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In the present work, a nonrelativistic analytical model is presented and used to modify the
Schrodinger equation for subatomic scales with two-dimensional new anharmonic sextic potential
(2DNASP) for atomic nuclei in noncommutative two-dimensional real space-phase (NC: 2D-RSP).
We applied the generalized Bopp’s shift method to obtain 2DNASP, which is composed of ordi-
nary anharmonic sextic potential and new additive part proportional to the infinitesimal parame-
ter 8. We have also observed the kinetic term containing a new additive part proportional to the

infinitesimal parameter 0. Thus, the global potential proportional to two infinitesimal parame-
ters allowed us to consider the perturbation terms due to (space-phase) noncommutativity. Fur-
thermore, the standard perturbation theory allowed wus to find the corrections

E(u—d)—as (n,m,l, b,c) and E'mag_aS (n, m,b,c) corresponding to spin-orbital interaction and modi-

fied Zeeman effect, respectively. These corrections allowed us to find global energy levels
E . (wd)elh (n,b,c, Js l,s,m) , which depend on the discrete atomic quantum numbers (, [, s, m)

and the parameters of the studied potential (a, b, ¢), and we constricted the corresponding Hamil-
tonian operator H, . (p;.&;). We have also generalized our obtained results to include the other
— -
nuclei’s atoms with spin S differs from 1/2. This study has allowed us to obtain the energy
spectrum in the extended quantum mechanics, which interpreted three physical phenomena. The
first one is an ordinary two-dimensional new anharmonic sextic potential, while the second and
third are the automatic appearance of spin-orbit interaction and modified magnetic influence,
these phenomena were generated from the property of noncommutativity of space and phase. The
obtained analytical results (the energy eigenvalues and the corresponding Hamiltonian operator)
are in good agreement with the existing results. The previous results, in ordinary quantum

mechanics, become special cases when we make simultaneously the limits (9,5) — (0,0) .

Keywords: Schrodinger equation, Anharmonic sextic potential, Noncommutative space-phase,
Star product and generalized Bopp’s shift method.
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1. INTRODUCTION

The interaction between the nucleons (protons
and neutrons) in nuclei is produced by the coupling
between Bohr Hamiltonian in conjunction with an-
harmonic sextic potential, which consists in solving a
Schrodinger like equation in deformation parameter
space; the motion of nucleons within the nucleus
changes its shape because of the effects of this poten-
tial [1-3]. The aim of our work is to extend the study
of S B Bhardwaj et al. [1] to the case of extended
quantum mechanics (EQM), which is known by non-
commutativity of space-time, introduced firstly by
Heisenberg, and formalized by Snyder in 1947 [4-5],
to find other applications and more profound inter-
pretations in the subatomic scales. On the other
hand, we extended our study in ref. [6] from non-
commutative two-dimensional real spaces (NC: 2D-
RS) to the case of two-dimensional real space-phase
(NC: 2D-RSP). We are based on some previous stud-
ies of other authors and some of our related works in
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this context. The nonrelativistic energy levels for nuclei
atoms, which interact with anharmonic sextic potential in
the context of NC space, have not been obtained yet. In
last few years, many efforts have been produced to study
some potentials using the notions of noncommutativity of
space and phase based essentially on Seiberg-Witten map
and generalized Bopp's shift method and the star prod-
uct, defined by the two antisymmetric first-order infini-
tesimal parameters

2(9W,§””) = g (ep,ép) as [6-12]:

(F*&)(.0) = (fe) (x.2)~ = (0”03 22z + 8" 2l (. p).
ey

As direct results for the above two modes of star
product due to the space-space and phase-phase non-
commutativity, allow us to find new none null commuta-
tors [13-18]:
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The rest of present paper is arranged as follows.
Section 2 is a brief outline of the 2DSE with anhar-
monic sextic potential based on the main ref. [1]. The
Section 3 is devoted to studying the 2DMSE by ap-
plying the generalized Bopp's shift method and
standard perturbation theory. We find the quantum

spectrum of ground states, first excited states and

n'" excited sates, for modified spin-orbit interaction,

in the framework of the global quantum group (NC-
2D: RSP), then we end this section by deriving the
modified magnetic spectrum for 2DNASP. In the
fourth section, we resume the global spectrum and
corresponding NC Hamiltonian operator for 2DNASP
of nuclei atoms. In next section, we generalize our
obtained results to include the other atomic nuclei

— —
with spin S#1/2. The conclusions of the present

study are given in the last section.

