
Journal of Mathematical Physics, Analysis, Geometry
2015, vol. 11, No. 3, pp. 236–244

On the Growth of the Cauchy–Szegő Transform
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1. Introduction

It is reasonable to expect for a function analytic in a bounded domain and
continuous up to the boundary to be smooth on the boundary if its derivative
grows slowly, and conversely. For the unit disk this was established by Hardy–
Littlewood ([8], [6, Chap. 5]).

We say that a complex-valued function f(eiθ), θ ∈ R is of the class Λ∗α (0 <
α ≤ 1) if ω∗(t) = O(tα) as t → 0 where ω∗(t) is the modulus of continuity of
f(eiθ), i.e.,

ω∗(t) = sup
|eiθ1−eiθ2 |≤t

|f(eiθ1)− f(eiθ2)|.

Theorem A ([6, Theorem 5.1]). Let f(z) be a function analytic in D =
{z ∈ C : |z| < 1}. Then f(z) is continuous in D and f(eiθ) ∈ Λ∗α (0 < α ≤ 1) if
and only if

f ′(z) = O

(
1

(1− |z|)1−α

)
.
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Let z, w ∈ Cn, n ∈ N, 〈z, w〉 =
∑n

i=1 ziwi, |z| = 〈z, z〉 1
2 . We denote by

Bn = {z ∈ Cn : |z| < 1} the unit ball in Cn and by Sn = {z ∈ Cn : |z| = 1} the
unit sphere.

For a complex-valued function f on Sn and a Borel measure µ on Sn, we
denote the Cauchy integral

C[f ](z) =
∫

Sn

f(ξ)dm2n−1(ξ)
(1− 〈z, ξ〉)n

, z ∈ Bn,

where m2n−1 is the normalized Lebesgue measure on Sn, m2n−1(Sn) = 1, and

C[µ](z) =
∫

Sn

dµ(ξ)
(1− 〈z, ξ〉)n

, z ∈ Bn (1)

the Cauchy–Stieltjes integral. Similarly, we denote by

P [f ](z) =
∫

Sn

(1− |z|2)n

|1− 〈z, ξ〉|2n
f(ξ)dm2n−1(ξ), z ∈ Bn,

P [µ](z) =
∫

Sn

(1− |z|2)n

|1− 〈z, ξ〉|2n
dµ(ξ), z ∈ Bn

the Poisson and Poisson–Stieltjes integrals, respectively.
Let f be a holomorphic function in Bn and f =

∑∞
k=0 Fk be the homogeneous

decomposition of f , then (Rf)(z) =
∑∞

k=0 kFk(z), z ∈ Bn is the radial derivative.
The following theorems were proved by W. Rudin for several complex variables.

Theorem B ([10]). Let 0 < α < 1 and f be a measurable complex func-
tion such that |f | is integrable with respect to the measure m2n−1 on Sn. Then
|f(eiθξ)− f(eitξ)| ≤ |eiθ − eit|α, ξ ∈ Sn, θ, t ∈ R, implies that

|(RC[f ])(z)| ≤ Aα(1− |z|)α−1, z ∈ Bn.

Theorem C ([10]). Let 0 < α < 1 and f be holomorphic in Bn. Then

|(RC[f ])(z)| ≤ (1− |z|)α−1, z ∈ Bn,

implies that f has a continuous extension to Bn which satisfies the Lipschitz
condition of order α.
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Some results in this direction that concern the unit polydisk can be found in [4,
5, 7]. In particular, necessary and sufficient conditions of the growth of Poisson–
Stieltjes integral in terms of Stieltjes measure were described in [3, 4]. Some
properties of harmonic functions of Lipschitz type spaces and their generalizations
are described in [1, 2]. In particular, a multidimensional counterpart of Theorem
A for harmonic functions in Bn was proved by S. Krantz in [9]. Note that, in
general, the functions represented by the Poisson–Stieltjes integral or the Cauchy–
Stieltjes integral can not be represented by the Poisson integral or the Cauchy
integral, respectively.

