
Journal of Mathematical Physics, Analysis, Geometry
2011, vol. 7, No. 2, pp. 141–157

Growth of the Poisson–Stieltjes Integral in a Polydisc

I. Chyzhykov
Faculty of Mechanics and Mathematics, Lviv Ivan Franko National University

1, Universytetska Str., Lviv, 79000, Ukraine

E-mail: ichyzh@lviv.farlep.net

O. Zolota
Institute of Physics, Mathematics and Computer Science

Drohobych Ivan Franko State Pedagogical University
24, I. Franko Str., Drohobych 82100, Ukraine

E-mail: o.zolota@gmail.com

Received June 11, 2010

We describe the growth of the value M∞(r1, . . . rn, v)=max{|v (z1, . . . , zn)| :
|zj | ≤ rj}, 0 ≤ rj < 1 in terms of the modulus of continuity of a measure µ,
where the function v is represented by the Poisson–Stieltjes integral.

Key words: modulus of continuity, multiple Poisson kernel, Poisson–
Stieltjes integral, polydisc.

Mathematics Subject Classification 2010: 31B05, 31B10, 32A22, 32A25,
32A26, 32A35.

1. Introduction

Let |z| = max{|zj | : 1 ≤ j ≤ n} be the polydisc norm in Cn, n ∈ N. Denote
by Un = {z ∈ Cn : |z| < 1} the unit polydisc with the distinguished boundary
Tn = {z ∈ Cn : |zj | = 1, 1 ≤ j ≤ n}. For z ∈ Un, zj = rje

iϕj , wj = eiθj ,

1 ≤ j ≤ n we write P(z, w) =
n∏

j=1
P0(zj , wj), where

P0 (zj , wj)= Re
wj + zj

wj − zj
=

1− r2
j

1− 2rj cos (ϕj − θj)+r2
j

is the Poisson kernel for the unit disc.
The function in Un defined by the equality

P [dµ](z) =
∫

T n

P(z, w)dµ(w) (1)
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is called the Poisson–Stieltjes integral of a finite (signed) Borel measure, provided
that the total variation of the measure µ is finite, i.e. |µ|(Tn) < +∞. The
function P [dµ] is n-harmonic in Un, i.e. harmonic in each variable.

For a function u defined in Un and 0 ≤ r < 1 we denote ur(w) = u(rw),
w ∈ Tn. Let ‖·‖p, p ≥ 1 denote the Lp-norm relatively to the normalized Lebesgue
measure mn on Tn, mn (Tn)= 1.

The next theorem is known [1].

Theorem A. If u is n-harmonic in Un and ‖ur‖1 is bounded as r → 1, then
there exists a unique measure µ on Tn such that u = P [dµ].

Moreover, there exists a sequence ρk ↑ 1 (k → +∞) such that µ is a weak
limit of the sequence of measures µρk

(dµρk
(w) = u (ρkw) dmn (w)) as k → +∞.

If u is nonnegative, then µ is nonnegative.

Note that under the assumptions of Theorem A the function u cannot be
represented as the Poisson integral of a function from L1(Tn), i.e. µ can be
singular, in general. Moreover, some other theorems, which are valid if ‖ur‖p is
bounded for p > 1, fail to hold when p = 1 (see [2, Ch. 6]).

Let Uθ (δ) = {x ∈ [0; 2π] : |x− θ| < δ} , δ > 0. For ψ : [0; 2π] → R, define the
modulus of continuity

ω (δ, θ; ψ)= sup {|ψ (x)− ψ (y)| : x, y ∈ Uθ (δ)} , ω (δ; ψ)= sup
θ∈[0; 2π]

ω (δ, θ; ψ) .

Given γ ∈ (0; 1], we say that ψ ∈ Λγ if ω (δ; ψ) = O (δγ) (δ ↓ 0) .
We are interested in the interplay between the growth of the Poisson–Stieltjes

integral (1) and the properties of the measure µ. A background of results of this
type is a classical theorem of G. Hardy and J. Littlewood [3], [4, Ch. 5] which
states that for an analytic function in U the conditions |f ′(z)| = O((1− |z|)γ−1),
z ∈ U , and f(eiθ) ∈ Λγ ∧ f ∈ C(Ū) are equivalent for γ ∈ (0, 1].

Let M∞(r1, . . . rn, v) = max{|v(z1, . . . , zn)| : |zj | ≤ rj}, 0 ≤ rj < 1, where

v(z1, . . . , zn) =
∫

T n

P(z, w)dµ(w).

The question on the growth of the value M∞(r1, . . . rn, v) in terms of the modulus
of continuity of µ arises naturally. In [5] the following theorem is proved.

Theorem B. Let u be a harmonic function in U , 0 < γ ≤ 1. Then u has
the form

u(reiϕ) =

2π∫

0

P (reiϕ, eit)dψ(t),

where ψ is of bounded variation on [0; 2π] and ψ ∈ Λγ if and only if
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M∞ (r, u) = O((1− r)γ−1), r ↑ 1

and
sup

0<r<1
‖ur‖1 < +∞. (2)

The aim of the present paper is to generalize Theorem B on n-harmonic
functions.