2. REVIEW OF THE EIGENVALUES OF THE
SCHRODINGER EQUATION WITH 2DASP

In this section, let us provide a brief review of the
eigenvalues and eigenfunctions for spherically sym-
metric 3DNASP V(r), and we convert the different

results to the case of 2D space [1]:

E, (3

Yo (r,0,0) > ¥, (r.4) = ﬁexp(—aﬂ —ﬂr4)

with the magnetic quantum number m =0,+1,%+2,..... .

The purpose of the present paper is to attempt to
study the 2DMSE with 2DNASP in (NC: 2D-RSP)
symmetries, using the generalized Bopp’s shift method
which depends on the concepts that we present below
in the third section to discover the new symmetries
and a possibility to obtain another applications to this
potential in different fields.

3. METHOD AND THEORETICAL APPROACH

In this section, we shall give an overview or a brief
preliminary for 2DNASP in (NC: 2D-RSP) symmetries.
To perform this task, in the physical form of modified
Schrodinger equation (MSE), it is necessary to replace
ordinary two-dimensional Hamiltonian operators

R -
H (p;,x;) , ordinary complex wave function ‘P(r] and

ordinary energy E, by new 2D-Hamiltonian operators

H (i)i,aﬁi), new complex wave function ‘i’(r:") and

nc—as

new values E

nc—as ?

respectively. In addition, we will
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V(r) =ar® —brt +cr® 3)

The parameters a, b and ¢ are the constants, the radi-
al part R(r) satisfies two following equations in 3D and
2D, respectively [1]:

2
dR(r)+2Cmm+(g—alr2+blr4—clr6—l(l+1)jR(r)=0,
dr? rodr r’

d*R(r) 1dR(r r
—>drg)‘Frdf‘)+[€—alrz+blr4_cer_rZ]R(r):O

4

with e=2uF, a; = 2ua, by =2ub and c¢; = 2uc. The explicit
form of the radial part R(r) of eigenfunction is given by [1]

R(r)= exp(—ozr2 —,Br4) > a !
", ®)
> R(r)= exp(fozr2 7ﬂr4) > a2,

n=0
b ﬂ:\/a

Here a= and a; =4p2n + 21 + 5) + 44?2,

while the parameter a of anharmonic sextic potential
satisfies the following restriction [1]:

c b?
a=|—(2n+2m+4)+—. (6)
2u 4c

The energy eigenvalues and corresponding eigenfunc-
tions from the same values in three dimensional case
after changing [=m—-1/2 are written as [1, 19]:

D)= |1 (@n+2143)>E,, (20)=2 |1 (2n+2m+2),
2\ 2uc 2\ 2uc (7

i anrn+m—1/2 j exp (im¢)

n=0

replace the ordinary old product by star product (*), which
allows us to construct the MSE in (NC-2D: RSP) symme-

tries as [19-24]:

a, (pivxi)\P(;) =E,¥ (;) = H, (f)i“’%i)*\y[;] =

= Enc—as\P ( F j .

®)

The Bopp’s shift method employed in the solutions en-
ables us to explore an effective way of obtaining 2DNASP
in EQM, it is based on the following new commutators:
[20-22]:

[8.27] =io™ 2= i

[#(1).8" (1)) =io™  |[#"(e).2" () ] =i0™

T AT (1 A
[5°(0). (1)) =ie”  |[2"(0).0" ()] =i0"

01024-2



A NEW NONRELATIVISTIC SUBATOMIC MODEL...

The generalized positions and momentum coordi-
nates (fc#,j)v) in (NC: 2D-RSP) symmetries depend on

the corresponding usual generalized positions and
momentum coordinates (x " pv) in ordinary quantum

mechanics as follows, respectively [23-24]:
0"

LV
(x”,pv) :>(fc”,[)v) —(x# — 5 PPy +6;xv]. 10)

The above equation allows us to obtain the two op-
erators (72 and p?) in (NC-2D: RSP), respectively [20-
22]:

(rz,pQ):(fz,j)Z):(r2—9Lz ,p2+§LZ) 11)

with 0=6, and 6= 62, thus, the reduced Schréding-

er equation (without star product) can be written as:

FI(@,@)*W(?] —Encas‘l’(;] =

= an—as (j)i"’ei ) 4 (F) = Enc—aS‘// (F) °

12)

This equation is equivalent to ordinary SE with
two simultaneous translations which are given by eq.
(10). The first translation is applied to the kinetic en-
ergy, while the second one is applied to the interaction
potential. Thus, the Hamiltonian operator H,, ( j)i,oéi)

can be expressed as:

H, . (b%)=L-+V, (7). (13)

The 2DNASP V,, (7) is given by:

Vo (F)=ai® =bF* +c7°. (14)

After straightforward calculations, we can obtain

the important terms (ar®,-b7* and ¢#%), which will
be used to determine the 2DNASP in (NC: 2D- RSP)
symmetries as:

ar® > af* =ar’ —abL, +0(9),
brt - bi* =br' —2br’0L, + 0(9), (15)

cr® > e’ =er® - 3er'0L, + O(0).