We are interested in the description of the growth of analytic and harmonic
functions in the unit ball Bn represented by the Cauchy–Stieltjes or the Poisson–
Stieltjes integral. The case of differentiable measures (with respect to m2n−1) is
well known (see, e.g., [10, Chap. 3] and [11, Chap. 7]). We find sharp estimates
for the growth of the Cauchy integral in the unit ball in Cn in terms of smoothness
of the Stieltjes measure.

Denote by
d(z, ζ) =

√
|1− 〈z, ζ〉|, z, ζ ∈ Bn,

the anisotropic metric on Sn ([10, Sec. 5.1]) and by

ω(δ, µ) = sup
z0∈Sn

|µ|({ξ ∈ Sn : d(ξ, z0) ≤ δ})

the modulus of continuity, where |µ| is the total variation of a complex-valued
Borel measure µ on Sn.

Theorem 1. Let µ be a complex-valued Borel measure on Sn, p ∈ (0, n].
Then

∃c > 0 ω(δ, µ) ≤ cδ2(n−p), 0 < δ ≤
√

2,

implies that

C[µ](z) = O

(
1

(1− |z|)p

)
, z ∈ Bn.

The examples in Sec. 3 show that the estimate is sharp up to a constant
factor. In order to prove Theorem 1, we use the standard approach [10]. The
same method allows us to prove a criterion for the Poisson integral.

Theorem 2. Let µ be a positive Borel measure on Sn, p ∈ (0, n). Then

∃c > 0 ω(δ, µ) ≤ cδ2(n−p), 0 < δ < 1 ⇔ P [µ](z) = O

(
1

(1− |z|)p

)
, z ∈ Bn.
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R e m a r k. Theorems 1 and 2 could be easily generalized for the integrals
with kernels of the form

1
(1− 〈z, ξ〉)n+s

,
1

|1− 〈z, ξ〉|n+s
, s ∈ R,

respectively, for an appropriate choice of p.

2. Proofs of the Theorems

P r o o f of Theorem 1. Denote

Ek(z) =
{

ξ ∈ Sn :
∣∣∣∣1− 〈

z

|z| , ξ〉
∣∣∣∣ < 2k+1(1− |z|)

}

for z ∈ Bn \ {0} and k ∈ {0, 1, 2, . . .}. Then (E−1(z) := ∅)

∞⋃

k=0

(Ek(z) \ Ek−1(z)) = Sn.

Since ∀k ∈ N ∀ξ ∈ Ek(z) \ Ek−1(z) ∀z : 1 > |z| > 3
4

|1− 〈z, ξ〉| ≥ ||1− |z|| − ||z| − 〈z, ξ〉|| = |z|
∣∣∣∣1−

〈 z

|z| , ξ
〉∣∣∣∣− (1− |z|)

≥ |z|2k(1− |z|)− (1− |z|) = (|z|2k − 1)(1− |z|)
and ∀ξ ∈ E0(z): |1− 〈z, ξ〉| ≥ 1− |〈z, ξ〉| ≥ 1− |z|, we have

|C[µ](z)| =
∣∣∣∣∣∣

∫

Sn

dµ(ξ)
(1− 〈z, ξ〉)n

∣∣∣∣∣∣

=

∣∣∣∣∣∣∣

∞∑

k=1

∫

Ek(z)\Ek−1(z)

dµ(ξ)
(1− 〈z, ξ〉)n

+
∫

E0(z)

dµ(ξ)
(1− 〈z, ξ〉)n

∣∣∣∣∣∣∣

≤
∞∑

k=1

∫

Ek(z)\Ek−1(z)

|dµ(ξ)|
(|z|2k − 1)n(1− |z|)n

+
∫

E0(z)

|dµ(ξ)|
(1− |z|)n

≤ (1− |z|)−n
∞∑

k=1

(|z|2k − 1)−n|µ|(Ek(z)) + (1− |z|)−n|µ|(E0(z))

≤ (1− |z|)−n
∞∑

k=1

ω(
√

2k+1(1− |z|), µ)
(|z|2k − 1)n

+ (1− |z|)−nω(
√

2(1− |z|) , µ)
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≤ (1− |z|)−n
∞∑

k=1

(
3
4
2k − 1

)−n

c(2k+1(1− |z|))n−p + 2n−pc(1− |z|)−p

<
c

(1− |z|)p

(
2n−p

∞∑

k=1

2k(n−p)

(3 · 2k−2 − 1)n
+ 2n−p

)
,

3
4

< |z| < 1.

