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Solvency indicators for partially unfunded pension funds 
Abstract 

This study addresses the issue of the management of a partially unfunded pension fund in a stochastic framework. In 
particular it focuses on the sustainability of a pay-as-you-go pension fund with a funded component. The model pro-
posed is developed in a continuous time and the two stochastic variables are the return on the assets and the intensity of 
new entrants. The former are driven by a Vasiceck process and the latter is modelled by a mean reverting process. The 
goal is to monitor the solvency of the fund, namely its capability to pay future obligations. To check the financial sta-
bility of the fund, risk indicators are proposed. 

The methodology is applied to the pension fund of Italian Professional Orders, pension funds that follow a not pure 
pay-as-you-go pension scheme, but have a funded component. 

Finally, some examples illustrate how the management of the fund can activate the correctives to rebalance the fund 
solvency. 
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Introduction© 

The aim of this paper is to analyze the financial 
sustainability of a pension fund financed by pay-as-
you-go system with a funded component. 

Pension schemes can be classified, from the financ-
ing method, into pay-as-you-go (PAYG) or funded. 
In a PAYG scheme contributions paid by the work-
ers are used to finance the current pensions. By con-
trast, in a funded scheme, the contributions are in-
vested in the capital markets and the accrued 
amount is used to finance benefit upon retirement 
(see Davis, 1995). 

In Europe, PAYG systems are generally used for 
public pension schemes, whereas private schemes 
(relative to the first and the second pillar) are ma-
naged in accordance to funded system. 

In this paper we focus on mixed pensions schemes 
financed by PAYG with a funded component. 

Among the public pension system, an example of 
PAYG system with a funded component is provided 
by the Swedish pension system. In the Swedish 
pension system there are two components, both with 
defined contribution, the first financed on PAYG 
and the second one funded. Recently also for the 
public PAYG pension system it has been attempted 
to apply actuarial solvency analysis methodology, 
used in the insurance field, to the public PAYG 
pension system management by introducing an Au-
tomatic Balance Mechanism (ABM). The ABM is a 
set of predetermined measures established by law to 
be applied immediately as required by the solvency 
indicator. Its aim is to restore the solvency or finan-
cial sustainability of PAYG systems, through suc-

                                                      
© Roberta Melis, Alessandro Trudda, 2012. 

cessive applications, avoiding in this way the inter-
vention of the Legislator (on this topic see Setterg-
ren (2001) and Vidal et al. (2009). The ABM can 
then be seen as an adjustment mechanism of the 
pension benefits adopted to maintain the soundness 
of the pension financing. This kind of mechanism is 
useful to re-establish the financial equilibrium of a 
PAYG pension system without the intervention of 
the Legislator. 

An example among private pension funds is pro-
vided by the pension funds of Italian Professional 
Orders. In Italy each professional group recognized 
by a board (lawyers, doctors, accountants, etc.) 
manages its own retirement fund. The Italian Legis-
lation for these funds, which were privatized in 
1995, imposes to draw up actuarial balances and 
risk indicator to monitor the evolution of the fund in 
the long run (50 years). On this topic see Melis and 
Trudda (2010). These funds do not follow a pure 
PAYG pension scheme, but they have a funded com-
ponent with the accumulation of wealth in a reserve 
fund. It is possible to observe for these pension funds a 
“life cycle” depending on the demographic trends. 
During the accumulation phase of the fund, the 
funded component prevails on the PAYG one, with 
the accumulation of a reserve fund on which returns 
are accrued which are used during the second phase, 
when the pension disbursements exceed the contri-
bution revenues and the returns on assets.  

In this paper a stochastic model for the evolution of 
a mixed PAYG pension fund in a continuous time 
framework is presented by extending the model of 
Melis and Trudda (2012). It is characterized by two 
stochastic components: the global return on assets 
and the force of new entrants into the fund. The goal 
of the work is to monitor the solvency of the fund, 
that is the capability of the fund to cover the future 
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pensions, using risk indicators capable to capture the 
funded and the PAYG component. Numerical appli-
cations are implemented using the data from a real 
Italian pension fund, one of the privatized pension 
funds of Italian Professional Orders. 

The paper is organized as follows. Section 1 presents 
the model for the pension fund and its stochastic com-
ponents. In Section 2 risk indicators to monitor the 
solvency of the fund are described and analyzed. 
Section 3 contains an empirical analysis and the last 
section concludes the paper. 