We further substitute the Eqgs. (15) and (11) into
eq. (13) and obtain the global our working new Hamil-
tonian operator H, . (%) for 2DNASP, which satisfies

the equation for (NC: 2D-RSP) symmetries:
oL
H tp ) =H_ (p.,x,)+(2br? =3cr* —a)O0L, + —=,
nc—as ( p ) as (pz z) ( ) 'z 2,“
(16)

where the operator H, (p;,x;) is just the ordinary

Hamiltonian operator for anharmonic sextic potential
in commutative space:
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2
H, (p;x;) =§7+ar2—br4+cr6, 17)

while the rest five terms are proportional to two infinites-
imals parameters (6 and @), and then we can consider
perturbations terms H,, . (r) in (NC: 2D-RSP) symme-

tries for 2DNASP as:

oL,
H (r) = (2br2 —3er? —a)HLZ +ﬂ' (18)

per-as

3.1 The Exact Modified Spin-orbital Spectrum
for 2DNASP in global (NC: 2D- RSP)
Symmetries

It is well known that, in two-dimensional space, the on-

N
ly non-null component of the operator of the moment L is
the vertical at the movement; in our study we have
L =L,=0 and L, #0, thus we introduce the gauge con-

dition of Maireche, we have oriented the two arbitraries

vectors € and the spin direction S [22-24]:

> 2> - —
0L=6.L.,+6,L,+6L, and 0L =6.L +6,L +6L,,

Yy y (19)
0

5
=0e +0e +0e, and S=Se +Se +Se,.

N
Now, we orient the spin moment S with the directions

- 2
of two arbitrary vectors & and @, this allows us to apply
our gauge condition:

> -

- 2> — >
OL=y9SL and 6L=y0SL. (20)

1 . . .
Here y ~ 137 is a constant, which plays the role of fine

structure constant. This allows us to obtain the forms
of H. (r, 6’,5) for 2DNASP as follows:

S0-as

~ 0
H ,0,0)=—y4(2br? =3crt —a)6-—1G*
so-as (r ) y{( r cr a) 2,u}
- = 1 —>2 —>2 —>2 (21)
with GZELS=2[J -L -8 ]

5
This operator traduces the coupling between spin S

and orbital momentum L S . The set H,,_, (r,é’,é) ,J2 12,

and J,) forms a complete of conserved physics quantities

- -
and for S=1/2, the eigenvalues of the spin orbital cou-

pling operator are:
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k., :;{li;](li;+1)—l(l+1)—i}:

+é for j=1+1/2, (22)

—l+71 for j=1+1/2.

Corresponding: j=1[+1/2 (spin up) and j=1-1/2
(spin down), respectively, then, one can form a diago-

nal (2x2) matrix, with diagonal elements are
(H, ), and (H,,_,),, for 2DNASP in (NC: 2D-RSP)
symmetries, as:
(H ) =—yk (Qbrz—Scr‘l—a)g_E
so—as )11 + o
2 4 0
(Hso—as )22 = _7k, {(Zbr —8cr® — a) a- 2111}
ifj=1-1/2
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Let us close this subsection by writing the new radial
function R(r) for 2DNASP in the symmetries of (NC: 2D-

RSP):
dzR(r) dR(r) ?

1
o) L R(r)+(e—ar?+brt
dar: r dr r? (r)+ (e —an+byr (24)

-t —(2br2 —3cr’ - a)gZ— 0 L)R(r)=0.

The two terms which composed the expression of

H, (r) are proportional to two infinitesimals parame-

ters (0 and@ ), thus, in what follows, we proceed to solve
the modified radial part of the 2DMSE that is, equation
(21) by applying standard perturbation theory for their

exact solutions at first order of two parameters 6 and @ .

