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COMPUTER SIMULATION OF A STIRLING REFRIGERATING MACHINE

In present numerical research, the mathematical model for precise performance simulation and
detailed behavior of Stirling refrigerating machine is considered. The mathematical model for al-
pha Stirling refrigerating machine with helium as the working fluid will be useful in optimization
of these machines mechanical design. Complete non-linear mathematical model of the machine,
including thermodynamics of helium, and heat transfer from the walls, as well as heat transfer and
gas resistance in the regenerator is developed. Non-dimensional groups are derived, and the
mathematical model is numerically solved. Important design parameters are varied and their ef-
fect on Stirling refrigerating machine performance determined. The simulation results of Stirling
refrigerating machine which include heat transfer and coefficient of performance are presented.
Keywords: Stirling refrigerating machine — Mathematical model — Dimensionless characteristics —
Energy efficiency — Helium

B. B. Tpanoagunoe, M. I. Xmenvniok

Opnecckas HallMOHAIbHAS aKaJeMUs MUIIEBBIX TeXHOJIorui, yin. Kanartras, 112, Ogecca, 65039, Ykpauna

KOMMbIOTEPHOE MOAENIMPOBAHUE XONOAUNBbHOW MALLUNHBI CTUPJTUHTA

B oannom uucnennom uccnedosanuu paccmompena mamemamuieckas mooens 07 MO4YHO20 MO-
0enuposanusi NPOU3E0OUMENLHOCMU U NOOPOOHO20 NOGEOeHUs X0N00UNbHOU Mawunbl Cmupaunea.
Mamemamuueckas modenv 015t arbgha x0n00urbHOU Mawunsl Cmupiunea ¢ ceiuem 8 Kaiecmee
pabouezo sewjecmsea Oyoem UCROIBL308AMBCS 6 ONMUMUSAYUY MEXAHULECKOU KOHCIPYKYUU IMUX
mawun. Paspabomana nonnas nenunetinas mamemamuyeckas MoOelb MAWUHbIL, 68 MOM YUCTe
MEPMOOUHAMUKA 2eUsl U MENOnepedayu om CmeHOK, a maKdice nepedaid menia u conpomueJie-
Hue 2aza 8 pecenepamope. Ilonyuenvl 6e3paszmepuvie 2pynnbvl, U YUCIEHHO peulena Mamemamuye-
ckast Mooenb. H3MeHsIomest adicHble KOHCMPYKMUGHbIe RAPAMEmpPbl, U ONPeOeislemcst Ux GIusHue
HA Npou3800UMENbHOCHb XOI0OUIbHOU Mawunbl. [Ipedcmasnenvl pe3yibmansl MOOEIUPOSAHUSL
xonoounsrou mawiunvl Cmupaunea, Komopwle KoYaom nepedady menia u Kod@pguyuenm npe-
006pazo8anusi.
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I. INTRODUCTION

Fuel and energy resources price surge as well as
global worming push us to set problem of searching
innovative technologies for energy transformation, to
develop new technologies on the base of thermody-
namic cycles with high efficiency, to use new working
mediums in order to develop ecologically safe energy
system, which can satisfy industrial sector alone with
housing and utilities for minimum amount used.

This work analyzes a specific application of en-
ergy harvesting that converts a mechanical energy
input into thermal energy, or thermocompressive en-
ergy harvesting. This application is the Stirling refrig-
erator. Refrigerators use mechanical energy to drive
heat from a low temperature source to a high tempera-
ture sink, and the Stirling machine is one of these that
can be used for this purpose. Though such a device
was proposed in the mid-1800's [1], Stirling refrigera-
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tors still have limited commercial use for household
refrigeration and air-conditioning because of the better
performance and convenience of conventional vapor-
compression and absorption machines. Smaller Stir-
ling machines are mostly used to cool computer parts.
For these reasons, the Stirling machine may be more
useful as an energy harvesting device. The mechanical
input to the Stirling machine could be an ambient vi-
bration or force, and the resulting temperature differ-
ence could be used to cool or heat for a given applica-
tion. One such application of interest is obtaining me-
chanical energy from movement such as a walking or
rocking motion to produce heat flow that provides a
comfortable temperature for the user. Helium-filled
Stirling machines have an advantage in this type of
application because of their simplicity.