1. The model 

The pension scheme is modeled by a continuous time 
model. The age x and time t are treated as continuous 
variables. We consider the evolution over a long time 
horizon T for a pension fund with an age-structured 
population. It is a defined contribution pension fund, 
but the scheme is extensible also to defined benefit. 

The evolution of the fund is described by the fol-
lowing differential equation: 
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where F(t) is the fund value function at time t, δ(t) is 
the instantaneous rate of return, C(t) and B(t) are the 
total contribution function and the benefit function 
(paid to pensioners) at time t, respectively. 

In a pure PAYG pension system revenues equal 
outlays each year and .0,0)( TtttdF ≤≤∀=  In our 
model we consider a spurious PAYG system, with 
the accumulation of partial reserves. 

The solution of equation (1) is: 
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Let N(x,t) be the active population aged x at time t, α 
is the entry age into the scheme, π is the age of re-
tirement and ω is the extreme age. 

The total contribution is calculated as follows: 
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where γ is the fixed contribution rate and w(x,t) is 
the wage function for members aged x at time t. The 
wage function w(x,t) evolves as follows: 
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where g is the annual growth of income. In the nu-
merical examples the inflation is used as a proxy for g. 

Indicating with A(x,t) and A*(x,t) the number of active 
people aged x at time t has been already member of the 
scheme at time 0 and, respectively, entered into the 
scheme after time 0, equation (3) becomes: 
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The original active population evolves in this way: 
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where μ(x) is the mortality intensity at age x. 
The new entrants, entering into the scheme at the 
age α evolve as follows: 
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where θ(t) is the intensity of new entrants at time t. 
Then, once entered into the scheme they evolve as 
follows: 
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The total pensions are calculated by the following 
equation: 
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where ρ(x,t) is the average pension for people aged x 
at time t. Moreover, P(x,t) denotes the number of pen-
sioners aged x at time t who are already members of 
the fund at time 0, whereas P*(x,t) denotes the number 
of pensioners aged x at time t who entered into the 

fund after 0. Both groups of pensioners evolve accord-
ing to the  force of mortality. When the projection is 
shorter than the length of the working life if π + t ≤ x ≤ 
ω the member was already a pensioner at time 0, if π ≤ 
x < π +t ≤ ω he was an active member at time 0: 

if 0 ≤ t ≤ π − α:  
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when the projection is longer than π − α then if π 
≤ α + t ≤ x < π + t ≤ ω the member has been al-
ready in the scheme as a contributor, and finally if 

π ≤ x < α + t ≤ ω he has not been already a member 
of the scheme at time 0, but entered as A*(α,t – x + α) 
at time t − x + α: 

if π − α < t < ω – α: 
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In the applications we use a mixed method, called 
pro rata mechanism (see Baldacci and Tuzi, 
2003), where the pension received by those who 
were already members of the scheme at time 0 is 
the sum of two components: the first is calculated 
according to a defined benefit rule, the second with 
 

a defined contribution rule. For the new members it 
is calculated entirely with the definedcontribution 
scheme. 

For the P*(x,t) the average pension for a member 
aged x at time t is calculated as follows: 
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where f is the revaluation rate of pensions, j is the 
notional rate at which the contributions paid by the 
workers are capitalized and tcπ is the transformation 
coefficient, the annuitization coefficient used for the 
conversion into annuity of the notional amount ac-
cumulated by each worker. The transformation coef-
ficient depends on the age of retirement, but in the 
present model it is constant because retirement age 
is fixed, π. For an exhaustive explanation of the 
argument we refer to Janssen and Manca (2006). 
1.1. Extensions to heterogeneous population. It is 
possible to distinguish different populations indexed 
by Ii ∈  (see Gabay and Grasselli, 2012). In the 
applications we describe the population according to 
gender, using N1 for males and N2 for females. This 
way we can use different wage, different mortality, 
survival rate and intensity of new entrants as in Me-
lis and Trudda (2012). The result is that the total 
contribution and the total pension processes are the 
aggregation over the different categories: 
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1.2. Stochastic evolution. 1.2.1. A model for the 
force of new entrants. Let η(t) (with 0 ≤ t < T) be a 
deterministic function. We propose the following 
stochastic model for the force of new entrants: 

),()()( tXtt +=ηθ      (14) 

where η(t) is the baseline for the process θ and X(t) 
is described by an Ornstein Uhlenbeck process, 
characterized by the following stochastic differential 
equation: 
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with X(0) = 0, β and σ strictly positive real numbers, 
and Wd(t) denoting a Wiener process. Substituting 
(14) into (6) we obtain then: 
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1.2.2. Global asset return. The following model is 
used to represent the interest rate dynamics: 
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where δ(t) is the stochastic force of interest, )(ˆ tδ  is 
the deterministic component of the force of interest 
and Xr(t) the stochastic component described as 
follows: 
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The two Brownian motions Wd(t) and Wr(t) are as-
sumed to be independent. 