We write

Πb1,...,bn
a1,...,an

= {(eiθ1 , . . . , eiθn) ∈ Tn : aj ≤ θj ≤ bj}.

We say that µ ∈ Λγ1,...,γn(Tn), γ1, . . . , γn ∈ (0; 1) if

sup
a∈[−π;π]n

|µ|
(
Πa1+δ1,...,an+δn

a1,...,an

)
= O (δγ1

1 . . . δγn
n ) , 0 < δj < 1. (3)

Given j ∈ {1, . . . , n}, we say that µ ∈ Λ(j)
γ (Tn) if

sup
a∈[−π;π]n

|µ|
(
Πa1,...,aj+δ,...,an

a1,...,an

)
= O (δγ) , 0 < δ < 1. (4)

It is clear that Λγ1,...,γn ⊂
⋂n

j=1 Λ(j)
γj .

Theorem 1. Let µ be a finite Borel measure on Tn, n ∈ N, γ1, . . . , γn ∈ (0; 1).
Then for the inequality

∣∣∣∣∣∣

∫

T n

P (z, w) dµ (w)

∣∣∣∣∣∣
≤ C(γ1, . . . , γn)(1− r1)γ1−1 . . . (1− rn)γn−1, (5)

where 0 ≤ rj < 1, 1 ≤ j ≤ n, to hold, it is necessary that µ ∈ ⋂n
j=1 Λ(j)

γj , and
sufficient that µ ∈ Λγ1,...,γn(Tn).

The theorem is the best possible in the following sense.

Corollary 1. Suppose that µ =
⊗n

j=1 µj, where µj is a finite Borel measure
on T , j ∈ {1, . . . , n}, n ∈ N, γ1, . . . , γn ∈ (0; 1]. In order for (5) to hold, it is
necessary and sufficient to impose that µ ∈ Λγ1,...,γn(Tn).

To prove the corollary, it is sufficient to note that if µ =
⊗n

j=1 µj , then

µ ∈ Λγ1,...,γn(Tn) is equivalent to µj ∈ Λ(j)
γj , 1 ≤ j ≤ n, i.e. Λγ1,...,γn =

⋂n
j=1 Λ(j)

γj .
Therefore, Corollary 1 follows from Theorem 1 if γj ∈ (0, 1), 1 ≤ j ≤ n, or from
Theorem B for the general case.
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Combining Theorem 1 and Theorem A we obtain the following result.

Theorem 2. Let u be an n-harmonic function in Un, γ1, . . . , γn ∈ (0, 1). If

sup
0<rj<1

‖ur‖1 < +∞ (6)

and

M∞ (r1, . . . , rn, u) = O
( n∏

j=1

(1− rj)γj−1
)
, rj ↑ 1,

then there is a finite Borel measure µ on Tn, where µ ∈ ⋂n
j=1 Λ(j)

γj , such that
u = P [dµ]. If u = P [dµ] for a finite Borel measure µ with µ ∈ Λγ1,...γn, then (6)
holds and M∞ (r1, . . . , rn, u) = O(

∏n
j=1(1− rj)γj−1), rj ↑ 1.

It is interesting to compare Theorem 2 with the results of W. Nestlerode
and M. Stoll [6] originally proved for n-subharmonic functions. Given is an n-
harmonic function u satisfying (6) Corollary 1 [6] that yields

lim
rj↑1

u(r1e
iθ1 , . . . , rneiθn)

n∏

j=1

(1− rj) = 0

for all θj if and only if µ is continuous.
On the other hand, additional information on the continuity of µ allows us to

state more on the growth of the n-harmonic function P [dµ].
R e m a r k 1. The authors do not know whether Theorem 1 is valid when

γj = 1 for some j ∈ {1, . . . , n}. We can state only that if µ ∈ Λ1,...,1, then P [dµ]
is bounded.

2. Preliminaries

We need the following notation. Let σj ∈ {0; 1}, 1 ≤ j ≤ n. If σj = 0, then
P0(zj , wj) denotes the usual Poisson kernel, and if σj = 1, then

P1 (zj , wj)= Im
wj + zj

wj − zj
=

2rj sin (ϕj − θj)
1− 2rj cos (ϕj − θj) + r2

j

denotes the conjugated Poisson kernel.
Besides, we denote

vσ1...σn(z1, . . . , zn) =
∫

T n

Pσ1(z1, w1) · · ·Pσn(zn, wn)dµ(w),

v(z1, . . . , zn) = v0 . . .0︸ ︷︷ ︸
n

(z1, . . . , zn) =
∫

T n

P(z, w)dµ(w),
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S0 (zj , wj) =
wj + zj

wj − zj
= P0 (zj , wj) + iP1 (zj , wj) , S1 (zj , wj) = S0 (zj , wj),

1 ≤ j ≤ n.
We need some lemmas.