Although the Stirling machine does not operate
with ideal cycles, the ideal Stirling cycle demonstrates
the principles behind the Stirling machine.
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The ideal Stirling cycle begins with an isother-
mal expansion in the expansion space. The expansion
space is kept at a constant temperature by absorbing
heat from the low temperature source. The second step
is an isochoric heat transfer as the heated working
fluid from the expansion space passes through the
regenerator, cooling the fluid. The third step is an iso-
thermal compression of the working fluid in the com-
pression space. The compression space is kept at a
constant low temperature through the removal of heat
to the high temperature sink. The last step is an iso-
choric heat transfer from the regenerator to the cool
fluid from the compression space. This completes the

ideal Stirling cycle and returns the cycle to the first
step of isothermal expansion of the working fluid.

From the variety current layout schemes and a
design of individual nodes of Stirling machines, can
distinguish three basic configurations: alpha, beta, and
gamma. Each type operates under the same Stirling
cycle, but the internal configurations differ slightly.
The alpha type Stirling machine is selected for the
research because of the rather large power-to-volume
thereby reducing the capital cost of proceedings. The
machine consists of two chambers separated by a re-
generator. The alpha Stirling machine can be seen in
Figure 1.
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Figure 1 - Alpha Stirling refrigerator
1 - the expander, 2 - the compressor, 3 - the warm heat exchanger,
4 - the regenerator, 5 - the cold heat exchanger.
The arrows point in the positive direction for each coordinate.

1. MATHEMATICAL MODEL

A literature review has been carried out covering
the relevant literature for mathematical models of Stir-
ling refrigerators. Even though the operation of the
Stirling refrigerator differs from that of the ideal Stir-
ling cycle, some researchers rely on the latter for their
studies [2]. Wu et al. [3] and Kaushik and Kumar [4]
used a finite time thermodynamic analysis of Stirling
machines. By assuming the ideal cycle partially or
completely, any analysis of the refrigerator deviates
from the actual physics occurring during operation. In
their review, Chakravarthy et al. [5] classified the Stir-
ling refrigerator as a periodic refrigeration system,
which indicates that the pressure and flow rate in the
refrigerator fluctuate periodically. Thombare and
Verma [6] provided a thorough review of the work
done on Stirling cycle - based machines. Although the
review focused on engines, the analysis of the depar-
ture of Stirling machines from the ideal Stirling cycle
remains relevant. Waele [7] provided a comprehensive
overview of Stirling cryocoolers and other thermal
machines. Tekin and Ataer [8] looked at improving
the design of a V-type Stirling cycle refrigerator in a
previous model using a thermodynamic approach.
Chen and Yan [9] developed a model for a Stirling
refrigerator that investigated the effects of non-ideal
regenerators. Erbay and Yavuz [10] took a more prac-
tical approach to the analysis of Stirling refrigerators
by studying the cooling load per unit volume. Oma-
ri [11] compared the differences between the ideal and
real Stirling cycles that occur in the refrigerator, but
lacked analysis of the effect of system parameters on
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performance. The real cycle includes heat transfer in
each section of the refrigerator during any part of the
cycle, as well as a non-ideal regenerator. Including
these physical processes is important because a more
physically sound model provides the designer with a
better estimate of how the refrigerator will perform
under actual operating conditions.

This work provides a more detailed and compre-
hensive model for Stirling refrigerators than previous-
ly published. By allowing for heat transfer throughout
the entire system and duration of the cycle, the present
analysis minimizes the simplifications made in previ-
ous derivations. It improves upon the model Chen and
Yan [9] developed because they include isochoric and
isothermal processes in the cycle. It also provides a
deeper analysis of the factors that affect refrigerator
performance compared to Tekin and Ataer [8], since
they assumed the regenerator to be adiabatic. In addi-
tion, it improves upon the model of Erbay and Ya-
vuz [10] because they included the isochoric processes
of an ideal Stirling cycle. In the following, the govern-
ing equations for each section of the refrigerator are
developed. The derivations use the basic conservation
laws, and also account for heat transfer in the cylin-
ders and regenerator. The model is solved numerically
for a number of cycles to remove the effect of the ini-
tial transients on the solution. The numerical results
are presented to illustrate the performance of the ma-
chine, and design parameters that affect performance
are derived and discussed.