We use the Vasicek model (Vasicek, 1977) to de-
scribe the return on assets of the fund. The Vasicek 
model is suitable to represent the global return on a 
risky asset portfolio, that can reach also negative 
values as there can be losses of capital. The choice 
of the process (17) is due to the fact that the ana-
lyzed funds are characterized by prudential portfo-
lios composed with low-risk assets (the heritage is 
in large part composed of real estate and liquidity 
and only in limited part of stock funds); subsequent-
ly portfolio’s returns show low volatility around 
their historical trend. 

2. Solvency indicators 

In actuarial and financial literature different risk 
measures are used to assess the solvency of a 
pension fund. One of these is the funding ratio, the 
proportion between the fund value and the present 
net value of future obligations of the fund: 
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where AL(t) is the actuarial liability, the present net 
value of the future obligation of the fund. This ratio 
indicates the fraction of the actuarial liabilities cov-
ered by the funded component. The complement to 1 
measures the amount that must be covered by PAYG, 
in case of partially unfunded pension schemes. 

As already highlighted in the introduction, in a 
PAYG pension scheme, where the current pensions 
are financed through the current contributions, it is 
essential for the financial sustainability of the sys-
tem that there be a balance between active and re-
tired people. An indicator of the solvency of the 
fund is the expected value of the ratio between the 
contributions and the pensions: 
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Melis and Trudda (2010) explain that this index 
could be seen as an indicator of the fund’s liquidity. 
If the ratio is below 1 the fund is in a situation of 
financial instability and it must be monitored properly.  

For the management of the pension fund it is useful 
to have time indicators that measure the patterns of 
the cash-flows with respect to the life cycle of the 
pension fund. A first time indicator is t* for which 
the fund reaches its maximum value. From this 
moment the funded component is used to cover the 
current pensions. 

We find the time t* for which the fund reaches its 
maximum value: 

).()()()( **** tBtCttF =+δ     (21) 

This is an expected time indicator because when 
δ(t) and θ(t) are stochastic, condition (21) is not 
more valid. 
From equation (21) it is evident that when the fund 
reaches its maximum value, then the pension dis-
bursement is equal to contributions plus the returns 
on fund assets. By numerical methods in the appli-
cations we find t*. 

Another more restrictive risk indicator is the time 
t**, which precedes the time t* for which: 

)()( **** tBtC =                   (22) 
for which the CPr index is equal to one. This indica-
tor considers the demographic risk of the PAYG 
component, neglecting the financial component. 

With respect to the life cycle of the fund, evidently 
t** ≤ t*. 

3. Empirical results and analysis 

In this section the model presented above is applied 
to areal pension fund of Italian Professional Orders. 
Data are available from 1976 to 2010. By means of 
Monte Carlo simulations (10000) we estimated the 
probabilistic structure of the fund. It is a “young 
retirement fund”, with a high component of young 
members: the main age class is represented by the 
35-45 category. From this demographical situation a 
dynamic fund evolution has been developed. 

The following assumptions are adopted: 

♦ the starting population is the actual population 
of the pension fund on January 1, 2010; the ini-
tial value of the fund is known and it is that re-
sulting from the 2010 balance sheet; its value is 
2,060,000,000 euro; 

♦ evolution of the population based on IPS55 
male and female mortality tables; 

♦ for new entrants fixed entry age α = 30, retire-
ment age π = 65; 

♦ a subjective contribution rate is equal to 12% of 
annual professional income; 

♦ the actual transformation coefficients have been 
employed; 
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♦ professional incomes are appreciated at rate of 
inflation; the inflation rate is fixed at 2%; 

♦ benefits are calculated with the mixed method; 
♦ administrative costs are considered resulting 

from the 2010 balance sheet, appreciated at 3% 
annual rate. 