Lemma 1. Let |µ|(Tn) < ∞. If for some constant C0

|v0...0(z1, . . . , zn)| ≤ C0

n∏

j=1

(1− |zj |)γj−1, z ∈ Un,

then

|vσ1...σn(z1, . . . , zn)| ≤ C(γ1, . . . , γn)
n∏

j=1

(1− |zj |)γj−1, z ∈ Un, σj ∈ {0, 1}, (7)

1 ≤ j ≤ n, where C (γ1, . . . , γn) is a constant depending on γ1, . . . , γn.

P r o o f. To prove the lemma we use the induction in |σ| = σ1 + · · · + σn,
i.e. the number of those σj ’s equal to 1.

Let |σ| = 0, then |v0...0(z1, . . . , zn)| ≤ C0
∏n

j=1(1− |zj |)γj−1.
We now assume that (7) holds for every n-tuple (σ1, . . . , σn) of indices such

that |σ| ≤ k, k ∈ {0, . . . , n− 1}. It is sufficient to prove that from the estimate

|v1 . . .1︸ ︷︷ ︸
k

0...0(z1, . . . , zn)|

=

∣∣∣∣∣∣

∫

T n

P1(z1, w1) · · ·P1(zk, wk)P0(zk+1, wk+1) · · ·P0(zn, wn)dµ(w)

∣∣∣∣∣∣

≤ C1

n∏

j=1

(1− |zj |)γj−1

it follows that
|v1 . . .1︸ ︷︷ ︸

k+1

0...0(z1, . . . , zn)|

=

∣∣∣∣∣∣

∫

T n

P1(z1, w1) · · ·P1(zk+1, wk+1)P0(zk+2, wk+2) · · ·P0(zn, wn)dµ(w)

∣∣∣∣∣∣

≤ C2

n∏

j=1

(1− |zj |)γj−1.
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Fix the points z0
1 , . . . , z

0
k, z0

k+2, . . . , z
0
n ∈ U . We write

h(zk+1) = v1 . . .1︸ ︷︷ ︸
k

0...0

(
z0
1 , . . . , zk+1, . . . , z

0
n

)
,

h̃(zk+1) = v1 . . .1︸ ︷︷ ︸
k+1

0...0

(
z0
1 , . . . , zk+1, . . . , z

0
n

)
.

The function h̃ is harmonically conjugated to h. The function Fz0
1 ,...,z0

n
(zk+1) =

h(zk+1) + ih̃(zk+1) is analytic in zk+1. We estimate |Fz0
1 ,...,z0

n
(zk+1)|. Using the

arguments of Theorem 2.30 [7], we get

|Fz0
1 ,...,z0

n
(zk+1)− Fz0

1 ,...,z0
n

(0) | ≤ 4

1∫

1−rk+1

t−1ϕ

(
t

2

)
dt,

where ϕ (t)= max
θ

∣∣h (
(1− t) eiθ

)∣∣ .

Using the assumption of the induction, we have

|h| ≤ C1(1− |zk+1|)γk+1−1
∏

j 6=k+1

(1− |z0
j |)γj−1.

Then
|Fz0

1 ,...,z0
n
(zk+1)− Fz1

0,...,zn
0(0)|

≤ 4

1∫

1−rk+1

t−1C1

∏

j 6=k+1

(1− |z0
j |)γj−1

(
t

2

)γk+1−1

dt

= C3

∏

j 6=k+1

(1− |z0
j |)γj−1((1− rk+1)γk+1−1 − 1).

Hence,

|Fz0
1 ,...,z0

n
(zk+1)| ≤ C3

∏

j 6=k+1

(1− |z0
j |)γj−1(1− rk+1)γk+1−1 + |Fz0

1 ,...,z0
n
(0)|.

Since P0(0, wj) = 1, P1(0, wj) = 0, we get
∣∣∣Fz0

1 ,...,z0
n

(0)
∣∣∣ = |h(0)|≤ C1

∏

j 6=k+1

(1− |z0
j |)γj−1.

Then
∣∣∣Fz0

1 ,...,z0
n

(zk+1)
∣∣∣ ≤ C4

∏

j 6=k+1

(1− |z0
j |)γj−1 (1− rk+1)

γk+1−1 .
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Therefore, h̃(zk+1) admits the same estimate. Thus, the induction step is
proved. Thereby,

|vσ1...σn (z1, . . . , zn)| ≤ C (γ1, . . . , γn)
n∏

j=1

(1− |zj |)γj−1, 0 ≤ |zj |< 1, 1 ≤ j ≤ n.

This finishes the proof of the lemma.

Lemma 2.
∑

σ=(σ1,...,σm),
σj∈{0;1}

Sσ1 (z1, w1) · · ·Sσm (zm, wm)= 2mP0 (z1, w1) · · ·P0 (zm, wm) , m ∈ N.

The lemma can be proved by induction.

3. Proof of Theorem 1

S u f f i c i e n c y. For simplicity we assume that n = 2. We also need the
next notation [1].

Let α=(α1, α2) ∈ Z2
+. The Cartesian product I1×I2 of the semiopen intervals

Ij = (sj , tj ] ⊂ [0; 2π], j ∈ {1, 2} with (t1 − s1) 2−α1 = (t2 − s2) 2−α2 is called an
α-block.

