@+2z (&) arctgz(d%) } d& =

-2z(&) arctgL } d&+
z

d
z(8) (©)

QY —

{dln[dz +22 (&) —cIn[e? +2% (&)1 +22 (&) arctg

+(b—a){cln(c2 +H? ) —dIn (d2 +H? )+2H arctg%—ZH arctgfl}.

O yncaeHHOM penieHNH. [To TPeANOSKEeHHBIM aATOPUTMAaM COCTaBAEHBI IPOIPaMME] ¥ IIPOBEAEHO
YUCAEHHOE MOAEAWpPOBaHMEe. TeopeTUdYeCK! 3TH KOHCTPYKIIMU ITOKA3bIBAIOT HECKOABKO AYUIIYIO
CXOAMMOCTD IIPU BBIYUCAEHUU c1ocob0oM HBIOTOHA IO CpaBHEHUIO C KAACCUYECKUMU IpuMepamMu
[l'paBupassepxa ..., 1990], HO ux npakTUYecKas 3(pHEeKTUBHOCTb TpeOyeT IPOBEPKHU Ha MOATOTOB-
AE€HHOM MaTepHaine IIOAEBBIX I'PABUMETPUYECKUX ChEMOK. [TONBITKM OOOUTUCE IPYOBIMU IIPUOAUIKE-
HUSAMM Zg U Z;, BBIYMCACHHBIMU He IIO (34), ycllexa He MMeAU (KpaliHe HU3Kasg CXOAUMOCTB OBbIAA
Ha NOPSAOK MeHbllle 3asgBAeHHOUN [bepesun, Kuakos, 1960]), xoTa uHOrAa IPUBOAUAY K MaTeMa-
TUYeCKU KOPPEKTHBIM pe3yAbTaTaM. OAHAKO TeOAOTUYECKOe COAepsKaHNe IPyObIX IPUOAVKEHUN eA-
Ba AU AOCTOBEPHO.
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