The modified spin-orbital spectrum of atom’s nuclei
under 2DNASP interactions

In the present subsection, by means of standard per-
turbation theory, we want to give a complete prescription
to determine the energy level of ground state and first ex-
cited states, of nuclei atoms with 2DNASP which is pro-
duced by the effect of modified spin-orbital interactions.
The general form of the corrections obtained by applying
the standard perturbation theory 1is given by:

+00 " - o
E, o (n,m,Lb,c)=—yk (1) | exp(—2on"2 - 2ﬂr4)( > anr'”’"’l/zj( > an,r'”"”l/zj[(Zbr2 —3ert —(1)6’—i jrdr,
0 n=0 n'=0 2u
(25)
400 . © . é
Ey o (n.m,Lb,c)=—yk (1) | exp(—Zon"2 —2,6’74)( > anr“m’l/zj( > a,r" “"l/zj[(ﬂ)rz ~3cr’ - a)&—— ]rdr.
0 n=0 n'=0 2/—1
For ground state, we have the following corrections:
+00 g
E, ., (n=0,1=0b,c)=-ya)’k, (1=0) | exp(—2ozr2 - 2,6’r4)[(2br2 —3cr’ - a)0—2— jdr,
0 " 26)
~+00 5
E, .(n=0,l=0,b,c)=-ya,’k (1=0) | exp(—2ocr2 —2ﬁr4)((2br2 —3er? —a)@—z— dr.
0 H
Now, we can write the above two equations in the new form:
E, . (n=0.1=0bc)=—yk, (I= o){ei'_il:/; (n= 0,,b,c)+2%T4 (n= O,Z,b,c)},
) _ 27
3
E, . (n=0l=0bc)=—yk (I= O){OZTi (n= O,b,c)+%T4 (n= O,Z,b,c)}.

i=1

Moreover, the expressions of the four factors 7, (n = O,m,b,c) (i= 1,74 ) are given by:

+00 +0
T,(n=0,b,c)=2b | exp(—Zar2 - 25;«4);«2 dr—>b | X¥*1 exp(—/lX2 - ;/X)dX
0 0
+00 3c —+00 _
T,(n=0,b,c)=-3c | exp(—20n“2 —2[)’r4)r4 dr — - [ xot exp(—ﬂX2 —yX) dX (28)
0 0
+00 q 1%
T, (n = O,b,c) =aT, (n = O,Z,b,c) =-a | exp(—Zocr2 —2ﬁr4)dr - -5 | XV exp(—/le —yX)dX
0 0

We have make a transformation of the variable the following special integration [25]:

r?=X and we set 1 =28 andy =2a . Now, we apply

01024-4
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+o0 v 2
£ x-v—L exp(—ﬂxz _ }/x)dx = (22)75 F(V) exp[gﬂb] va (\/;_ij (29)
y . . Rel(2))0 and Rel(v)0). After straightforward calcu-
Here D ,| ——=| denotes the parabolic cylinder ) )
NEY) lations, we can obtain the results:

functions function, I'(v) is the Gamma function,

. 2
T, (n=0b.c)= gﬁ (2)5 exp(gﬁj D, (7)

\24
3¢ L Y Y
T,(n=0,b,c)=—— 21) 2T (5/2)e D, | = 30
2( ) 16\/ﬁ( ) ( ) Xp[SﬂJ a/z[ﬁ (30)
1 2
- Y Y
T.(n=0,b,c) =aT,(n=0,l,b,c)=—a~I1(21) «T(1/2)exp| — |D_ (J
(100 =a, (1-0.100)=-aT(20) {1/ 2ess| 10 o
As mentioned in Wikipedia, we have used the E, . (nzo,l,b,c) of ground states for nuclei atoms
!
formula r(1/2+n):&\/ﬁ , allowing us to obtain with 2DNASP, which is produced by modified spin-
4"n! . — ]
o orbital effect H,, (r,@,@) as:
the exact modifications E, , (n=0,.bc) and
E, ,,(n=0,1=0,b,c)=0,
) 31
E, . (n=01=0bc)= y{@Ts(n —0.b.¢)+ 2T, (n = O,b,c)}. GV
2 2u
We have set (k+(l:0):0 andk+(l:0):—1/2) states, we have the following corrections:

and T(n = O,b,c) = i T, (n = O,b,c) . For the first exited
-1

+00 =
E, (n=LLbc)=—yk (I=1) | exp(—,‘lon"2 - 2ﬂr4)(a0r'"’1/2 + alr"”l/Z)2 ((Zbr2 —3crt - OL)H—Zi )rdr,

