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An economic model of simultaneous purchasing of both  
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Abstract 

This study investigates the situation in which a consumer simultaneously purchases both an insurable asset and insur-
ance coverage. The main results of this study are as follows. First, the optimal amount of the insurable asset in a risky 
situation is smaller than it is in a non-risky situation. Second, when the insurance premium rate is actuarially fair, the 
accident probability distribution does not affect the optimal amount of the insurable asset because the consumer pur-
chases full insurance coverage. Third, when the insurance premium rate is actuarially unfair, it is ambiguous whether 
the optimal amount of the insurable asset is larger than it is in the actuarially fair case. 
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Introduction© 

There is a substantial literature studying the 
amount of insurance coverage in many situations. 
Studies on the amount of insurance coverage are 
very important and they are closely related to many 
research topics on insurance markets. For example, 
discussions of the amount of insurance coverage 
lead to the issue of risk sharing problems among 
parties. Ehrlich and Becker (1972) argued that full 
insurance coverage is the equilibrium if the insur-
ance premium is actuarially fair. As another exam-
ple, discussions of the amount of insurance cover-
age are connected to asymmetric information prob-
lems such as adverse selection and moral hazard 
problems. Rothschild and Stiglitz (1976) showed 
that the equilibrium insurance coverage of low risk 
consumers is partial insurance coverage when ac-
cident probabilities are the private information of 
the consumers because of the existence of an ad-
verse selection problem. Pauly (1968) argued that 
deductibles and coinsurance, which prevent the 
provision of full insurance coverage, are devices to 
alleviate the moral hazard problem. These studies 
have been revised and extended by many research-
ers over many years. For example, in the case of 
adverse selection problems, Dionne and Lasserre 
(1985), Cooper and Hayes (1987), Vázquez and 
Watt (1999), de Garidel-Thoron (2005), and Jans-
sen and Karamychev (2005) investigated the op-
timal insurance coverage in the case of multiperiod 
insurance contracts. Doherty and Thistle (1996), 
Doherty and Posey (1998), Hoy and Polborn (2000), 
Hoel et al. (2006), and Barigozzi and Henriet 
(2011) discussed the optimal insurance coverage in 
the situation where both consumers and insurers 
initially do not know consumers’ accident proba-
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bilities, which are subsequently identified through 
medical checkups and genetic testing. 

The discussions of the amount of insurance cover-
age are wide-ranging and have derived many mea-
ningful results. However, they have implicitly or 
explicitly assumed that the amount of the insurable 
asset is given because the consumers in these studies 
have an endowed income that may be lowered by an 
accident, meaning that they may want to purchase 
insurance coverage to protect their income. Thus, 
these studies did not investigate the situation in 
which the consumers endogenously decide the 
amounts of the insurable asset and the insurance 
coverage simultaneously. In the real world, for ex-
ample, a consumer who wants to purchase an auto-
mobile considers not only the amount of an automo-
bile but also the appropriate amount of automobile 
insurance coverage. 

From that viewpoint, the purpose of this study is to 
investigate for how much an insurable asset is pur-
chased when a consumer simultaneously chooses 
the amounts of both the insurable asset and the in-
surance coverage. In particular, this study compares 
the amounts of optimal insurable assets when insur-
ance premium rates are actuarially fair and unfair. 

1. The model 

Suppose that the consumer has initial wealth but 
does not have an insurable asset. This initial wealth 
is denoted by w > 0. This consumer simultaneously 
chooses the amounts of an insurable asset and the 
insurance coverage. v ≡ v(p) represents the consum-
er’s revenue by using the insurable asset, the 
amount of which is p > 0, and we assume that 

0,0 22 ≤∂∂≡>∂∂≡ pvvpvv ppp . This assumption 
implies that the consumer’s utility from purchasing 
the insurable asset is increasing but the marginal 
utility is decreasing. Suppose that this insurable 
asset involves the risk of an accident, which will 
lower its value. p~  represents the amount of damage 
in the case of the accident. Because nobody knows 
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the actual amount of damage when the consumer 
purchases both the insurable asset and the insurance 
coverage, p~  is shown as a random variable. For 
simplicity, the random variable p~  is distributed 
along the normal distribution that is denoted by 
( )2,σμN . ( )pμμ ≡  and ( )p22 σσ ≡  represent the 

mean and variance of the amount of damage, re-
spectively. In some cases, p~  is distributed on other 
kinds of distribution forms such as binomial distri-
bution and Poisson distribution. However, if we 
consider the case in which there are many consum-
ers in the market, these distributions can approx-
imate the form of the normal distribution. It is as-
sumed that the consumer can know both parameters 
in the normal distribution when he or she determines 
the amounts of the insurable asset and the insurance 
coverage. In addition, assume that 0>∂∂≡ pp μμ  
and that 022 >∂∂≡ pp σσ . This assumption indi-
cates that the amount of the insurable asset affects 
both the mean and the variance in the normal distri-
bution. The consumer can purchase insurance cov-
erage in order to receive compensation in the case of 
the accident. [ ]1,0∈α  and 0>β  represent the insur-
ance coverage rate and insurance premium rate, 
respectively. 