Since the last series is convergent, we get the desired result.
Now, let |z| ≤ 3

4 . Since d(1, z) ≤ √
2 for all z ∈ Bn,

|µ|(Sn) ≤ ω(
√

2, µ) ≤ c2n−p.

Then

|C[µ](z)| ≤
∫

Sn

∣∣∣∣
dµ(ξ)

(1− 〈z, ξ〉)n

∣∣∣∣ ≤
|µ|(Sn)

(1− |z|)n

≤ c2n−p

(1− |z|)p
(

1
4

)n−p ≤
c8n−p

(1− |z|)p
.

P r o o f of Theorem 2.(⇐) For all ξ ∈ E1(z),

|1− 〈z, ξ〉| ≤
∣∣∣∣1−

〈 z

|z| , ξ
〉∣∣∣∣ +

∣∣∣∣
〈 z

|z| − z, ξ
〉∣∣∣∣ ≤ 4(1− |z|) +

∣∣∣∣
z

|z| − z

∣∣∣∣ = 5(1− |z|).

By the assumption ∃c > 0 such that

c

(1− |z|)p
≥

∣∣∣∣∣∣

∫

Sn

(1− |z|2)n

|1− 〈z, ξ〉|2n
dµ(ξ)

∣∣∣∣∣∣

≥

∣∣∣∣∣∣∣

∫

E1(z)

(1− |z|2)n

|1− 〈z, ξ〉|2n
dµ(ξ)

∣∣∣∣∣∣∣
≥ (1 + |z|)n

52n(1− |z|)n
µ(E1(z)). (2)

Since for d(z, ξ) <
√

3(1− |z|) implies
∣∣∣∣1−

〈 z

|z| , ξ
〉∣∣∣∣ ≤ |1− 〈z, ξ〉|+

∣∣∣∣〈z, ξ〉 − 〈 z

|z| , ξ
〉∣∣∣∣

< 3(1− |z|) +
∣∣∣∣z −

z

|z|

∣∣∣∣ = 4(1− |z|),

we get E1(z) ⊃ {ξ ∈ Sn : d(z, ξ) <
√

3(1− |z|)}.
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From inequality (2) and the last inclusion it follows that

µ(E1(z)) ≤ c1(1− |z|)n−p, z ∈ Bn,

ω(
√

3(1− |z|), µ) ≤ c1(1− |z|)n−p, z ∈ Bn,

ω(δ, µ) ≤ c1δ
2(n−p)3p−n, 0 < δ ≤

√
3,

where c1 ≥ 52nc/2n.
(⇒) Using the arguments similar to those of the proof of Theorem 1, we get

|P [µ](z)| =
∫

Sn

(1− |z|2)ndµ(ξ)
|1− 〈z, ξ〉|2n

=
∞∑

k=1

∫

Ek(z)\Ek−1(z)

(1− |z|2)ndµ(ξ)
|1− 〈z, ξ〉|2n

+
∫

E0(z)

(1− |z|2)ndµ(ξ)
|1− 〈z, ξ〉|2n

≤
∞∑

k=1

∫

Ek(z)\Ek−1(z)

(1− |z|2)ndµ(ξ)
(|z|2k − 1)2n(1− |z|)2n

+
∫

E0(z)

(1− |z|2)ndµ(ξ)
(1− |z|)n

≤ (1− |z|)−n
∞∑

k=1

(1 + |z|)nµ(Ek(z))
(|z|2k − 1)2n

+ (1− |z|)−n(1 + |z|)nµ(E0(z))

≤ (1− |z|)−n
∞∑

k=1

2nω(
√

2k+1(1− |z|), µ)
(|z|2k − 1)2n

+ (1− |z|)−n2nω(
√

2(1− |z|), µ)

≤ (1− |z|)−n
∞∑

k=1

(
3
4
2k − 1

)−2n

2nc(2k+1(1− |z|))n−p + 2n−p2nc(1− |z|)−p

≤ c

(1− |z|)p

(
22n−p

∞∑

k=1

2k(n−p)

(3 · 2k−2 − 1)2n
+ 22n−p

)
.