We fix the numbers r1 and r2, 0 ≤ r1, r2 < 1. Then we can find the numbers
C(r1) and C(r2), 1 ≤ C (rj) < 2, j = 1, 2, such that π

(1−rj)C(rj)
= 2pj , where pj is

an integer number.
Denote

x−k,j = 2k−1(1− rj)C(rj), x+
k,j = 2x−k,j , k ∈ N, x±0,j = 0, j ∈ {1, 2}.

Let Bα be an α-block with the center at the point w̃ =
(
eiϕ1 , eiϕ2

)
and the

lengthes of its sides 2x+
α1,1, 2x+

α2,2. Denote sj = θj − ϕj . Assume Qα to be a set
of all points

(
eis1 , eis2

)
, when (s1, s2) belongs to the α-block Bα, for which either

x−αj ,j ≤ sj < x+
αj ,j or x−αj ,j < −sj ≤ x+

αj ,j , j = 1, 2, holds.
Each Qα is a union of 4 blocks, and T 2 =

⋃
0≤αj≤pj

Qα by the definitions of pj

and Qα.
Using (3), we have

|µ| (Qα) ≤ |µ| ({w ∈ T 2 : |θj − ϕj | ≤ 2αj (1− rj) C (rj)
})

≤ (
2α1+1 (1− r1)C (r1)

)γ1
(
2α2+1 (1− r2) C (r2)

)γ2

= 2(α1+1)γ1+(α2+1)γ2Cγ1 (r1) Cγ2 (r2) (1− r1)
γ1 (1− r2)

γ2 .
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As in [1] (proof of Theorem 3.1), we have
∣∣∣∣∣∣∣

∫

Qα

P0

(
r1e

iϕ1 , eiθ1

)
P0

(
r2e

iϕ2 , eiθ2

)
dµ(eiθ)

∣∣∣∣∣∣∣
≤ |µ| (Qα) ·

2∏

j=1

P0

(
rje

ix−αj,j , 1
)

,

0 ≤ rj < 1.
The following estimate of the Poisson kernel is known [1]:

P0

(
reiϕ, eiθ

)
≤

(
π

ϕ− θ

)2

(1− r) .

Applying this estimate to our case, we get

P0

(
rje

ix−αj,j , 1
)
≤ π2

4αj−1 (1− rj) C2 (rj)
.

Thus,
∣∣∣∣∣∣∣

∫

Qα

P0 (z1, w1)P0 (z2, w2) dµ (w)

∣∣∣∣∣∣∣
≤ 2(α1+1)γ1+(α2+1)γ2 · Cγ1 (r1) Cγ2 (r2)

× (1− r1)
γ1 (1− r2)

γ2 · π2

4α1−1 (1− r1) C2 (r1)
· π2

4α2−1 (1− r2) C2 (r2)

≤ C (γ1, γ2) · 2α1(γ1−2) · 2α2(γ2−2) (1− r1)
γ1−1 (1− r2)

γ2−1 .

Summing up over all α, we deduce

∣∣∣∣∣∣

∫

T 2

P (z, w) dµ (w)

∣∣∣∣∣∣
=

∣∣∣∣∣∣∣

∑
α

∫

Qα

P (z, w)dµ (w)

∣∣∣∣∣∣∣

≤
∑
α

C (γ1, γ2) · 2α1(γ1−2)2α2(γ2−2)

× (1− r1)
γ1−1 (1− r2)

γ2−1 ≤ 4C (γ1, γ2) (1− r1)
γ1−1 (1− r2)

γ2−1 .

N e c e s s i t y. By Theorem A, we have that µρk
(dµρk

(w) = u (ρkw) dmn (w))
converges weakly to µ as functionals on C (Tn), i.e.,

lim
k→∞

∫

T 2

P (z, w)dµρk
(w) =

∫

T 2

P (z, w)dµ (w) .
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Using Lemma 1, we can see that for the analytic function

F (z1, z2)=
∫

T 2

S0 (z1, w1) S0 (z2, w2)dµ (w)

there is valid the inequality

|F (z1, z2)| ≤ C (γ1, γ2) (1− |z1|)γ1−1 (1− |z2|)γ2−1 .

From the notation in the previous section we have ReF (z1, z2) = v00 (z1, z2)−
v11 (z1, z2) . We denote

µ0
ρk

(θ1, θ2) =
∫ θ1

0

∫ θ2

0

(
v00

(
ρke

iϕ1 , ρke
iϕ2

)− v11

(
ρke

iϕ1 , ρke
iϕ2

))
dϕ1dϕ2. (8)

In the sequel we will use the same notation for a function of the bounded variation
defined on the [0, 2π]n and the (signed) Stieltjes measure on Tn generated by the
function.

Define the analytic function Φ (z1, z2)=
z1∫
0

(
z2∫
0

F (ς, η) dη

)
dς, z ∈ Ū2.

