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ON THE COMBINATION OF SINGULAR AND
HYPERSINGULAR BOUNDARY INTEGRAL EQUATIONS
FOR THE NEUMANN BOUNDARY VALUE PROBLEM FOR
AN ELLIPTIC EQUATION WITH VARIABLE COEFFICIENTS

CHRISTINA BABENKO, ROMAN CHAPKO

PE3IOME. [ljs1 ancensHOr0 po3B’si3yBanHs BHYTPimHb0I 3a1a4i Heiimamna myis
eJIIITUYHOTO PIBHAHHA 31 3MIHHUMHU KOeMIIi€eHTaMu 3aIpPOMOHOBAHO IIiIXis,
AKUI IPUBOJUTH /10 CHCTEMU I'DAHUYHHUX IHTErDAIbHUX DIBHSHD 3 CHHIYJIAD-
HUMU i TiNEepCUHTYIAPHUMH dapaMu. /IUCKpeTu3amiio iHTerpabHUX DiBHIHD
3IiiCHEHO METOJOM KBAaJpaTyp i3 BUKOPHUCTAHHIM TPUMOHOMETPUYHUX KBaJl-
parypHux dopmy inrepnosianiiinoro tuny. IIpuBeneno npukia gy 9ucebHIX
eKCITepUMEHTIB.

ABsTRACT. We consider the interior Neumann boundary value problem for
an elliptic equation with variable coefficients. For the numerical solution of
this problem we develop an approach, which leads to a system of boundary
integral equations with strong- and hypersingular kernels. The full discretiza-
tion is realized by the quadrature method with use of quadrature rules based
on trigonometrical interpolation. The results of numerical experiments are
presented.

1. INTRODUCTION

The boundary integral equation method is an effective tool for theoretical
investigations and numerical solution of various boundary value problems. For
the use of direct or indirect integral equation approach it is extremely impor-
tant to know the fundamental solution for the considered differential equation.
This is not a big problem for the large number of equations with constant coef-
ficients. But in the case of variable coefficients the fundamental solution is very
difficult to find and therefore the integral equation method is not used very of-
ten for such kind of problems. However, it is possible to involve the parametrix
which describes the main part of the fundamental solution and doesn’t satisfy
the equation. Note that in the case of elliptic equation of the second order the
parametrix is also known as Levi’s function |7, 8]. As a result, a given boundary
value problem can be reduced to a boundary-domain integral equation. This
approach doesn’t contain the main advantage of integral equation method re-
lated to the decrease of the dimension of the differential problem. Therefore
we investigate another approach which does not have this disadvantage. This
approach has been applied in [2] for the case of the Dirichlet boundary value
condition. Its idea consists in the following: we introduce a set of closed nonin-
tersecting curves in the solution domain and consider the differential equation

'K ey words. Elliptic equation with variable coefficients; Levi’s functions; System of bound-
ary integral equations; Strong and hyper-singularities; Quadrature method.
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on these curves. Next we construct potentials with the Levi’s function and
reduce the given boundary value problem to boundary integral equations with
various singularities in the kernels.

In this paper we extend the described approach to the case of the Neumann
boundary value condition with the use of strong and hypersingular integral
equations.

Let D C IR? be a bounded simply connected domain with the boundary
'y € C3. We search for the function u : D — IR which satisfies the elliptic
equation

Lu(z) = div(o(z) gradu(x)) =0, x € D (1)
and the Neumann boundary value condition
ou
o(z)5-(2) = f(z), @ €To. (2)

Here v is the outward unit normal on Tg, o € L>°(D), 0 > 0 and f € H~1/?(T)
are given functions and

f(y)ds(y) = 0.
To

It is known [9] that the solution u € H'(D) of the problem (1), (2) can be
determined uniquely up to an additive constant. Therefore we assume that the
coordinate origin belongs to the domain D and add the condition u(0) = 0.