The model is based on the following considera-
tions: the working fluid is an ideal gas, helium; there
is no leakage of mass from the system; the input mo-
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tion of the pistons is sinusoidal; the walls of the com-
pression and expansion space are at a constant tem-
perature. It is assumed that the heat generated by fric-
tion in the regenerator is negligible.
Consider the Stirling refrigerator in Figure 1.
The chamber that extracts net heat from the surround-
ings will be referred to as the expansion space, and the
chamber that releases net heat to the surroundings as
the compression space. For convenience, variables
associated with the former will have a subscript 1,
while those associated with the latter will have a sub-
script 2. The prescribed motions of the pistons are:
X; = Xo1 + X sin(wt) 1)
Xy = Xop + X sin(wt +¢)  (2)
The pistons move with a frequencyw, an ampli-
tude %; and central position x, ; for the chamber i pis-
ton. The phase shift ¢ in the motion of the two cham-
ber pistons results in the reciprocating flow between
the two chambers; ¢ will turn out to be a critical pa-
rameter for the proper operation of the machine.
Energy balance on chamber i gives:
cyM; d_tl = hyDx; (T, — Tp)
- at
1 2
. Pin .
+ [Cvmin(Tin - Ti ) + p_min]

mn

3

. Pout .
- [Cvmout (Tout - Ti ) + mout]
out

4
av;
" dt

5 3)

Term 1 represents the rate of change of the tem-
perature of the air in a chamber with respect to time t,
where M; and T; are the mass and temperature of the
helium, respectively, and c, is the heat capacity per
unit mass of helium at constant volume. Term 2 is the
heat transfer from the walls of the chamber to the he-
lium, where h; is the convective heat transfer coeffi-
cient, D; is the piston diameter, x; is the distance from
the regenerator, and T, ;is the temperature of the
chamber wall. Term 3 represents the enthalpy of the
incoming flow to the chamber, where m;,, is the mass
flow rate into the chamber, T;, is the temperature of
the incoming flow, P;, is the pressure at the inlet, and
Pin s the density of the incoming flow. Term 4 repre-
sents the enthalpy of the outgoing flow, where 1, is
the mass flow rate out of the chamber, T,,,; is the tem-
perature of the outgoing flow, P, is the pressure at
the outlet, and p,,,; is the density of the outgoing flow.
Term 5 is the work done by the helium on the piston,
where P; is the pressure on the piston and V; is the
volume of the helium in the chamber.

Eg. (3) can be applied to the two chambers for
one-dimensional helium flow in either direction, i.e.
from chamber 1 to chamber 2 or vice versa. For in-
coming flow from the regenerator, Term 4 becomes
zero, while for outgoing flow to the regenerator, Term
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3 becomes zero. This is a result of the physics of the
helium flow.

Assuming ideal gas behavior for the helium:

2
Pix; % = M;RT; (4)

where R is the specific gas constant for helium.

Similar equation can be derived for the regenera-
tor section. Consider the regenerator as a metal tube of
length L,, and diameter D,. Energy balances for the
helium in the regenerator, whose temperature T,.(x,, t)
varies with space and time, as well as the regenerator
wall, whose temperature T,,(t) varies only with time,

are:

dT
M. c W —

- fOLr hr D, (Tw - Tr)dxr (5)
where M,, is the mass of the regenerator wall is, c,, is
the specific heat per unit mass of the metal, and x, is a
location along the regenerator from chamber 1 to
chamber 2.

The velocity of the helium in the regenerator de-
pends on the pressure difference between the cham-

bers as:
pmDF (Py—P2) forP, > P
) N =72
m= (6)
_ [prDR(Pe=Py) forP, > P
k 32L,f 2 =71

where f is the friction factor. The inertia of the helium
has been neglected.

To nondimensionalize the equations, define the
following non-dimensional groups:

R tw R X N Vi
T Y TR T wgry
B B (7
T,-T _ P-P __ m
W= W =—p ™ =50

where the starred variables are non-dimensional. Also:
T ™ Vogin)

ar =T 8
Viin ®)

Sk_yk
AP = P(VVkI‘/mln) (9)

where k = ¢, /c,, T is the starting helium temperature,

and P is the starting helium pressure. AT and AP are
characteristic temperature and pressure rises, respec-
tively, if the helium were to be compressed adiabati-
cally to its minimum volume.