For the arbitrary fixed ϕ1, ϕ2 and 0 < r′1 < r′′1 < 1, 0 < r′2 < r′′2 < 1 we have
∣∣Φ (

r′′1eiϕ1 , r′′2eiϕ2
)− Φ

(
r′1e

iϕ1 , r′2e
iϕ2

)∣∣

≤
r′′1∫

r′1




r′2∫

0

∣∣F (
ρ1e

iϕ1 , ρ2e
iϕ2

)
dρ2

∣∣dρ1


+

r′′1∫

0




r′′2∫

r′2

∣∣F (
ρ1e

iϕ1 , ρ2e
iϕ2

)
dρ2

∣∣dρ1




≤
r′′1∫

r′1

C (γ1, γ2)
(1− ρ1)

1−γ1

(
−(1− ρ2)

γ2

γ2

∣∣∣∣
r′2

0

)
dρ1

+

r′′1∫

0

C (γ1, γ2)
(1− ρ1)

1−γ1

(
−(1− ρ2)

γ2

γ2

∣∣∣∣
r′′2

r′2

)
dρ1

≤ C (γ1, γ2)
1

γ1γ2

((
1− r′1

)γ1 +
(
1− r′2

)γ2
)
.

Therefore, by Cauchy’s criterion, there exists

lim
r1↑1
r2↑1

Φ
(
r1e

iϕ1 , r2e
iϕ2

) ≡ Φ
(
eiϕ1 , eiϕ2

)
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uniformly in ϕ1, ϕ2. Set Φ̃ (ϕ1, ϕ2)
def= Φ

(
eiϕ1 , eiϕ2

)
. Let us prove that Φ̃ ∈ Λ(1)

γ1 ∩
Λ(2)

γ2 .
Note that

µ0
ρk

(θ1+h, θ2)− µ0
ρk

(θ1, θ2) = Re

θ1+h∫

0

θ2∫

0

F
(
ρke

iϕ1 , ρke
iϕ2

)
dϕ1dϕ2.

Let h1 ∈ (0; 1). We write

ς0 = eiϕ1 ; ς1 = (1− h1) eiϕ1 ; ς2 = (1− h1) ei(ϕ1+h1); ς3 = ei(ϕ1+h1).

Fixing z2 and using Cauchy’s theorem, we get

Φ (ς3, z2)− Φ(ς0, z2) =

ς3∫

0

z2∫

0

F (ς, η) dςdη −
ς0∫

0

z2∫

0

F (ς, η) dςdη

=

z2∫

0




ς3∫

ς0

F (ς, η) dς


dη =

z2∫

0




( ∫

[ς0;ς1]

+

ς2∫

ς1

+
∫

[ς2;ς3]

)
F (ς, η) dς


dη,

∣∣∣Φ
(
ei(ϕ1+h1), z2

)
− Φ

(
eiϕ1 , z2

)∣∣∣ ≤
∫

[0,z2]

∣∣∣∣∣∣

ς3∫

ς0

F (ς, η) dς

∣∣∣∣∣∣
|dη| . (9)

For sufficiently small h1 > 0, we have
∣∣∣∣∣∣∣

∫

[ς2;ς3]

F (ς, η) dς

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣

1∫

1−h1

F
(
ei(ϕ1+h1)t, η

)
ei(ϕ1+h1)dt

∣∣∣∣∣∣

≤
1∫

1−h1

∣∣∣F
(
ei(ϕ1+h1)t, η

)∣∣∣ dt

≤ C (γ1, γ2)

1∫

1−h1

(1− t)γ1−1 (1− |η|)γ2−1 dt ≤ C (γ1, γ2) hγ1
1 (1− |η|)γ2−1 . (10)

Analogously,
∣∣∣∣∣∣∣

∫

[ς0;ς1]

F (ς, η) dς

∣∣∣∣∣∣∣
≤ C (γ1, γ2)hγ1

1 (1− |η|)γ2−1 . (11)
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Finally,
∣∣∣∣∣∣

ς2∫

ς1

F (ς, η) dς

∣∣∣∣∣∣
=

∣∣∣∣∣∣

h1∫

0

F
(
(1− h1) ei(ϕ1+h1), η

)
(1− h1) iei(ϕ1+h1)dϕ1

∣∣∣∣∣∣

≤ C (γ1, γ2) (1− |η|)γ2−1 hγ1
1 .

Then from (9)–(11) and the last inequality we obtain

∣∣∣Φ
(
ei(ϕ1+h1), z2

)
− Φ

(
eiϕ1 , z2

)∣∣∣ ≤
∫

[0;z2]

C (γ1, γ2)h
γ1
1 (1− |η|)γ2−1 |dη|

= C (γ1, γ2) hγ1
1

|z2|∫

0

(1− s)γ2−1 ds ≤ C (γ1, γ2)
γ2

hγ1
1 .

In a similar way, one can deduce the following estimate:
∣∣∣Φ

(
z1, e

i(ϕ2+h2)
)
− Φ

(
z1, e

iϕ2
)∣∣∣ ≤ C (γ1, γ2) hγ2

2 , h2 ∈ (0; 1) .