The consumer is assumed to be weakly risk averse 
and the form of his or her utility function is speci-
fied as follows: 

( ),exp rWu −−=                    (1) 

where r ≥ 0 represents the consumer’s degree of 
absolute risk aversion and W indicates the consum-
er’s aggregated income, which is shown as: 

( ) .~1 pppvwW αβα −−−−+=                   (2) 

There are two reasons to specify the consumer’s 
utility function in the equation (2). First reason is 
that the consumer’s utility function in the equation 
(2) is that degree of absolute risk aversion is con-
stant. In other words, we do not need to consider the 
relation between aggregated income and degree of 
absolute risk aversion. Second reason is to simplify 
the computation. It is well known that the combina-
tion between normal distribution and the utility 
function in the equation (2) can simplify to compute 
consumer’s certainty equivalent1. From equations 
(1) and (2), the consumer’s certainty equivalent, 
which is denoted by CE, can be derived as follows: 

( ) ( ) .1
2
11 22σααβμα −−−−−−+= rppvwCE     (3) 

                                                      
1 In contrast, if we use other distribution form or utility function form, 
exact certainty equivalent cannot be derived. 

Then, the consumer simultaneously chooses p and α 
to maximize its own certainty equivalent. In order to 
derive the optimal amounts of the insurable asset 
and the insurance coverage, the first-order condi-
tions with respect to p and α can be written as2: 

( ) ( ) ,01
2
111 22 =−−−−−−=

∂
∂

ppp rv
p

CE σααβμα           (4) 

( ) .01 2 =−+−=
∂
∂ σαβμ
α

rpCE                   (5) 

From equation (5), we have: 

.1 2σ
μβα

r
p −

−=                    (6) 

In addition, from equations (4) and (6), we have: 

( ) ( ) ( ){ }
( ) .

2

2
1 22

22

σ

μβσμβσμβ
β

r

pp
v pp

p
−+−−−

++=   (7) 

2. Compare the amount of optimal  
insurable assets 

In this section, we compare the optimal amounts of 
insurable assets when the insurance premium rates 
are actuarially fair and unfair. If an insurer is as-
sumed to be risk neutral and it sets an actuarially 
fair insurance premium rate, the insurance premium 
rate can be written as: 

.0
p

p μβαμαβ =⇒=−                   (8) 

Substituting equation (8) into equation (6), we have: 

α = 1.                     (9) 

Thus, the consumer purchases full insurance cover-
age even when he or she simultaneously chooses the 
amounts of the insurable asset and the insurance 
coverage. Substituting equation (8) into equation 
(7), we have: 

.1 β+=pv                   (10) 

In order to shed light on the implications of equation 
(10), we derive the optimal amount of the insurable 
asset that is not subject to any risk of damage as 
follows: 

( ) .101 =⇒=−=
∂
−∂

pp vv
p

pv
                (11) 

From a comparison of equations (10) and (11), the 
optimal amount of the insurable asset in a risky 
situation is smaller than it is in a non-risky situa-
tion because vpp ≤ 0. The larger is β, the smaller is 

                                                      
2 We assume that the second-order conditions are always satisfied. 
Second-order conditions are always satisfied when r is sufficiently high and 
when the conditions 022 ≥∂∂≡ ppp μμ  and 02222 ≥∂∂≡ ppp σσ  are met. 
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the optimal amount of the insurable asset in a 
risky situation because β reflects the amount of 
risk. In addition, from equation (10), we find that 
the accident probability distribution indicated by 
μ and σ2 does not affect the optimal amount of the 
insurable asset because the consumer purchases 
full insurance coverage. 

This result has some actual implications. It indicates 
that if the seller can alleviate some or all risks about 
the selling products, the consumers purchase more 
amount of products. Actually, consumers can cover 
the damages without their payments thanks to the 
manufacturers’ guarantee to repair the damages of 
their products in a certain period. Such guarantee 
system can alleviate risks from the consumer and 
promotes to increase selling of these products. 

Next, consider the situation in which the insurance 
premium rate is actuarially unfair. The insurance 
premium rate is shown as: 

.0
p

p μβαμαβ >⇒>−                  (12) 

Substituting equation (12) into equation (6), we 
have that: 

α < 1.                   (13) 

The consumer purchases partial insurance coverage 
and then the accident probability distribution indi-
cated by μ and σ2 affects the optimal amount of in-
surance coverage. 