2. MODIFIED PROBLEM AND BOUNDARY INTEGRAIL EQUATIONS

Definition 1. The function P(z,y), z,y € D is called the parametrix (or
Levi’s function) of a differential operator L if

Lo P(x,y) = 0(z — y) + R(z,y),
where ¢ is the Dirac function and the function R has weak singularity for x = y.

It is easy to make sure that for the operator in (1) the Levi’s function has

the form

_Infx —y

P(z,y) = , z,yeR? z#y

2o (y)

and the remainder function is

(z —y) - grado(z)
2o (y)lx — y[?

2
R(z,y) = , nyelR” z#y.
Now we introduce the set of smooth closed disjoint curves I' = Ujkvz1 Ty in the
domain D. Assume that all curves have following parametric representations

L'y = {xk@) = (wl,k(t)?:C?,k(t))vt € [O? 27T]}7 k=0,...,N,

where zj, : R — IR? are C% and 27—periodic with |24 (t)| > 0 for all ¢.

We modify the problem (1), (2) as follows: find the function @ : I' — IR,
which satisfies the differential equation (1) on I' and the boundary value con-
dition (2).
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Lets introduce the single layer potential

2/% P(z,y)ds(y), x€D (3)

with unknown densities ¢; € L*(T;). Then from the equation (1) considered
on I' and the definition of the Levi’s function we receive the system of integral
equation

+Z/ vi(y)R(x,y)ds(y) =0,z € Ty, k=1,...,N.

The boundary value condition (2) also needs to be satisfied. In order to achieve
this we will combine the representation (3) with a potential over the boundary
[o.

We can present the solution of the modified problem in the form

ie) = [ o 2t

Then from the definition of the Levi’s function and properties of a logarithmic
double layer potential the modified problem can be reduced to the system of
boundary integral equations

+Z/soz R(x,y)ds(y)+

+/F wO(y)U(y)%dS(y) =0, zely,

ds(y) + w(z), zel. (4)

N

OP(z,y)
Z/F @i(Q)WdS(y)‘f‘

i=1 7T
OP(z,y) _ f(@)
\ +81/(x) /Fo wg(y)a(y)wds(y) = W’ rz el

for kK =1,...,N. Note here that in the case of ¢ = 1 the system (5) will be
simplified to the integral equation

217r(91/8(37) /Fo @(Q)st(y) = f(z),x € Ty. (6)

It is known [1, 5], that the integral operator in this equation is not invertible.
Therefore we replace the equation (6) by the following modification

IR Oln |z — y B B
) o POy S0+ = F e T [ plw)dst) =0 (7

Here ¢ € H'/?(T'y) and o € R are unknown. Now the integral operator in (7)
is invertible in corresponding Sobolev spaces [1, 5].
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Thus we consider the following final system of integral equations related to

(5)

( N
oule) + Y [ i) R g)ds(u)+

i=1 7T
+ /FO wo(y)a(y)%dsw) =0, zely,

i/ w-(y)MdS(y)Jr

iz /T ' Ov(x)

0 OP(x,y) . o fz) .

oy Jo o) G ) o= T wet,

/wo(y)d«S(y)ZU-

\ To

Taking into account the form of Levi’s and remainder functions we can rewrite
this system in the following parametric form

N 2T
1
(L= Bont) + 5> | )t ryars

+5k0a:gk(_t), k=0,...,N,

(8)
2m
/ wo(T)dr =0
0
with unknown densities px(t) = ¢r(zk(t)), £ = 0,..., N and an unknown
constant a and with right hand sides
0 k=1,...,N,
W= flao(t)
k=0,
o(zo(t))
and 2m-periodic kernels Hy ;(t,7) = 2rR(zk(t), zi(7))|zi()], & = 1,...,N,
i=1,...,N,

2(x —zo1(™) (2 — o
st ) =

/ / / / (xk,l(t> — x071(7—>)2 -
X(IE2(T)O-:E2 (:Ek‘(t)) - (7_)0- (l’k(t))) + ‘l’k(t) — I'()(T)|4
(wra(t) — wo2(7))* (@] (7)o, (2k(t) + (1) 0y, (21(2))

[2k(t) — wo(T)[*
(

|2k(t) = xo(7) 2o (z0(7)) ’
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(wo(t) — xx(7)) - v(xo(t))

|z0(t) — z(7) [P0 (2k(7))

Hoy(t,7) = |} (7)]
fork=1,...,N and
v(zo(t)) - v(o(7)) |

|zo(t) — zo(7)[?

