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1. Introduction

The well-known equation of the kinetic theory of gases is a nonlinear integral-
differential Boltzmann equation, which in the case of hard spheres model is as
follows [3]:

D(f) = Q(f, f); (1)

D(f) =
∂f

∂t
+ v

∂f

∂x
; (2)

Q(f, f) =
d2

2

∫

R3

dv1

∫

Σ

dα|(v − v1, α)|

×[f(t, v
′
1, x)f(t, v

′
, x)− f(t, v1, x)f(t, v, x)],

(3)

describing the behavior of the molecular distribution function f = f(t, v, x),
where x =

(
x1, x2, x3

) ∈ R3, v =
(
v1, v2, v3

) ∈ R3 are the coordinate and the
velocity of molecules at the moment of time t ∈ R1, respectively; ∂f

∂x is the spatial
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gradient of the function, d > 0 is the molecular diameter, α is the vector on the
unit sphere Σ in R3; v, v1 and v

′
, v

′
1 are the velocities of two molecules before and

after the collision, respectively; and the law of collision of two hard spheres has
the form {

v
′
= v + α(α, v1 − v),

v
′
1 = v1 − α(α, v1 − v).

The difficulties of solving this equation appear because the function f =
f(t, v, x) is multidimensional and the right-hand side of equation (1)–(3) has a
complex form. Currently, for the model of hard spheres only one exact solution
of the Boltzmann equation in equilibrium state is known, namely, the Maxwell’s
distribution [2,3]:

M(t, v, x) = ρ

(
β

π

)3/2

e−β(v−ṽ)2 , (4)

where ρ is the density, β = 1
2T is the inverse temperature, ṽ is the mass flow

rate (in the case of ṽ = const, Maxwellian is called global if ṽ depends on t and
x is the local Maxwellian). The physical meaning and the geometrical structure
of such solutions were considered in detail in [2, 5, 8, 11, 12] (for other models,
especially Maxwell molecules, the non-Maxwellian exact solution, the so-called
BWK-mode, was obtained in [1, 4, 13]).

In the description of a non-equilibrium process in the gas we can obtain only
approximate solutions of the Boltzmann equation, which can be sought in the
form of bimodal distributions, i.e., the linear combinations of two Maxwellians
with different hydrodynamic parameters. These distributions are as follows [14,
15]:

f = ϕ1M1 + ϕ2M2, (5)

where Mi, i = 1, 2 are Maxwellians of different types [6–10], ϕi = ϕi(t, x) ≥ 0,
ϕi ∈ C1

(
R4

)
, i = 1, 2 are the coefficient functions which should be found such

that the difference between the left-hand and the right-hand sides of equation (1)
is arbitrarily small.

To build these bimodal distributions with different modes, which describe the
interaction between flows in a gas of hard spheres and satisfy the Boltzmann
equation with whatever degree of accuracy, we consider different norms of the
difference D(f) −Q(f, f) between the parts of equation (1) which we introduce
below using some additional definitions.

Definition 1. We denote by CL
(
Rk ×Rm

)
the space of the functions g(y, z),

y ∈ Rk, z ∈ Rm, where k, m ≥ 0, with the norm

‖g‖ = sup
(t,x)∈Rk

∫

Rm

|g(y, z)| dz.
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Definition 2. We denote by C̃L
(
R4 ×R3

)
and C̃qL

(
R4 ×R3

)
the spaces of

the function g(t, v, x), t ∈ R1, x ∈ R3, v ∈ R3, with the norms

‖g‖ =
∥∥∥∥

g

1 + |t|

∥∥∥∥
CL(R4×R3)

= sup
(t,x)∈R4

1
1 + |t|

∫

R3

|g(t, x, v)| dv

and

‖g‖ =
∥∥∥∥

gq(x)
1 + |t|

∥∥∥∥
CL(R4×R3)

= sup
(t,x)∈R4

q(x)
1 + |t|

∫

R3

|g(t, x, v)| dv,

respectively. The function q(x) ≥ 0 is bounded on R3.

Definition 3. We will call the uniform integral (”mixed”) error, the er-
ror with a ”uniform weight” and the error with a ”non-uniform weight” for the
Boltzmann equation, the following quantities:

∆ = ‖D(f)−Q(f, f)‖CL(R4×R3) , (6)

∆̃ = ‖D(f)−Q(f, f)‖
C̃L(R4×R3)

, (7)

∆̃q = ‖D(f)−Q(f, f)‖
C̃qL(R4×R3)

, (8)

respectively.
The description of the transient behavior between the flows of ”accelerating-

packing” type, obtained by building a bimodal distribution form (5) with differ-
ent coefficient functions with the uniformly integrable error ∆ and the ”mixed
weighted” error ∆̃, was given in [9,10].