To estimate the parameters of the return on financial 
asset, we used a portfolio of bonds using the data 
from 1998 until 2010. As the discrete representation 
of the A(1) model used in section 1.2 to represent 
the force on new entrants and the global rate of return 
 

is the AR(1) model, we used the well known prin-
ciple of equivalence of covariance, obtaining the 
value of 0.491023 for βr and 0.022862 for σr, while 
the deterministic component )(ˆ tδ  was estimated by a 
linear regression. On this topic an exhaustive explana-
tion can be found in Orlando and Trudda (2004). 

The same methodology was used to estimate the 
parameters of the force of new entrants, but in this 
case we used different values for man and female 
category. 

 
Fig. 1. Evolution of the fund: percentiles of the distribution and expected value 

Figure 1 shows the percentiles of the frequency 
distribution and the expected value.  
The chart indicates a probability for the lower per-
centiles that the fund could reach a peak in 2035, then 
taking a downward trend until it reaches the default. 
This is a consequence of the initial structure of the 
population considered. When the “hump” of the mem-
bers aged 35-45 years in Figure 1 reaches retirement 
age, then the fund begins to decrease because of the 
increase in pension outlays. Developing the projec-
tions for a long-term horizon (40 years) we can ob-
serve that, if there is not a sufficient number of new 
 

entrants and, therefore, a sufficient flow of contribu-
tions, the fund value will tend to decrease rapidly, as 
the contributions and the investment performance is 
not sufficient to cover pensions and administrative 
costs and the fund will move towards zero and hence 
default. It is possible to observe that the fund distribu-
tion presents a high variability, the gap between the 
percentiles is, in fact, very large, which denotes the 
risk to which the fund is exposed. Further, the percen-
tiles have a different pattern: the lowest percentiles 
show that after 40 years the fund tends to be zero, 
while in the upper percentiles it continues to grow. 

 
Fig. 2. Evolution of the fund: expected values 
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Figure 5 shows the expected value of the fund and 
the expected value of the CPr index. When the 
members aged 35-45 at time 0 reaches retirement 
age from 2030 to 2040, then the fund begins to de-
crease because the pension outlays increase. 
When the index reaches the value 1, in t**, the fund 
begins to decrease 4-5 years after, in t*. The reason 
is because in the period t** − t* returns on assets 
cover the difference C(t) − B(t). 

Conclusions 

This paper analyzes pension schemes financed by 
PAYG with a funded component. With the aim of 
monitoring the solvency of the fund, we developed 
risk indicators used to project the fund evolution and to 
anticipate its future dynamics are developed. Those 
indicators take into account the dynamic patterns fol-
lowed by the new members into the fund and by the 
rate of return on assets. Numerical applications are 
carried out by means of a simulation methodology, on 
the Italian Professional Orders pension funds. 
This kind of pension funds can operate through a 
mixed PAYG financing mechanism. They usually 
are not “pure PAYG” pension schemes as they do 
not distribute all the revenues between the benefi-
ciaries every year. 
With respect to the demographic evolution, a “life 
cycle of the fund” emerges, in which there is an ini-
tial phase of accumulation because there are few 
pensioners and many contributors. The variable “new 
 

entrants” has a relevant impact on the financial growth 
of the fund because it influences PAYG component of 
the fund. During the growth phase of the system, the 
accumulation phase, with accumulation of reserves, 
the funded component prevails over the PAYG one, 
as the pension disbursement is limited in the short 
run. The flow of new entrants over time has a strong 
relevance to guarantee the financial sustainability of 
the fund. 

The analysis highlights the importance to monitor the 
financial stability of the fund, by checking that the 
fund maintains a high probability to cover the future 
obligations to pay pensions and the operating costs. 

The risk indicators presented can be used not only 
for forecasting and also for monitoring purposes. 
With respect to the projections of the fund value, 
these indicators can anticipate trend reversal in cash-
flows. The management of the fund can promptly 
activate the correctives to rebalance, by using the tech-
nical levers at its disposal. In the case analyzed in 
the empirical application, the funding ratio increase 
over the time. This is due to the fact for the new 
member it is used the defined contribution method 
to calculate the benefit, and the pension is linked to 
the contribution paid by the workers during the ac-
tive life. Using the transformation coefficient more 
actuarial fair like that obtained using projected mor-
tality table, the funding ratio increase more than 
using the actual coefficient of Italian Law. 
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