0 (32)
+00 9 é
Ey o(n=11bc)=—yk_(I1=1) | exp(—20ﬂ'2 - 2,6’74)((107“"”1/2 + alr””llz) [(Zbrz —3ert - a) 0- o rdr.
0 H
Now, we can write the above two equations in the new form:
9 0 12
E, . (n = 1,m,b,c) =—yk, (l = 1)) 6> T, (n = 1,m,b,c)+— > T (n,: 1,m,b,c)
) iz 2470
i (33)
9 o 12
E, . (n = l,m,b,c) =—yk_ (l = 1)){02 T, (n = 1,m,b,c)+2— > T, (n = 1,m,b,c)}
i=1 M i=10
Moreover, the expressions of the four factors 7; (n,m,b,c) (i=1,4) are given by:
+00 +o0
T (n = 1,m,b,c) = 2bot02 | exp (—Zar2 —Zﬂr“)rz””z dr - bcto2 I Xmesizl exp(—ﬂX2 - yX)dX,
0 0
+00 3 o -
T,(n=1,m,b,c)= -3ca,’ | exp(—20¢r2 - 2ﬂr4)r2m+4 dr — —§C(202 [ Xxmeai exp(—/iX2 - ;/X)dX,
0 0 (34)
+00 aal +P
T,(n=1,m,b,c) =-aa,” | exp(—Zon"2 - 2ﬂr4)r2mdr -0 [ xmee exp(—/lX2 - 7/X)dX,
0 0
+00 a 2 400
To(n=1,m,b,c)= -a,’ | exp(—20ﬂ"2 - 2ﬂr4)r2mdr N —% [ Xxmee exp(—ﬂ,X2 - 7X)dX.
0 0

01024-5
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+00 +00
T,(n=1,m,b,c)=2ba® | exp(—20n"2 - 2,6'7“4)7“2””4 dr —ba® [ X" exp(—/”tX2 - 7X)dX,
0

0
+00 3 +00
T, (n = l,m,b,c) = —3(:a12 | exp(—Zotr2 - 2,Br4)r2l+8 dr — —5(:a12 | xmzt exp(—/lX2 - ;/X)dX,
0 0 35)
+0 aa.?2 +o /
T.(n=1,m,b,c) =-aa’ [ exp(—2ar’-2pr*)r* 2 dr - -—1 | X" exp(-1X%-yX)dX,
6 a D)
0 0
+00 2 400
T, (n = l,m,b,c) = —al2 | exp(—20{r2 —2ﬂr4)r2m+2dr — —% | Xmsi2-1 exp(—ﬂpX2 - 7X)dX.
0 0
+00 +00
T,(n=1,m,b,c)=4baa, | exp (—2ar2 -2pr! ) r¥" i dr — 2baya, [ X" exp(—ﬂX2 - ;/X)dX,
0 0
+00 +00
Ty (n=1,m,b,c)=—6ca,a, | exp(—Zozr2 —2ﬂr4)r2”‘+5 dr —» -3ca,a, | X" exp(—/le - ;/X)dX,
0 0 (36)
+00 +00
T,(n=1,m,b,c) =-2aaa, | exp(—20:r2 - 2,6’r4)r2”‘+1dr - —aa,a, | X" exp(—ﬂpX2 - ;/X) dX,
0 0
+00 +00
T, (n=1,m,b,c)=-2a,a, | exp(—Zocr"Z - 2ﬂr4)r2m+1dr —-aq, [ XM exp(—ﬂX2 - }/X)dX.
0 0
Now, we apply the previous special integration to calculations we can obtain the explicit results

evaluate the above factors and after straightforward

_m+3/2 2
(= tme) < (22) 5 T as2esa| 1D
3 _m+5/2 72 p

T, (n = 1,m,b,c) = —56% (2/1) 2 F(m+5/ 2)exp(8/‘i]D_(W5/2) Ej’ (37

aa,’ _mli2 7’ ¥
T,(n=1,m,b,c) :aTw(nzl,m,b,C)z—TO@ﬂ) 2 F(m+1/2)exp[8/JD(mH,Z)(mj.

_mio/2 2
T4(n:1,m,b,c)=ba12(2ﬂ,) 2 F(m+5/2)exp[g}L]D_(m+5/z)(\/%J,

3 _m+7/2 2
T5(n:1,m,b,c):—§c(112(2l) 2 F(m+7/2)exp[§/JD(m”/z)[\/%j, (38)

aa. me3i2 . p
Ty (n=1,m,b,c) =aT};(n=1,m,b,c)=- 21 (22) 2 F(m+3/2)exp(8/1]D(mg,z)[mj.

m+2 2
T,(n=1,m,b,c) = 2ba,a,(24) 2 T'(m+2)exp [;J Di(mz) [\/72/_/1],
m+3 2
Ty(n=1,m,b,c)=-3caya,(24) 2 T'(m+3) exp[gﬂ] D .5 [\/2/7} (39)

m+1 2
Ty(n=1,m,b,c) =aTl,(n=1,m,b,c)=—-aaq,(21) 2 F(m+1)exp£§/{]D_(m+l)[\%j.