The aim of the paper is to study the behavior of the error with a ”non-uniform
weight” ∆̃q for bimodal distributions (considered in [10]) describing the interac-
tion between the two Maxwell flows of hard spheres of ”accelerating-packing”
type with time-dependent density, which allow us to get the results different
from those obtained in the previous work [10].

2. Statement of the Problem

We have to find a bimodal distribution f in the form (5), where ϕi = ϕi(t, x)
are bounded on R4 together with their derivatives, and the Maxwellians Mi

represent the flows of ”accelerating-packing” type [8–10]:

Mi = ρi

(
βi

π

)3/2

e−βi(v−ṽi)
2
, i = 1, 2, (9)

ρi = ρie
βi(ṽ2

i +2uix), i = 1, 2, (10)
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ṽi = vi − uit, i = 1, 2, (11)

where ρi, vi, ui are the scalar and the vector constants, βi = 1
2Ti

are the inverse
temperatures, ṽi = ṽi(t) is the mass flow rate, ρi = ρi(t, x) is the density of i-flow
rate.

We have to find the functions ϕi, i = 1, 2 and the behavior of all available
parameters such that the uniform integral error with a ”non-uniform weight”

∆̃q = sup
(t,x)∈R4

q(x)
1 + |t|

∫

R3

|D(f)−Q(f, f)| dv, (12)

where q(x) is the non-negative bounded function on R3, is arbitrarily small.
Some solutions of this problem are given below.

3. Main Results

Theorem 1. Let in a bimodal distribution (5) with the modes Mi of type
(9)–(11) the functions ϕi, i = 1, 2 not depend on βi, i = 1, 2 and have the form

ϕi(t, x) = Ci

(
x + ui

(vi − uit)
2

2u2
i

)
, i = 1, 2, (13)

where the smooth functions Ci ≥ 0 are bounded on R3 together with their deriva-
tives.

Suppose that

ui = uoiβ
−ni
i , i = 1, 2, (14)

vi = voiβ
−ki
i , i = 1, 2, (15)

where uoi, voi ∈ R3 are arbitrary fixed vectors and ni, ki are such that

ni ≥ 1; ki ≥ 1
2
; ki ≥ ni

2
, i = 1, 2. (16)

Suppose also that the function q(x) is such that the value of q(x)e2uoix is bounded
on R3.

Then the following statement is true:

lim
β1→+∞
β2→+∞

∆̃q = 0. (17)
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P r o o f. By substituting (5) into (2) and (3), and then into (12), taking into
consideration (9)–(11), and using the technique developed in [9,10], we get the
estimation ∆̃

′
q for the error ∆̃q:

∆̃q ≤ ∆̃
′
q = sup

(t,x)∈R4

q(x)
1 + |t|

2∑

i,j=1,i 6=j




∫

R3

∣∣∣∣
∂ϕi

∂t
+

(
u√
βi

+ vi − uit

)
∂ϕi

∂x

+ϕ1ϕ2ρj(t, x)
d2

√
π

∫

R3

Fije
−w2

dw

∣∣∣∣∣∣
ρi(t, x)π−3/2e−u2

du (18)

+ϕ1ϕ2
ρ1(t, x)ρ2(t, x)

π2
d2

∫

R6

e−w2−u2
Fijdwdu


 ,

where

Fij =

∣∣∣∣∣
u√
βi

+ vi − vj + (uj − ui)t− w√
βj

∣∣∣∣∣ , i, j = 1, 2, i 6= j (19)

and
ρi(t, x) = ρi exp

{
βi

(
(vi − uit)2 + 2uix

)}
, i = 1, 2. (20)

The correctness of this estimation is conditioned by the fact that, in view of
(13) and (20), the values

tϕiρi(t, x);
∂ϕi

∂t
ρi(t, x);

∣∣∣∣
∂ϕi

∂x

∣∣∣∣ ρi(t, x); t

(
ui,

∂ϕi

∂x

)
ρi(t, x), i = 1, 2 (21)

are bounded on R4 after multiplication by q(x)
1+|t| .