The convergence of the last series implies the required inequality. If |z| ≤ 3
4 ,

using the arguments similar to those of the proof of Theorem 1, we can obtain

|P [µ](z)| ≤
∫

Sn

∣∣∣∣
(1− |z|2)ndµ(ξ)
|1− 〈z, ξ〉|2n

∣∣∣∣ ≤
2n|µ|(Sn)
(1− |z|)n

≤ c2n−p2n

(1− |z|)p
(

1
4

)n−p ≤
c24n−3p

(1− |z|)p
.

3. Examples

1. Let in Theorem 1 µ be the Lebesgue measure m2n−1 on Sn. Note that
Qδ = {ξ ∈ Sn : d(ξ, z0) < δ} is a “ball” on Sn and m2n−1(Qδ) ³ δ2n, δ → 0
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([10, Ch. 5]). Since “the center” z0 is of no particular importance, the modulus
of continuity

ω(δ,m2n−1) = sup
z0∈Sn

m2n−1({ξ ∈ Sn : d(ξ, z0) < δ}) ³ δ2n, δ → 0,

so ([10, Prop. 1.4.10])
∫

Sn

dm2n−1(ξ)
|1− 〈z, ξ〉|n ³ ln

1
1− |z| , |z| ↑ 1.

Hence the statement of Theorem 1 is not true for the case p = 0.

2. Let µ = δξ0 , i.e.,

µ(A) =

{
c, A 3 ξ0;
0, otherwise,

where A ⊂ Sn, ξ0 ∈ Sn. Then

ω(δ, µ) = c ∈ C, p = n

and
C[µ](tξ0) =

∫

Sn

dµ(ξ)
(1− 〈tξ0, ξ〉)n

= c
1

(1− t)n
, 0 < t < 1.

This example shows the sharpness of Theorem 1 for p = n.

3. Let µ be a Borel measure on S2 ⊂ C2 and

µ(ξ) =

{
k−l, ξ = (1− k−q,

√
1− (1− k−q)2)

0, otherwise,

where 1 < l < 2q + 1, k = 0, 1, . . . .

Then ω(δ, µ) ³ δ
2 l−1

q , i.e., µ ∈ Λ l−1
q

and max
|z|=r

|C[µ](z)| ≥ c

(
1

(1−r)
2− l−1

q

)
.

Indeed,

ω(δ, µ) =
∫

|1−ξ1|<δ2

dµ(ξ1, ξ2) =
∑

k−q<δ2

k−l =
∑

k>δ
− 2

q

k−l ³ δ
2
q
(l−1)

.

Let z = re1, where e1 = (1, 0) ∈ S2, r ∈ (0, 1),

C[µ](re1) =
∫

S2

dµ(ξ)
(1− rξ1)2

=
∞∑

k=1

k−l

(1− r(1− k−q))2
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≥
2

[
1

(1−r)1/q

]

∑

k=

[
1

(1−r)1/q

]
1

kl(1− r + r
kq )2

≥
2

[
1

(1−r)1/q

]

∑

k=

[
1

(1−r)1/q

]
(1− r)

l
q

2l

1
((1− r) + r(1− r))2

≥ 1

2(1− r)
1
q

(1− r)
l
q

2l

1
4(1− r)2

=
1

2l+3
(1− r)

l−1
q
−2

.

4. The Operator Theory Point of View

Equality (1) is often considered as the Cauchy–Szegő operator acting from
the space M(Sn) (M+(Sn)) of Borel (positive) measures on Sn into the class of
analytic functions on Bn.