The computer simulation of an alpha Stirling re-
frigerator then requires a solution of 17 non-linear
ODE’s with appropriate switching conditions, sup-
plemented by a set of nonlinear algebraic equations
describing the behavior of elements of the model. Sta-
tionary, periodic solutions to the refrigerator operation
at a given, constant angular velocity of the refrigerator
are presented. The simulation program uses a Matlab
language library of procedures and solvers (Euler’s
first-order method). Time and spatial steps of 0:0001
and 0:001, respectively, were used to ensure numerical
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convergence to the solution.
The simulation uses the physical parameters of
the refrigerator given in Table 1 and describes in [12].
The initial pressures are taken to be 10 atm, and
all initial temperatures 303 K. The convective heat
transfer coefficient for each section of the refrigerator
is assumed to be in the range for gases under forced

Table 1- Physical parameters

convection. Because of the low Reynolds number in
the regenerator, the friction factor corresponds to that
for laminar flow. The temperature of the chamber
walls remains constant at 303 K, so any heat transfer
to or from the walls is considered to be with a cold
reservoir for chamber 1 and with a hot reservoir for
chamber 2.

Parameter(s) Value
Piston diameter D 50 mm
Regenerator pipe diameter D,. 5 mm
Regenerator pipe length L, 10 mm
Convection coefficients h,, hq, h, 500 W /m?K
Frequency of piston motion ® 6.28 rad/s
Phase angle ¢ 90°
Piston amplitude x,, X, 50 mm
Piston center position x, 1, X, 80 mm (from regenerator)
Regenerator friction factor f 0.1
Regenerator mass M, 1

1. RESULTS AND DISCUSSIONS

The model was used to simulate the performance
of the Stirling refrigerator over two cycles. The results
show the second cycle of operation because the first
contains transient effects caused by the initial condi-
tions, which decay by the second.

Figure 2 shows the P-V diagram of the expan-
sion space. This plot shows the refrigeration cycle of
chamber 1. This curve can be seen to be quite different
from that of the ideal cycle.

Because this Stirling refrigerator is not ideal,
there is unwanted heat transfer to the cold reservoir

(chamber 1 walls) and unwanted heat transfer from the
hot reservoir (chamber 2 walls).

At all reliability of machines operating on the
Stirling cycle, the drawback is the presence of the re-
generator, which leads to complication of machines, a
large free volume and the increase of the hydraulic
resistance, the combined influence of which results in
rounding P-V diagram of the refrigerator, i.e. to reduce
its specific capacity. Conclusion from this is that to
improve the efficiency of the machine requires con-
stant improvement of the design of the regenerator.

0.2

0.1

=
S

Figure 2 - Pressure-volume diagram for chamber 1 over a cycle.
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Figure 3 illustrates the temperature, pressure,
and mass of the air in chamber 1 along with its piston
motion. Figure 4 has the temperature, pressure, and
mass of the helium in chamber 2 along with its piston
motion. Comparing the two figures, a temperature
difference between the two chambers is seen to devel-

— T®

Nondimensional Values

05 12 14

op at half of the cycle duration, where the temperature
of the chamber 1 helium drops as the temperature of
the chamber 2 helium rises. This causes the chamber 1
walls to transfer heat to the helium in that chamber,
cooling the walls. Also, heat is transferred from the
hotter helium in chamber 2 to the walls, heating them.
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L

Figure 3 - Helium temperature Ty (solid -),
pressure P; (dashed - - ) and mass M; (dotted ..) in chamber 1 over a cycle.
This also shows the chamber 1 piston motion x; (dash-dot -.).
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Figure 4 - Helium temperature T, (solid -),
pressure P; (dashed - -) and mass M, (dotted ..) in chamber 2 over a cycle.
This also shows the chamber 2 piston motion x; (dash-dot -.).

The pressure difference between the chambers
enables the flow of the helium through the regenera-
tor, which can be seen in Figure 5. The phase shift in
the sinusoidal motion of the pistons causes the pres-
sure difference between the two chambers and thus
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mass fluctuations in each chamber. This mass flow
between chambers is an important aspect of the Stir-
ling refrigerator because it couples the two chambers
together. The mass difference between the chambers
also affects the heat transfer in each chamber.