Since ϕi is the smooth function, the values
√
|t|ϕiρi(t, x), i = 1, 2 and

|t|ϕ1ϕ2ρ1(t, x)ρ2(t, x) are bounded either with the factor |t| or without it.
The transition to the limit for β1, β2 → +∞ in (13), (18)–(20), with (14)–

(16) being taken into account, is analogous to the transition described in [10] and
gives the same result (the possibility of the transition marked by suprema and
integrals is justified in the same way as in [9,10] by using Lemma 1 from [7]):

lim
β1→+∞
β2→+∞

ρi(t, x) = ρiµi(x) =




ρi; ni > 1; ki > 1
2 , i = 1, 2,

ρie
2uoix; ni = 1; ki > 1

2 , i = 1, 2,

ρie
v2

oi+2uoix; ni = 1; ki = 1
2 , i = 1, 2;

(22)

lim
β1→+∞
β2→+∞

ϕi = Ci (x + ai) =

[
Ci(x), ki > 1

2ni, i = 1, 2,

Ci

(
x + uoiv

2
oi

2u2
oi

)
, ki = 1

2ni, i = 1, 2;
(23)
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lim
β1→+∞
β2→+∞

∂ϕi

∂t
= 0; lim

β1→+∞
β2→+∞

∂ϕi

∂x
= C

′
i (x + ai) ; lim

β1→+∞
β2→+∞

Fij = 0, i 6= j. (24)

Consequently,
lim

β1→+∞
β2→+∞

∆̃
′
q = 0. (25)

Hence, by (18) we obtain (17). The theorem is proved.
R e m a r k 1. As it can be seen from (20), (22)–(24), the coefficients of

the functions Ci, i = 1, 2, in (18) increase only along the vector ui. Thus, the
condition of the finiteness or rapid decay for the functions Ci (imposed in [10]) in
this paper is weakened because the function q(x) is bounded. However, q(x) can
be not only bounded but also finite or rapidly decreasing at least in the directions
parallel to the vector uoi.

Theorem 2. Let the functions ϕi in distribution (5) have the form:

ϕi(t, x) = ψi(t, x) exp
{−βi((vi − uit)2 + 2uix)

}
, i = 1, 2, (26)

and each of the products of multiplication of q(x)
1+|t| by the functions

tψ1ψ2;
∂ψi

∂t
; tψi;

∣∣∣∣
∂ψi

∂x

∣∣∣∣ ; t

(
ui,

∂ψi

∂x

)
, i = 1, 2, (27)

be bounded by t and x on R4. Suppose, besides, condition (14) is fulfilled for

ni >
1
2
. (28)

Then there is the value ∆̃
′
q such that

∆̃q ≤ ∆̃
′
q, (29)

and

lim
β1,β2→+∞

∆̃
′
q = sup

(t,x)∈R4

q(x)
1 + |t|

2∑

i,j=1,i 6=j

ρi

∣∣∣∣
∂ψi

∂t
+ vi

∂ψi

∂x
+

+ψ1ψ2πd2ρj |v1 − v2|
∣∣ + 2πd2ρ1ρ2|v1 − v2| sup

(t,x)∈R4

q(x)
1 + |t|(ψ1ψ2).

(30)
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P r o o f. The derivative of the functions ϕi, accounting (20) and (26), will
be as follows:

∂ϕi

∂t
= ρi[ρi(t, x)]−1

{
∂ψi

∂t
+ 2βiψi

(
(vi, ui)− tu2

i

)}
, i = 1, 2, (31)

∂ϕi

∂x
= ρi[ρi(t, x)]−1

{
∂ψi

∂x
− 2βiψiui

}
, i = 1, 2. (32)

Condition (27) guarantees the existence of the suprema over t and x and thus,
in view of (26), instead of (18), we obtain

∆̃
′
q = π−3/2 sup

(t,x)∈R4

q(x)
1 + |t|

2∑

i=1

ρi

∫

R3

[∣∣∣∣
∂ψi

∂t
+ Ai + Bi

∣∣∣∣ + Ai

]
e−u2

du, (33)

where

Ai = Ai(u, t) = ψ1ψ2
d2

√
π

ρj

∫

R3

e−w2
Fijdw, i 6= j, (34)

Bi = Bi(u, t) =
∂ψi

∂x

(
u√
βi

+ vi − uit

)
− 2ψi

√
βi(u, ui) (35)

with (19) retained.
Due to conditions (14) and (28), after transition to the limit in (34), (35) and