4 2v(zo(t) - (2o(t) — zo(7))v(wo(7)) - (20(t) — 2o(7)) _

|zo(t) — zo(7)[*
_V(x()(t)) ) (.fo(t) - .1'0(T))l/($0(7')) i grada(:vo(T)) } |l’, (7_)|
|0 (t) — @o(T)[?0?(20(T)) o

As we see some kernels in (8) have various singularities. We split the strong
singularity in Hyy, £ = 1,..., N in the following form

ity ={-

T—1

Hy(t,7) = ng) (t,T) cot

with smooth kernels

2

wh(t) - grad oo (1))
20 (wo(t)) |2 (t)]
To handle the hypersingularity in the kernel Hyg we rewrite it as

1 ~
H&o(t,T) = — —r + HO,()(t, T),

t
4|z} (t)] sin?

t
Hy(t,7) for ¢ # T,

-
tan

aY)(t,7) =

for t=r.

where
1

Hoo(t,7) = Hoo(t,7) + —
/ 102
4|z (t)] sin

with the diagonal term
v(zo(t) - 2g(t) | v(zo(t)) - 25(t) v(xo(t)) - grad o(zo(t))

Hop(t,t) = —

2|z ()| o (o(t))|zo(2)]
n |2 (t)[* — 2| (t)[Pxp(t) - 2 (t) + 3(ag(t) - 25 (1)
122(8)°
73(336,1@)93/0/,2(75) - $672(t)x671(t))2
12, (2)°

Based on the uniqueness results of the boundary value problem (1)—(2) and the
Riesz-Schauder theory for compact operators [6] we have the following result
about well-posedness for the system of 27-periodic integral equations (8).

Theorem 1. Let p > 1/2. For every f € HP[0,2x| the system (8) posses an
unique solution po € HPTY0,27] and py, € HP[0,27], k=1,..., N.
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3. QUADRATURE METHOD
We begin by describing the appropriate quadrature rules. For this we con-
sider trigonometric interpolation with 2n equidistant nodal points

T

=20 j=0,...,2n 1

n

with respect to the 2n-dimensional space of trigonometric polynomials, and use
the following quadrature rules

1 2 1 2n—1 (n)
o [ fdr~ o kzzo 1), (9)
1 2 . 2n—1 ~
5 [ /M (4 sin ) dr~ Y R F), (10)
k=0
1 2n—1
o f( ) cot ~ Lir ~ Z T )y, (11)
1 2n—1
o f( Yoot T—Ldr ~ Z T (1) f(tiM). (12)

The weight functions are given by

R,(cn)(t) = - Z — cosm( t—t( N — % cosn(t—t("))7

B 1 n—1

T,gn)(t) = - Z sinm t—tkn)) smn(t—t/,(€ )),
m=1

T,E,n)(t) = —% Z mcosm(t — t( )) — — cosn(t — t,g ))

These quadratures are obtained by replacing f with its trigonometric interpo-
lation polynomial and then integrating exactly [3, 6]. Note that some of given
quadratures coincide with quadrature formulas used in the method of discrete
charges [4].