This allows us to obtain the exact modifications excited states for nucleil atoms with 2DNASP, which is
E, . (n=1m,b,c) and E, , (n=1,m,b,c) of the first produced by modified spin-orbital effect H,, (r,ﬁ,a) as:

d-as

01024-6
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E, . (n=1m,b,c)=—-rk, () {HTS (n=1,m,b,c)+ 21

Ey o (n=1mb.c)=-rk. (l){an (n=1,m,b,c) Jr2i

J. NANO- ELECTRON. PHYS. 11, 01024 (2019)

T, (n= l,m,b,c)},
“ (40)

" T, (n = l,m,b,c)}

12

with Ts(nzl,m,b,c): %Ti(nzl,m,b,c) andTp(nzl,m,b,c): > Ti(n,:l,m,b,c) .

i=1

3.2 The Modified Magnetic Spectrum of Atomic
Nuclei under 2DNASP Interactions

Further to the important previously obtained re-
sults, now, we consider another physically meaningful
phenomena produced by the effect of 2DNASP related

to the influence of an external uniform magnetic field B,
to avoid the repetition in the theoretical calculations,
it’s sufficient to apply the prescription of Maireche:

@)—)153 (2br2—30r4—a)z(3 -
— ;((2br2 - 3crt —a)EZ, (41)
2> —

N
— > o

éaaBEgB:%LaEBL.

Here y and o are two infinitesimal real propor-
tional constants, and we choose the arbitrary external

Emg_aS (n = O,m,b,c) = —yB{;(T(n = 0,b,c)+ziT4 (n = O,b,c)}m,

i=10

— —
magnetic field B = Bk parallel to the (Oz) axis, which
allows us to introduce the modified magnetic Hamilto-
nian H,_ . in (NC: 2D-RSP) symmetries as:

O
H, . = {(2&»«2 -3t —a) z+ 2/1} N (42

Here N = BJ-N,_ denotes the modified Zee-

mod-z

- >
man effect, while X, =—-S B is the ordinary Hamilto-

nian operator of Zeeman Effect. To obtain the exact
noncommutative magnetic modifications of energy
E g (n:O,m,b,c) and  E ... (n:l’m’b’c) for
ground states and first exited states, we just re-
placek, and € into the egs. (31) and (40) by the fol-

lowing  parameters m and y, respectively:

: (43)

p

E’mg_aS (n = l,m,b,c) = —;/B{;(TS (n = 1,m,b,c)+2iT (n = l,m,b,c)}m.

We have -1 < m <+, which allows us to fix (2/+1)
values for discreet number m .

4. GLOBAL SPECTRUM OF NUCLEI ATOMS
UNDER 2DNASP

We are now in a position to attack the main objec-
tive of our study, let us resume the nonrelativistic

modified eigenenergies
B s (M =0.7.1=0,5,m.b.¢) = E,, 100 and
E. away (n=17,1,8,m,b,c)=E,_ uq of nuclei atoms

under 2DNASP obtained from solving 2DMSE for
ground states and first excited states in (NC: 2D-RSP)

b

U

symmetries. Based on our original results presented in
Egs. (31), (40) and (43), in addition to the ordinary
energy E, for anharmonic sextic potential, which is

presented in the Eq. (7):

g .86 [T
nc -asOu 92 2,UC’

3b f 11 6
Enc_asod—g 2luc+2}/{9215(n—0,b,c)+2'uT4(n—O,b,())}

(44)
and

E.. au= 5 f%yc (2m+ 4)—%]3+ {QTS (n= 1,m,b,c)+2%Tp (n= 1,m,b,c)}—yB{;gTs (n= 1,m,b,c)+2iTp (n= O,m,b,c)}m,

U

U

i

E. 4 :g 21(2m+4)+7{t9Ts(n:1,m,b,c)+29Tp(n:1,m,b,c)}—7B{;(TS(n:1,m,b,c)+20-Tp(n:O,m,b,c)}m
\A yre

with m =0,£1. In what follows, to obtain the general-
E ) for the case of the n'

nc -asnd

ized energy (E

nc -asnu’

excited states, we need to replace both

(45)
(TS (n = l,m,b,c),Tp (n = l,m,b,c)) by new two factors
(71 (n,m,b,c),Tp (n,m,b,c)) and E,,, by E

nm?

thus we

have:
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_b
2

nc-asnu
b

2

nc-asnd

21 (2n+2m+2)+ y(l;l){HTs(n,m,b,c)
\A yre

with /=0,n—-1 and m=0,%/, this is the main goal of
this work. It’s clearly, that the obtained eigenvalues of
energies are real and then the NC diagonal Hamilto-
nian H ____ is Hermitian, furthermore it is possible to

write the two elements (anfas)u and (H,Mls)22 of
NC nonrelativistic Hamiltonian describing nuclei at-
oms with 2DNASP as follows:

A

nc _

10
ror

2
Q+16
or r8¢

1[ (r

20 2u

o e = ar® =br*+cr® = (I, (1) 0+ 78 ) (267 =3cr' —a),

H

int—das —

Thus, the ordinary kinetic term for anharmonic

i
Eq. (8) are replaced by modified form of kinetic term

H int—asd

to consider that the quantum number m takes
(2l+1) values and we have also two values for

sextic [ J and ordinary interaction described by

nc

2u

and

nt—asu

j and modified interactions (H,

), respectively. On the other hand, it is evident

. 1 .
Jj= lig, thus every state in usual 2D space of energy

for 2DNASP will be 2(2/+1) sub-states. To obtain the

total complete degeneracy of energy level of 2DNASP
in 2D-NC spaces-phases, we need to sum all allowed
values of [ . Total degeneracy is thus

n-1 n-1
> (20+1)=n* >23 (21+1)=2n (49)
i=0 i=0
Note that the obtained energy eigenvalues
— 10(,0)\,1.0 2 _p.4 6
H, .= 2/,(1‘ ﬁr(rér)+ 2o J-&—ar br* +cr +y{€

¢2Lc (2n+2m+2)- };l {HT (n,m,,b, c)+%T (n,m,b,c)}—;/B{;(T(n,m,b,c)+ZO;ITP (n,m,b,c)}m

i

ar® —br* +cr® - y( (1)o+ ;(&modfz)(%rz —3ert -
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_ — (46)
+%Tp (n,m,b,c)}—yB{;(Ts (n,m,b,c)+iTp (n,m,b,c)}m
Anc
(an as)n = 9 int—asu?
A (47)
(an—as )22 = e+ Hlnt asd’

nc

modified by the operator

where the kinetic energy

0L, + oL 1 .
(—%) and the two modified interactions
u
H, .,and H . are determined by the following

equations, respectively:

0L, +oL,
2u ’
(48)

a).

E (n,j,l,s,m,b,c) depend on the discrete atomic

nc -asn(u,d)

quantum numbers (n,j,/,s) and m in addition to the

parameters (a,b,c) of the 2DNASP.

5. GENERALIZATION OF THE OBTAINED
RESULTS TO THE ENERGY SPECTRA FOR

THE NUCLEI ATOMS WITH S =1/2

For nuclei atoms with spin §¢172 in NC: 2D-
RSP), the atomic quantum numbers m and j can
take (20+1)
+1,.y.j =

values and

and j=‘l+s‘ values,

‘l-&—s‘

N-possible values for j
respectively, thus every old state in usual 2D space
will be N(2/+1) sub-states for 2DNASP. Further-

more, we can deduce the global noncommutative Ham-
iltonian H,, .. in (NC: 2D-RSP) for studied potential

based on the previously obtained results:

)l

+7
)7

-5 > oo

(2br2—3cr4—a)+26;ljzg+{)((2br2—30r4—a) BJ-BS

(50)

The corresponding energy spectra for nuclei’s atoms:

b f 1
nc—asnu_z 2#6‘(2n+2m+2) 7k(.] ls){ (nmbc)
We have replaced the factor
R (j=1%1/21s=1/2) by the values

k(j.l,s)=1{j(j+1)+I(l+1)—s(s+1)} . Paying attention

Js

7 o
7Tp (n,m,b,c)}— ;/B{;(Tp (n,m,b,c)+ ﬂT4 (n,m,b,c)}m. (51)

to the behavior of the spectrums (44), (45), (46) and
(51), it is possible to recover the results of commuta-

tive space when we consider (6,5) - (0,0).

01024-8
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6.

CONCLUSIONS
In this paper, 2DMSE for 2DNASP has been solved

via Bopp’s shift method and time-independent stand-
ard perturbation theory in (NC: 2D-RSP) symmetries.
We resume the main obtained results:

10.
11.

12.

13.
14.