Thus, Φ̃ ∈ Λ(1)
γ1 ∩ Λ(2)

γ2 . Consequently, Φ̃ (ϕ1, ϕ2)
def= Φ

(
eiϕ1 , eiϕ2

)
is a continu-

ous function on [0; 2π]2.
For ρk ∈ (0; 1) we denote

λ0
ρk

(θ1, θ2)
def=

θ1∫

0

θ2∫

0

F
(
ρke

iϕ1 , ρke
iϕ2

)
dϕ1dϕ2

=

θ1∫

0

θ2∫

0

F
(
ρke

iϕ1 , ρke
iϕ2

)d
(
ρke

iϕ1
)

iρkeiϕ1
·d

(
ρke

iϕ2
)

iρkeiϕ2
.

Firstly, we calculate the internal integral

θ1∫

0

F
(
ρke

iϕ1 , ρke
iϕ2

)d
(
ρke

iϕ1
)

iρkeiϕ1
=

1
iρkeiθ1

· ∂Φ
∂z2

(
ρke

iθ1 , ρke
iϕ2

)

− 1
iρk

· ∂Φ
∂z2

(
ρk, ρke

iϕ2
)
+

θ1∫

0

∂Φ
∂z2

(
ρke

iϕ1 , ρke
iϕ2

) dϕ1

ρkeiϕ1
.
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Then a routine computation yields

θ1∫

0

θ2∫

0

F
(
ρke

iϕ1 , ρke
iϕ2

)d
(
ρke

iϕ1
)

iρkeiϕ1
·d

(
ρke

iϕ2
)

iρkeiϕ2

=

θ2∫

0

1
iρkeiθ1

· ∂Φ
∂z2

(
ρke

iθ1 , ρke
iϕ2

) d
(
ρke

iϕ2
)

iρkeiϕ2
−

θ2∫

0

1
iρk

· ∂Φ
∂z2

(
ρk, ρke

iϕ2
) d

(
ρke

iϕ2
)

iρkeiϕ2

+

θ2∫

0

θ1∫

0

∂Φ
∂z2

(
ρke

iϕ1 , ρke
iϕ2

) dϕ1

ρkeiϕ1
· d

(
ρke

iϕ2
)

iρkeiϕ2

= −Φ
(
ρke

iθ1 , ρke
iθ2

)

ρ2
ke

iθ1eiθ2
+

Φ
(
ρke

iθ1 , ρk

)

ρ2
ke

iθ1
+

1
iρ2

ke
iθ1

θ2∫

0

Φ
(
ρke

iθ1 , ρke
iϕ2

)dϕ2

eiϕ2

+
Φ

(
ρk, ρke

iθ2
)

ρ2
ke

iθ2
− 1

ρ2
k

Φ(ρk, ρk)− 1
iρ2

k

θ2∫

0

Φ
(
ρk, ρke

iϕ2
)dϕ2

eiϕ2

+
1

iρ2
ke

iθ2

θ1∫

0

Φ
(
ρke

iϕ1 , ρke
iθ2

)
dϕ1

eiϕ1
− 1

iρ2
k

θ1∫

0

Φ
(
ρke

iϕ1 , ρk

)
dϕ1

eiϕ1

+
1
ρ2

k

θ1∫

0

θ2∫

0

Φ
(
ρke

iϕ1 , ρke
iϕ2

)
dϕ1dϕ2

eiϕ1eiϕ2
.

Since Φ (z1, z2) is continuous in Ū2 and, consequently, uniformly continuous,
we have

Φ
(
ρke

iϕ1 , ρke
iϕ2

)
⇒

ϕ1,ϕ2

Φ
(
eiϕ1 , eiϕ2

)

as ρk ↑ 1.
Therefore, we have

λ0
ρk

(θ1, θ2) ⇒ −Φ
(
eiθ1 , eiθ2

)

eiθ1eiθ2
+

Φ
(
eiθ1 , 1

)

eiθ1
+

1
ieiθ1

θ2∫

0

Φ
(
eiθ1 , eiϕ2

)
dϕ2

eiϕ2

+
Φ

(
1, eiθ2

)

eiθ2
− Φ (1, 1)− 1

i

θ2∫

0

Φ
(
1, eiϕ2

)
dϕ2

eiϕ2
+

1
ieiθ2

θ1∫

0

Φ
(
eiϕ1 , eiθ2

)
dϕ1

eiϕ1
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−1
i

θ1∫

0

Φ
(
eiϕ1 , 1

)
dϕ1

eiϕ1
+

θ1∫

0

θ2∫

0

Φ
(
eiϕ1 , eiϕ2

)
dϕ1dϕ2

eiϕ1eiϕ2
≡ λ0 (θ1, θ2)

as ρk ↑ 1.
Since Φ̃ ∈ Λ(1)

γ1 ∩ Λ(2)
γ2 , the last equality yields that λ0 ∈ Λ(1)

γ1 ∩ Λ(2)
γ2 .

On the other hand, µ0 (θ1, θ2)= lim
ρk↑1

µ0
ρk

(θ1, θ2), µ0
ρk

(θ1, θ2)= Reλ0
ρk

(θ1, θ2).