Denote by Hp
q (Bn), 1 ≤ p ≤ ∞, q ≥ 0, the class of analytic functions f on

Bn with the norm

‖f‖p
q = sup

0<r<1
(1− r)q




∫

Sn

‖f(rξ)‖pdm2n−1(ξ)




1/p

,

‖f‖∞q = sup
0<r<1

(1− r)q max
|ξ|=r

|f(ξ)|.

Also denote by hp
q the class of harmonic functions with the same norm. It is

known that there exist the measures µ ∈ M(Sn) such that C[µ] /∈ H1
0 (Bn). If

we denote by Λα(Sn) (Λ+
α (Sn)) the class of (positive) measures on Sn such that

‖µ‖α = sup
0<δ≤√2

ω(δ,µ)
δ2α < +∞, it then follows from Theorems 1 and 2 that C[µ]

and P [µ] are bounded operators from Λα(Sn) ⊂ M(Sn) and Λ+
α (Sn) ⊂ M+(Sn)

into H∞
n−α(Bn) and h∞n−α(Bn), respectively. Moreover,

‖C‖ = sup
|µ|6=0

‖Cµ‖∞n−α

‖µ‖α
≤ max

{
2n−p

∞∑

k=1

2k(n−p)

(3 · 2k−2 − 1)n
+ 2n−p, 8n−p

}

≤ max

{
2n−p

∞∑

k=1

2k(n−p)

2(k−2)n
+ 2n−p, 8n−p

}

≤ max
{

23n

2p − 1
+ 2n−p, 8n−p

}
=

23n

2p − 1
+ 2n−p
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and

‖P‖ = sup
|µ|6=0

‖Pµ‖∞n−α

‖µ‖α
≤ max

{
22n−p

∞∑

k=1

2k(n−p)

(3 · 2k−2 − 1)2n
+ 22n−p, 24n−3p

}

≤ max
{

27n

2n+p − 1
+ 22n−p, 24n−3p

}
=

27n

2n+p − 1
+ 22n−p.

References

[1] Sh. Chen, A. Rasila, and X. Wang, Radial Growth, Lipschitz and Dirichlet Spaces
on Solutions to the Nonhomogenous Yukawa Equation. — Israel J. Math. 204
(2014), No. 1, 261–282.

[2] Sh. Chen, M. Mateljevic, S. Ponnusamy, and X. Wang, Lipschitz Type Spaces
and Landau–Bloch Type Theorems for Harmonic Functions and Poisson Equations.
2014, arXiv preprint arXiv:1407.7179.

[3] I.E. Chyzhykov, Growth and Representation of Analytic and Harmonic Functions
in the Unit Disc. — Ukrainian Math. Bull. 3 (2006), No. 1, 31–44.

[4] I.E. Chyzhykov and O.A. Zolota, Sharp Estimates of the Growth of the Poisson–
Stieltjes Integral in the Polydisc. — Mat. Stud. (2010), No. 2, 193–196.

[5] I.E. Chyzhykov and O.A. Zolota, Growth of the Poisson–Stieltjes Integral in the
Polydisc. — J. Math. Phys. Anal. Geom. 7 (2011), No. 2, 141–157.

[6] P. Duren, Theory of Hp Spaces. Academic Press, New York, 1970.

[7] K.T. Hahn and J. Mitchell, Representation of Linear Functionals in Hp-spaces over
Bounded Symmetric Domains in Cn. — J. Math. Anal. Appl. 56 (1976), No. 22,
379–396.

[8] G.H. Hardy and J.E. Littlewood, A Convergence Criterion for Fourier Series. —
Math. Z. 28 (1928), No. 4, 612–634.

[9] S.G. Kranz, Lipschitz Spaces, Smoothness of Functions, and Approximation Theory.
— Expo. Math. 3 (1983), 193–260.

[10] W. Rudin, Function Theory in the Unit ball of Cn. Springer Verlag, Berlin–
Heidelberg, New York, 1980.

[11] M. Stoll, Invariant Potential Theory in the Unit Ball of Cn. Cambridge Univ. Press,
Cambridge, 1994.

244 Journal of Mathematical Physics, Analysis, Geometry, 2015, vol. 11, No. 3