(19), by estimating (33), we obtain

lim
β1→+∞
β2→+∞

∆̃
′
q = π−3/2 sup

(t,x)∈R4

q(x)
1 + |t|

2∑

i,j=1,i6=j

ρi

∫

R3

[∣∣∣∣
∂ψi

∂t

+ψ1ψ2πd2ρj |v1 − v2|+ vi
∂ψi

∂x

∣∣∣∣ + ψ1ψ2πd2ρj |v1 − v2|
]

e−u2
du,

(36)

which, after integration with respect to u, leads to (30). The theorem is proved.
One of possible sufficient conditions for arbitrarily small error (12) is provided

in the corollary below.

Corollary 1. Let all the conditions of Theorem 2 be valid, and the functions
ψi be of the form

ψi = Ci (x− vit) , i = 1, 2 (37)

or
ψi = Ci ([x× vi]) , i = 1, 2. (38)

Then (17) holds true if the following conditions are fulfilled:
1) Ci ≥ 0 are bounded smooth functions,
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2) the products of q(x)Ci and q(x)C
′
i are bounded,

3)
v1 = v2. (39)

P r o o f. Let us find the derivative of both functions with respect to t and x.
For the case (37), we get

∂ψi

∂x
= C

′
i ;

∂ψi

∂t
= −

(
vi, C

′
i

)
, i = 1, 2, (40)

and for the case (38),

∂ψi

∂x
=

[
vi × C

′
i

]
;

∂ψi

∂t
= 0, i = 1, 2. (41)

We can see that in both cases we have

∂ψi

∂t
+ vi

∂ψi

∂x
= 0, i = 1, 2.

Statement (30) is true, as the functions of the forms (37) and (38) satisfy the
conditions of Theorem 2 if the conditions of this corollary are fulfilled.

Hence, using (39), we obtain (17). The corollary is proved.

Theorem 3. Let

ϕi(t, x) = ψi(t, x) exp{−βi(vi − uit)2}, i = 1, 2, (42)

where each product of multiplication of exp {2βiuix} by the functions of the form
(27) is bounded with the weight q(x)

1+|t| .
Let also condition (14) take place for ni ≥ 1.
Then there is a finite limit to the value ∆̃

′
q, and (29) is true such that:

1) if ni > 1, then the estimation ∆̃
′
q for the error ∆̃q is equal to (30);

2) if ni = 1, then

lim
β1→+∞
β2→+∞

∆̃
′
q =

2∑

i,j=1,i 6=j

ρi sup
(t,x)∈R4

q(x)
1 + |t|

∣∣∣∣e2uoix

(
∂ψi

∂t
+ vi

∂ψi

∂x

)

+ψ1ψ2e
2uo1xe2uo2x · πd2ρj |v1 − v2|

∣∣

+2πd2ρ1ρ2|v1 − v2| sup
(t,x)∈R4

q(x)
1 + |t| [e

2uo1xe2uo2xψ1(t, x)ψ2(t, x)]

+2
2∑

i=1

ρi|(uoi, vi)| sup
(t,x)∈R4

q(x)
1 + |t|{e

2uoixψi(t, x)}.

(43)
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P r o o f. The proof follows the same pattern as the proof of Theorem 3 in
[10]. Having carried out a similar transformation, but for the error (12), and
passing to the limit in (34) and (35) for β1, β2 → +∞, we find:

lim
β1→+∞
β2→+∞

Ai =

[
ψ1ψ2πd2ρj |v1 − v2| , ni > 1,

e2uoixψ1ψ2πd2ρj |v1 − v2| , ni = 1, i 6= j,
i, j = 1, 2; (44)

lim
β1→+∞
β2→+∞

Bi =

[
vi

∂ψi

∂x , ni > 1,

vi
∂ψi

∂x + 2ψi(uoi, vi), ni = 1,
i = 1, 2. (45)

Further, substituting (44) and (45) into (30), we obtain:

1) for ni > 1, lim
β1→+∞
β2→+∞

∆̃
′
q coincides with (30) (since the limit value e2βiuix is

equal to 1);

2) for ni = 1, lim
β1→+∞
β2→+∞

∆̃
′
q has the form (43) (here lim

β1→+∞
β2→+∞

e2βiuix = e2uoix, which

causes the appearance of an additional multiplier and amount when we pass
to the limit for ∆̃

′
q).