© V.V. Trandafilov, M.G. Khmelniuk, 2015



Po3gin 4. ABTOMaTtuka, KOMM'IOTEPHI Ta TENEeKOMYHiKaLiiHi TexHonorii

0.3
0.25
02
0.15

m

0.05
ol
-0.05
-0.1

Loy 2 14 18 18 2
t
Figure 5 - Mass flow rate m*in the regenerator over the cycle.
The slight mass flow rate fluctuation around 0 is numerical due to the change of sign

of the velocity.

To see how the heat transfer changes, define a  hy, Dy, %, ; are all of the values used in the simulation

non-dimensional heat transfer term Q;, which is: described in Table 1. for the convective heat transfer
R . coefficient, piston diameter, and piston amplitude. t,
Q; = flz BDi%i pere — 7)Y 222 (10) s the time it takes to run a cycle of that refrigerator.

hoDg Xo,i Wtf

Figure 6 shows the heat transfer at every instant
throughout the cycle.

x !0."' | Qt*
Q2*

¢t

Figure 6 - Heat transfer Q*throughout the cycle in each chamber. Heat transfer from the walls to the helium is
positive, so chamber 1 (expansion space) has a net cooling effect on the chamber wall, while chamber 2 (com-
pression space) has a net heating effect on the chamber wall.

To evaluate the refrigerator performance, the the ratio of the heat transfer to the total work input to
heat transfer and work input must be found: the refrigerator, so that:
Q
Q1= fOT hix; Dy (Ty,y = Ty)dt (1) cop =, (13)

av; av;
w=J; Py —rdt + Jo P2 —-dt  (12)  where COP is the coefficient of performance of a re-
frigerator. Table 2 shows results relevant to the per-
Over a cycle, the coefficient of performance is  formance of this Stirling refrigerator.

Table 2- Results from one cycle of a Stirling refrigerator

Variable Value
Mean chamber 1 helium temperature 300.6048 K
Mean chamber 2 helium temperature 306.6404 K
Heat Transfer to chamber 1 from walls 1.9705
COP 1.2616
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IV. CONCLUSIONS

In this paper, a Stirling refrigerator has been
modeled and simulated numerically. The mathemati-
cal model investigated here serves as a comprehensive
representation of the operation of a Stirling refrigera-
tor. By minimizing the assumptions and limitations of
previous studies, this model can be used and manipu-
lated for a variety of different initial conditions, sizes,
and applications. The governing equations are derived
for both chambers and the regenerator using the basic

B.B. Tpanoagpinoe, M. I'. Xmenvniok

conservation and transport laws. The model allows for
heat transfer in each section of the refrigerator at any
time. The results show a clear temperature difference
between the two chambers, a net cooling power of
1.9705 J per cycle, and a COP of 1.2616 for cham-
ber 1. Mathematically, this indicates that a small Stir-
ling refrigerator could be used as an energy harvesting
device.
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KOMMbIOTEPHE MOAENIOBAHHA XONOAUNbHOI MALUUHU CTIPNIHIA

Y oanomy uucenvrnomy oocnioscenni pozenanyma mamemamuiia mMooens OJis MOYHO20 MOOeNH08AHHS
NPOOYKMUBHOCHI Ma OOKIAOHOI No6ediHKU X0100unvHoi mawunu Cmiprinea. Mamemamuuna moodens
ona anvgha xonoounvHoi mawunu Cmipainea 3 eeniem 8 sakocmi poboyoi peuosunu 6yoe UKOPUCTNOBY-
eamucs 6 onmumizayii Mmexaniunoi KoHcmpyxkyii yux mawun. Po3pobieno nosHy neninitiny mamemamu-
YHY MOOeb MAWUNHU, 8 MOMY YUCT] MEPMOOUHAMIKA 2eNilo I menionepeoaia 8i0 CImiHoK, a maKodic ne-
peoaua menia i onip 2asy 6 pecenepamopi. Ompumano 6e3po3MIpHi epynu, [ HUCEeIbHO PO36'a3aH0 Ma-
memMamuyHy mMooeib. IMIHIOIOMbCA 8ANCIUS] KOHCIMPYKMUGHT napamempu, i U3HAYAEMbCA X 8NIU8 HA
NPOOYKMUSHICMb X0100UNbHOI Mawunu. [Ipedcmagneno pesynomamu MoOenoO8aAHHA XOI0OUNbHOI Ma-
wiunu Cmipninea, sKi 6KII0OUAIOMb nepedayy menia i Koe@iyieHm nepemeopeHHs..
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