Thus we use quadrature rules (9),(11) and (12) to approximate three types of
integrals in the system of integral equations (8) and collocate the approximate
equations to obtain the linear system

An=Db
with matrix coeflicients
(i) _ 1 (n) ,(n) _
Ak’,O - %Hk,o(ti ’tj ), k=1, , IV,
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Hgk(t("),t")), k=1,...,N,

(
J
A4 _
o _éT My L g ey

j( )+ OO(t 7tj )a ’

2zt T 2M
1 4(n) ()
7Hk,€ i 7t ) k 7é 67
Q) ) 2n 6
ke —

Tyt Hi o (1, 487), k=1¢

and AYS? =1, A{7" = 1 and with the right hand side b = g(t!"),

k=0,...,N,i=0,...,2n—1and 5y =0
To find the numerical solution of the modified problem we parametrize the
reprezentation (4)

2w
.CCk 27[_ Z/ /Jg Lkg t T)d (13)

where Ly ¢(t, 7) = Z|ay(7)|P(2k(t), e(7)) for £,k =1,...,N and

B _(aik(t) — xO(T)) ) 1/(1'0(7'))
Lyo(t,7) = o(xo(7))|xk(t) — zo(7)[?

B grad o(xo(7)) - v(xo(T))
o?(zo(7))

As we see the kernels Ly, have logarithmic singularity and we split it in the
following form

In |z (t) — xo(7)|.

t —
Lo(t,7) = L}7e(t,7') In <4 sin T) -+ ng(t,T)

with
|75 (7)]
L}, (t,7) =
) = ()
and
1 L t—1T
Lpg(t,7) — Lg,(t,7)In | 4sin for t# T,
ng(t,’l') -
/
t
L0l In |2 (t)] for t=r.
o (x(t))

Now according to (13) and using quadratures (9) and (10) we have the following
formula for the numerical solution of the modified problem

i, Z Dot ™),

/=1 =0
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where
1 n
Q—Lw(t,tg ) for €+ k,
~ n n
B3 0(t,6) = 1
Lig(t R (1) + o L7,(4,4) for (=

4. NUMERICAL EXAMPLES
Example 1. We consider the domain D bounded by a circle I'g with the radius
R = 1. The given function ¢ and f are given as
o(x)=14234+23, z€D and f(z)=z1e" coszy — xoe® sinzg, x € I.
The numerical solution of the boundary value problem (1),(2) received by pro-

posed method is presented in the Fig. 1a. Here we used the following discretiza-
tion parameters n = 64 and N = 13 and the set of curves

k
Iy = {xk(t) =(1- N+1)(cost,sint),0<t<27r}, k=0,...,N.

The numerical result obtained by FEM method by PDE Toolbox in Matlab is
illustrated in Fig. 1b. As we see both results are sufficiently close.

a) Numerical solution by BIEM b) Numerical solution by FEM

Fia. 1. Results of numerical experiments for the example 1

Example 2. Assume that the boundary curve I'g and the set of curves I' (see
Fig. 2a) have the parametric representation

k
Iy = {xk(t) =r(t)(1- m)(cost,sint),o <t< 27r} , k=0,...,N

with the radial function

0= ((Beest) "+ (Bsmnr) ")

olx) =1+ eo‘g(x%”Q), reD

Let
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and

f(x) = e® (cos xovi(x) — sinxove(x)), x € .

The numerical solution obtained via proposed method is given in Fig. 2b.

i}

n

(=]

0.

in

-2 -1 0 1 2

a) Set of curves I’ b) Numerical solution by BIEM

F1¢. 2. Results of numerical experiments for the example 2

We considered the numerical solution of the interior planar Neumann bound-
ary value problem for an elliptic differential equation of second order with vari-
able coefficients. The proposed method is based on boundary integral equa-
tions. First we approximated the given problem by a modified problem on the
introduced set of closed curves in the solution domain. Then the potentials
with Levi’s function are used for the modified problem. As result the system
of boundary integral equations with singular and hypersingular kernels is re-
ceived. The full discretization is realized by trigonometric quadrature method.
The presented numerical examples confirmed the applicability of the proposed
method.
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