The energy eigenvalues E,  were replaced by new

degenerated energy eigenvalues
Enc -(u-d)clh (n,b,c,j,l, S, m) s

Ordinary interactions V(r) were replaced by
9DNASP (H,, .. and H,

int_das ) for nuclei atoms,

nt—uas
. L. A . .
The ordinary kinetic term o, is modified to the
)7

form 22¢ for 2DNASP,
2u
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Aromuoro Aapa B Cumerpiax Posmupenoi Ksaurosoi Mexaniku

Abdelmadjid Maireche
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University of M'sila-M’sila, Algeria

¥ po6oTi mpejicTaBIeHa HePeJIATUBICTCHKA aHAITHYHA MOJIEJNhb, SKa BUKOPUCTOBYETHCA MJIS MOIUQIKa-
mii piBasHEsA lpeniarepa st cybatoMuux MaciirabiB 3 JBOBHMIPHUM HOBMM aHTAapPMOHIYHUM IIOTEHILIA-
JIOM TITOCTOTO IIOPSIAKY JIJIS ATOMHUX SI/Iep B HEKOMYTATUBHIM JTBOMIPHIN peaJIbHI#M IIpocTopoBii dasi. Mu 3a-
CTOCYBaJIM y3arajibHeHHWH MeTo| 3cyBy Bomma, mo6 oTpuMary 1ieil MOTeHIal, SIKWil CKIAJA€Thes 31 3BU-
YaHOT0 aHrapPMOHIYHOIO OTEHIIAy IIOCTOTO IMOPSAIKA 1 HOBOI JUTHUBHOI YACTWHH, IIPOIOPI[IAHOI HeCKIH-
JeHHO MajoMy napamerpy 6. Mu Takos cmocrepiraiyu KiHETUIHUU JIOJJAHOK, 1[0 MICTUTH HOBY AJUTHBHY

YaCTHHY, MPOIOpIiiiHy mapamerpy 6 . Takum YMHOM, 3aIPOITOHOBAHWMA IIOTEHITIAJ, MPOIOPIIAHAN JBOM

HECKIHUYEHHO MaJIuM ImapaMeTrpaM, J03BOJIUB PO3IVIAHYTHU IOJAaHKU 36ypeHH5{ 3aBIAKHA HeKOMyTaTI/IBHOCTi.
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Kpim Toro, crammaptHa Teopis 30ypeHb JI03BOJIMJIA 3HANTU IOIPABKA E(Zk d)iw(n,m,l,b,c) i

E (n,m,b,c) , 1[0 BIAIIOBIZAIOTH CITIH-OPOITAMBHIN B3aeMoii Ta MogudikoBaHoMy edeKrry 3eemMana Bi-

mag-as

moBigHo. Ll mompaBkm M03BOMMIIM 3HAUTH TI00aTbHI eHepreTHyHi piBHI E (e Gl)Clh(n,b,c, j,l,s,m) , K1 3a-

JIeKaTh Bl IMCKPETHUX aTOMHUX KBAHTOBHX uuceli (j, [, s, m) Ta mapaMeTpiB JOCIIIKYBAHOTO IIOTEHIIALY
(@, b, ¢), 1 cupoctuinu BigmoBinuwuit orneparop 'aminbrona H ( i)i,fci) . Mu Takox y3araJpHUIM OTPHMAHL

nc—as
- -
peayJIbTaTH, 00 BKIIIOUNTH aTOMH iHIIKX aaep i3 cmimom S simmimmwmm Bim 1/2 . Ile gocmimxenHs m03Bo-
JIAJIO OTPUMATH €HEePreTUYHUM CIIEKTP Y PO3MIUPEHI KBAHTOBIM MeXaHIIl, SKa 1HTepIIpeTyBaia Tpu Pismd-
ui aeuina. [lepire aBuie — 1ie 3BUYAVHWN TBOBUMIPHUN HOBUM aHTapPMOHIYHKIN IIOTEHITIAJI IIIOCTOr0 OPSI/I-
Ky, a Jpyre Ta TpeTe — Il¢ aBTOMATHYHA II0SIBA CIIH-0pPOITAIBHOI B3a€MOIil 1 MOJAM(PIKOBAHOTO MATHITHOTO
BrutuBy. 1l siBUIA TOpoO/pKeHl 3 BIIACTMBOCTI HEKOMYTATHBHOCTI mpocTopy 1 ¢asmu. Ortpumani aHamiTHYHI
pe3yabraTy (BJIACHI 3HAYEHHS €HepTil Ta BIAMOBIMHUY orepaTop ['amMisbToHA) T00pE Y3TOKYIOTHCS 3 BIIO-
MuMH pedyibraTaMu. llonmepenHi pe3ynpTaTty, y 3BUYaMHINA KBAHTOBIH MeXaHIIl], CTAl0Th 0COOJIMBUME BHUIIA-

OKaMU, KOJIU (0,5) - (0,0) .

Knrouoesi cinora: Pisuauns llpboginrepa, AHrapMOHIYHHMEI MOTEHITIAN IIOCTOTO MOpsAKy, HexomyTaTusHa
mpocropoBa daaa, [Ipoaykr sipku, YsaraiabHeHn MeTo I 3cyBy Bormma.
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