From equations (7) and (10), whether the optimal 
amount of the insurable asset in the actuarially un-
fair case is larger than that in the actuarially fair 
case depends on the sign of the third term on the 
right-hand side of equation (7). Then, we can show: 

( ) ( ) ( ){ }
( )

( ) ( )[ ].2

2

2

22

22

22

μβσμβσ

σ

μβσμβσμβ

−+−−=

=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −+−−−

pSign

r

pp
Sign

pp

pp

       (14) 

The following equation can be derived from equa-
tion (12) using the implicit function theorem: 

.0 pp μβαμαβ >⇒>−                 (15) 

From equations (12) and (15), the sign of equation 
(14) cannot be uniquely decided. In other words, 
whether the optimal amount of the insurable asset in 
the actuarially unfair case is larger than that in the 
actuarially fair case is ambiguous. The main reason 
that an unambiguous result cannot be derived is that 
there are two opposing effects in relation to the op-
timal amount of the insurable asset. 

In order to shed light on the first effect, we trans-
form equation (4) as follows: 

( ) ( ) .1
2
11 22

pppp rv σαμβαμ −+−++=                (16) 

In the actuarially unfair case, the fourth term on the 
right-hand side of equation (16), which represents 
the amount of the consumer’s risk premium, does 
not disappear because α < 1. In other words, the 
consumer bears the risk premium even after pur-
chasing insurance coverage. In this situation, an 
increase in the amount of the insurable asset leads to 
an increase in the amount of the risk premium be-
cause 02 >pσ . From this effect, the consumer has an 
incentive to lower the amount of the insurable asset. 

In order to shed light on the second effect, the fol-
lowing equation is derived from equation (4). 

( ) .1 2
2

pp r
p
CE σαβμ
α

−+−=
∂∂

∂                 (17) 

Equation (17) represents the relationship between 
the amounts of the insurable asset and the insurance 
coverage. If the sign of equation (17) is positive 
(negative), this relationship is complements (substi-
tutes). Substituting equation (6) into equation (17), 
we find: 

( ) ( ).22 μβσμβσ −+−− ppp                 (18) 

Because of equations (12) and (15), the sign of equ-
ation (18) cannot be uniquely decided. However, it 
is easy to understand that a change from the actua-
rially fair case to the unfair case lowers the advan-
tages of purchasing insurance coverage and, hence, 
lowers the optimal insurance coverage. At the same 
time, the consumer wants to shift his or her purchas-
ing power away from insurance coverage towards 
the insurable asset if equation (17) becomes nega-
tive, which means the amounts of the insurable asset 
and the insurance coverage are substitutes. From 
this effect, the consumer has an incentive to raise 
the amount of the insurable asset. 

Also, this result implicitly shows the effect of risk 
aversion to choose the amount of insurable asset. It 
is easy to imagine that actual insurance premium 
rate seems to be unfair because there are some kinds 
of costs such as management and marketing costs. 
From the result we mentioned before, whether the 
optimal amount of the insurable asset is larger than 
that in actuarially fair case is unclear. However, 
when the degree of absolute risk aversion is higher, 
risk premium, which represents ( ) ( ) 22121 pr σα− , 
becomes larger and the relationship between insura-
ble asset and insurance coverage has a tendency to 
be complement because the equation (17) has a ten-
dency to be positive. Thus, in this case, unfair insur-
ance premium rate lower the optimal amount of 
insurable asset. In contrast, when the degree of ab-
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solute risk aversion is very small, risk premium is 
very small and the equation (17) has a tendency to 
be negative because β > μp. Thus, in this case, unfair 
insurance premium rate raise the optimal amount of 
insurable asset. In a nutshell, the effect of unfair 
insurance premium rate on the optimal amount of 
insurable asset is closely related to each consumer’s 
risk aversion. 

Conclusion 

This study investigated the situation in which the 
consumer simultaneously purchases both an insura-
ble asset and insurance coverage. The main results 
of this study are as follows. First, the optimal 
amount of the insurable asset in a risky situation is 
smaller than it is in a non-risky situation. Second, 
 

when the insurance premium rate is actuarially fair, 
the accident probability distribution does not affect 
the optimal amount of the insurable asset because 
the consumer purchases full insurance coverage. 
Third, when the insurance premium rate is actuarial-
ly unfair, it is ambiguous whether the optimal 
amount of the insurable asset is larger than it is in 
the actuarially fair case. 

There are some possible extensions to this study. In 
particular, the insurance premium rate is assumed to 
be an exogenous variable in this study. However, in 
the real world, insurers can choose their insurance 
premium rates unless an insurance market is heavily 
regulated or extremely competitive. Future research 
could analyze the case in which the insurance pre-
mium rates are endogenous variables. 
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