Thus, µ0 ∈ Λ(1)
γ1 ∩ Λ(2)

γ2 .
We now consider the function

F1 (z1, z2)=
∫

T 2

S0 (z1, w1) S1 (z2, w2)dµ (w)

which is analytic in z1 and antianalytic in z2 in U2.
Note that ReF1 (z1, z2) = v00 (z1, z2) + v11 (z1, z2).
Denote

µ1
ρk

(θ1, θ2)=

θ1∫

0

θ2∫

0

(
v00

(
ρke

iϕ1 , ρke
iϕ2

)
+ v11

(
ρke

iϕ1 , ρke
iϕ2

))
dϕ1dϕ2. (12)

Define the function K (z1, z2)=
z1∫
0

(
z2∫
0

F1 (ς, η) dη̄

)
dς, z ∈ Ū2. Obviously, K (z1, z2)

is analytic in z1 and antianalytic as a function of z2.
Note that

µ1
ρk

(θ1, θ2+h)− µ1
ρk

(θ1, θ2) = Re

θ1∫

0

θ2+h∫

0

F1

(
ρke

iϕ1 , ρke
iϕ2

)
dϕ1dϕ2.

Let h3 ∈ (0; 1) , we write

ϑ = eiϕ2 , ϑ1 = (1− h3) eiϕ2 , ϑ2 = (1− h3) ei(ϕ2+h3), ϑ3 = ei(ϕ2+h3).

Fixing z1 and using the counterpart of Cauchy’s theorem for antianalytic
functions, we get

K (z1, ϑ3)−K (z1, ϑ0) =

z1∫

0




ϑ3∫

0

F1 (ς, η) dη̄ −
ϑ0∫

0

F1 (ς, η) dη̄


dς

=

z1∫

0




ϑ3∫

ϑ0

F1 (ς, η) dη̄


dς =

z1∫

0







∫

[ϑ0;ϑ1]

+

ϑ2∫

ϑ1

+
∫

[ϑ2;ϑ3]


F1 (ς, η) dη̄


dς,
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|K (z1, ϑ3)−K (z1, ϑ0)| ≤
∫

[0;z1]

∣∣∣∣∣∣

ϑ3∫

ϑ0

F1 (ς, η) dη̄

∣∣∣∣∣∣
|dς| .

The rest of the proof of the relation K̃ ∈ Λ(1)
γ1 ∩ Λ(2)

γ2 , where K̃(θ1, θ2) =
K(eiθ1 , eiθ2), is similar to that of Φ̃ ∈ Λ(1)

γ1 ∩ Λ(2)
γ2 , so we omit it.

For ρk ∈ (0; 1) we denote

λ1
ρk

(θ1, θ2)
def=

θ1∫

0

θ2∫

0

F1

(
ρke

iϕ1 , ρke
iϕ2

)
dϕ1dϕ2.

As above, we have

λ1
ρk

(θ1, θ2) ⇒
K

(
eiθ1 , eiθ2

)

eiθ1eiθ2
− K

(
eiθ1 , 1

)

eiθ1
− 1

eiθ1

θ2∫

0

K
(
eiθ1 , eiϕ2

)
dϕ2

eiϕ2
− K

(
1, eiθ2

)

eiθ2

+K (1, 1) +
1
i

θ2∫

0

K
(
1, eiϕ2

)
dϕ2

eiϕ2
− 1

ieiθ2

θ1∫

0

K
(
eiϕ1 , eiθ2

)
dϕ1

eiϕ1

+
1
i

θ1∫

0

K
(
eiϕ1 , 1

)
dϕ1

eiϕ1
−

θ1∫

0

θ2∫

0

K
(
eiϕ1 , eiϕ2

)
dϕ1dϕ2

eiϕ1eiϕ2
≡ λ1 (θ1, θ2)

as ρk ↑ 1.
On the other hand, µ1 (θ1, θ2)= lim

ρk↑1
µ1

ρk
(θ1, θ2), µ1

ρk
(θ1, θ2)= Reλ1

ρk
(θ1, θ2).

Thus, µ1 ∈ Λ(1)
γ1 ∩ Λ(2)

γ2 . Using (8) and (12), we obtain

µ =
1
2

(
µ0+µ1

) ∈ Λ(1)
γ1
∩ Λ(2)

γ2
.

For the case of n > 2 we denote

µ(σ2,...,σn)
ρk

(θ1, . . . , θn) = Re

θ1∫

0

. . .

θn∫

0

F(σ2,...,σn)

(
ρke

iϕ1 , . . . , ρke
iϕn

)
dϕ1 . . . dϕn,

where

F(σ2,...,σn) (z1, . . . , zn) =
∫

T n

S0 (z1, w1) Sσ2 (z2, w2) · · ·Sσn (zn, wn) dµ (w) .

154 Journal of Mathematical Physics, Analysis, Geometry, 2011, vol. 7, No. 2



Growth of the Poisson–Stieltjes Integral in a Polydisc

Using Lemma 1, we get
∣∣ReF(σ2,...,σn) (z1, . . . , zn)

∣∣ ≤ C (γ1, . . . , γn) (1− |z1|)γ1−1 · · · (1− |zn|)γn−1 .