The theorem is proved.

Corollary 2. Let the parameters ni, i = 1, 2 in (14) satisfy ni > 1. In
addition, let the functions ψi have the form (37) or (38) and let either of the
following conditions:

1)
suppC1 ∩ suppC2 = ® (46)

or
v1 = v2, (47)

where Ci and C
′
i are bounded functions;

2) the function q(x) is finite or fast decreasing at infinity,

be fulfilled.
Then for any ui, vi and ϕi of the form (42), (17) is true.
P r o o f. We verify that the functions of the forms (37) and (38) satisfy the

conditions of Theorem 3 if the conditions of this corollary are fulfilled. First,
make sure that the following quantities are bounded:

q(x)
1 + |t| tψ1ψ2 exp {2β1u1x + 2β2u2x}, i = 1, 2; (48)
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q(x)
1 + |t|

∂ψi

∂t
exp {2βiuix}, i = 1, 2; (49)

q(x)
1 + |t| tψi exp {2βiuix}, i = 1, 2; (50)

q(x)
1 + |t|

∣∣∣∣
∂ψi

∂x

∣∣∣∣ exp {2βiuix}, i = 1, 2; (51)

q(x)
1 + |t| t

(
ui,

∂ψi

∂x

)
exp {2βiuix}, i = 1, 2. (52)

It is easily seen that for both functions of the forms (37) and (38), quan-
tity (48) is the same, and under condition (46) is identically equal
to zero. Under condition (47), quantity (48) is bounded because the func-
tions Ci are bounded and the function q(x) is finite or fast decreasing, regard-
less of the structure of the argument (it is obvious that each of the multipliers

t
1+|t| ; C1C2; q(x) exp {2β1u1x + 2β2u2x} is bounded).

Further, if conditions (46) and (47) are fulfilled, then (49) is zero when func-
tion (38) is used and is bounded by the conditions 1) and 2) of this corollary
when function (37) is used.

Quantities (50)–(52) are evaluated in a similar manner using formulas (40)
and (41). Consequently, we can use Theorem 3 for ni > 1, namely, formula (30).
At the same time, taking into account (46) and (47), we find that lim

β1→+∞
β2→+∞

∆̃
′
q = 0.

Hence, the estimation for ∆̃
′
q being well-defined in (29) for the error (12), we

obtain (17). Corollary 2 is proved.

Corollary 3. Let all the conditions of Corollary 2 be fulfilled, but ni = 1.
Suppose that the additional condition

(ui, vi) = 0, i = 1, 2, (53)

is fulfilled.
Then the assertion of Corollary 2 remains true.
P r o o f. Since the functions of the forms (37) and (38) satisfy the conditions

of Theorem 3 (which was proved in Corollary 2), we can use the second statement
of the theorem, namely, formula (43).

The finiteness or sufficiently fast decreasing of the function q(x) provides
the boundedness of all members contained in (43) and suppresses the growth
multiplier e2uoix, i = 1, 2.

Considering conditions (46), (47) and (53), we come to the conclusion that
all terms in (43) are equal to zero, and hence we again obtain (17). Corollary 3
is proved.

276 Journal of Mathematical Physics, Analysis, Geometry, 2015, vol. 11, No. 3



Bimodal Distributions in the Space of a Non-Uniform Weight

R e m a r k 2. Let us analyze the results. Since the error ∆̃, unlike the error
∆̃q used in the previous work [10], contains an additional factor q(x), with the
help of which it was possible to weaken the conditions imposed on the function
Ci (see Remark 1), then, from the viewpoint of the physical meaning, we can
consider not only the ”clumps”, described by relation (37), and the ”cylinders”
of the form (38), but some flows in the whole space thus extending the class of
the solutions.

Also, the function q(x) in Corollary 1 can increase both the functions Ci and
their derivatives due to its sufficiently fast decreasing even along the vector uoi.
There is no need to further minimize the error in d → 0 for any vi, which was
used in Corollary 1 of [10].

At the same time, by using a new error, it is possible to exclude the condition
of perpendicularity of the vectors ui and vi used in Corollary 2 of [10] (for the
vanishing of the functions Ci in the directions in R3, where the exponents in
(45)–(49) increase) at least for the values of the parameter ni > 1, which allows
us to generalize the results obtained for the parameters of a more general form
than (14), (15).
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