Lemma 2 yields

∑

σ=(0,σ2,...,σn)
σj∈{0;1}

∫

T n

S0 (z1, w1) Sσ2 (z2, w2) · · ·Sσn (zn, wn) dµ (w)

= 2n−1

∫

T n

P0 (z1, w1) · · ·P0 (zn, wn) dµ (w) . (13)

To prove that µ
(σ2,...,σn)
ρk (θ1, . . . , θn) belongs to the class

⋂n
j=1 Λ(j)

γj , one can
use the arguments similar to those used in the case of n = 2.

Let

µρk
(θ1, . . . , θn) =

θ1∫

0

. . .

θn∫

0

v0...0

(
ρke

iϕ1 , . . . , ρke
iϕn

)
dϕ1 . . . dϕn.

From (13) it follows that

µρk
(θ1, . . . , θn) =

1
2n−1

∑

(σ2,...,σn)

µ(σ2,...,σn)
ρk

(θ1, . . . , θn)

= Re
∑

σ=(0,σ2,...,σn)

θ1∫

0

. . .

θn∫

0




∫

T n

S0 (z1, w1) · · ·Sσn (zn, wn) dµ (w)


 dϕ1 . . . dϕn

2n−1

=

θ1∫

0

. . .

θn∫

0




∫

T n

P0 (z1, w1) · · ·P0 (zn, wn) dµ (w)


 dϕ1 . . . dϕn.

Since µ(σ2,...,σn) (θ1, . . . , θn) = lim
ρk↑1

µ
(σ2,...,σn)
ρk (θ1, . . . , θn), we have

µ =
1

2n−1

∑

(σ2,...,σn)

µ(σ2,...,σn).

Thus, µ ∈ ⋂n
j=1 Λ(j)

γj . The theorem is proved.
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P r o o f of Remark 1.
Note that µ ∈ Λ1,1 if |µ|

(∏a1+δ1,a2+δ2
a1,a2

)
≤ Cδ1δ2. Thereby,

|µ (a1 + δ1, a2 + δ2)− µ (a1 + δ1, a2)− (µ (a1, a2 + δ2)− µ (a1, a2))| ≤ Cδ1δ2.
(14)

Since µ is absolutely continuous in a1 and a2, we have that for any a1 and
a2 there exists µ′a1

(a1, a2) almost everywhere in a1 for any a2, and µ′a2
(a1, a2)

almost everywhere in a2 for any a1.
We divide the left-hand side of (14) by δ2 and then take the limit

lim
δ2→0

(
µ (a1 + δ1, a2 + δ2)− µ (a1 + δ1, a2)

δ2
− µ (a1, a2 + δ2)− µ (a1, a2)

δ2

)

= µ′a2
(a1 + δ1)− µ′a2

(a1) , ∀a2 ∈ E1, mesE1 = 2π.

Then from (14) we get
∣∣µ′a2

(a1 + δ1)− µ′a2
(a1)

∣∣ ≤ Cδ1.
Consequently, µ′a2

(a1, a2) is absolutely continuous in a1 for all a2 ∈ E1.
Hence, there exists µ′′a2a1

(a1, a2),

µ′′a2a1
(a1, a2) = lim

δ1→0

(
µ′a2

(a1 + δ1)− µ′a2
(a1)

δ1

)
,

almost everywhere in a1, and
∣∣µ′′a2a1

(a1, a2)
∣∣ ≤ C.

Conversely, there is E2 ⊂ [0; 2π] , mesE2 = 2π such that for all a1 ∈ E2 there
exists µ′′a1a2

(a1, a2) almost everywhere, and
∣∣µ′′a1a2

(a1, a2)
∣∣ ≤ C. So, the class

Λ1,1 consists of functions that are integrals of bounded functions.
Thus,

∣∣∣∣∣∣

∫

T 2

P (z, w) dµ (w)

∣∣∣∣∣∣
=

∣∣∣∣∣∣

∫

T

∫

T

P (z, w) µ′′w1w2
(w1, w2)dw1dw2

∣∣∣∣∣∣

≤ C

∫

T 2

P (z, w) dw = C.

E x a m p l e. In this example we show that Λγ1,...,γn 6=
⋂n

j=1 Λ(j)
γj . Let n = 2

and γ1 = γ2 = 1. Define the function

µ (θ, ϕ) =
{

0, θ = ϕ;
(θ − ϕ)2 cos 1

θ−ϕ , θ 6= ϕ.

By the definition of the class Λ(j)
γj , we have that µ ∈ Λ(1)

1 if

sup
θ
|µ (θ + δ1, ϕ)− µ (θ, ϕ)| ≤ Cδ1.
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Moreover,

µ′θ (θ, ϕ) =
{

2 (θ − ϕ) cos 1
θ−ϕ + sin 1

θ−ϕ , θ 6= ϕ;
0, θ = ϕ.

Therefore, µ ∈ Λ(1)
1 . In a similar way, one can deduce that µ ∈ Λ(2)

1 .

On the other hand, one can show that |µ|
(
Πϕ+δ,ϕ+δ

ϕ,ϕ

)
≥ cδ. Thus, µ /∈ Λ1,1.

Hence, Λγ1,...,γn 6=
⋂n

j=1 Λ(j)
γj .
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