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Ðåçþìå. Äëÿ ÷èñåëüíîãî ðîçâ'ÿçóâàííÿ âíóòðiøíüî¨ çàäà÷i Íåéìàíà äëÿ
åëiïòè÷íîãî ðiâíÿííÿ çi çìiííèìè êîåôiöi¹íòàìè çàïðîïîíîâàíî ïiäõiä,
ÿêèé ïðèâîäèòü äî ñèñòåìè ãðàíè÷íèõ iíòåãðàëüíèõ ðiâíÿíü ç ñèíãóëÿð-
íèìè i ãiïåðñèíãóëÿðíèìè ÿäðàìè. Äèñêðåòèçàöiþ iíòåãðàëüíèõ ðiâíÿíü
çäiéñíåíî ìåòîäîì êâàäðàòóð iç âèêîðèñòàííÿì òðèãîíîìåòðè÷íèõ êâàä-
ðàòóðíèõ ôîðìóë iíòåðïîëÿöiéíîãî òèïó. Ïðèâåäåíî ïðèêëàäè ÷èñåëüíèõ
åêñïåðèìåíòiâ.
Abstract. We consider the interior Neumann boundary value problem for
an elliptic equation with variable coe�cients. For the numerical solution of
this problem we develop an approach, which leads to a system of boundary
integral equations with strong- and hypersingular kernels. The full discretiza-
tion is realized by the quadrature method with use of quadrature rules based
on trigonometrical interpolation. The results of numerical experiments are
presented.

1. Introduction
The boundary integral equation method is an e�ective tool for theoretical

investigations and numerical solution of various boundary value problems. For
the use of direct or indirect integral equation approach it is extremely impor-
tant to know the fundamental solution for the considered di�erential equation.
This is not a big problem for the large number of equations with constant coef-
�cients. But in the case of variable coe�cients the fundamental solution is very
di�cult to �nd and therefore the integral equation method is not used very of-
ten for such kind of problems. However, it is possible to involve the parametrix
which describes the main part of the fundamental solution and doesn't satisfy
the equation. Note that in the case of elliptic equation of the second order the
parametrix is also known as Levi's function [7, 8]. As a result, a given boundary
value problem can be reduced to a boundary-domain integral equation. This
approach doesn't contain the main advantage of integral equation method re-
lated to the decrease of the dimension of the di�erential problem. Therefore
we investigate another approach which does not have this disadvantage. This
approach has been applied in [2] for the case of the Dirichlet boundary value
condition. Its idea consists in the following: we introduce a set of closed nonin-
tersecting curves in the solution domain and consider the di�erential equation

†Key words. Elliptic equation with variable coe�cients; Levi's functions; System of bound-
ary integral equations; Strong and hyper-singularities; Quadrature method.
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on these curves. Next we construct potentials with the Levi's function and
reduce the given boundary value problem to boundary integral equations with
various singularities in the kernels.

In this paper we extend the described approach to the case of the Neumann
boundary value condition with the use of strong and hypersingular integral
equations.

Let D ⊂ IR2 be a bounded simply connected domain with the boundary
Γ0 ∈ C3. We search for the function u : D → IR which satis�es the elliptic
equation

Lu(x) = div(σ(x) gradu(x)) = 0, x ∈ D (1)
and the Neumann boundary value condition

σ(x)
∂u

∂ν
(x) = f(x), x ∈ Γ0. (2)

Here ν is the outward unit normal on Γ0, σ ∈ L∞(D̄), σ > 0 and f ∈ H−1/2(Γ0)
are given functions and ∫

Γ0

f(y)ds(y) = 0.

It is known [9] that the solution u ∈ H1(D) of the problem (1), (2) can be
determined uniquely up to an additive constant. Therefore we assume that the
coordinate origin belongs to the domain D and add the condition u(0) = 0.

2. Modified problem and boundary integral equations

De�nition 1. The function P (x, y), x, y ∈ D is called the parametrix (or
Levi's function) of a di�erential operator L if

LxP (x, y) = δ(x− y) + R(x, y),

where δ is the Dirac function and the function R has weak singularity for x = y.

It is easy to make sure that for the operator in (1) the Levi's function has
the form

P (x, y) =
ln |x− y|
2πσ(y)

, x, y ∈ IR2, x 6= y

and the remainder function is

R(x, y) =
(x− y) · gradσ(x)

2πσ(y)|x− y|2 , x, y ∈ IR2 x 6= y.

Now we introduce the set of smooth closed disjoint curves Γ =
⋃N

k=1 Γk in the
domain D. Assume that all curves have following parametric representations

Γk = {xk(t) = (x1,k(t), x2,k(t)), t ∈ [0, 2π]}, k = 0, . . . , N,

where xk : IR → IR2 are C3 and 2π�periodic with |x′k(t)| > 0 for all t.
We modify the problem (1), (2) as follows: �nd the function ũ : Γ → IR,

which satis�es the di�erential equation (1) on Γ and the boundary value con-
dition (2).
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Lets introduce the single layer potential

w(x) =
N∑

i=1

∫

Γi

ϕi(y)P (x, y)ds(y), x ∈ D (3)

with unknown densities ϕi ∈ L2(Γi). Then from the equation (1) considered
on Γ and the de�nition of the Levi's function we receive the system of integral
equation

ϕk(x) +
N∑

i=1

∫

Γi

ϕi(y)R(x, y)ds(y) = 0, x ∈ Γk, k = 1, . . . , N.

The boundary value condition (2) also needs to be satis�ed. In order to achieve
this we will combine the representation (3) with a potential over the boundary
Γ0.

We can present the solution of the modi�ed problem in the form

ũ(x) =
∫

Γ0

ϕ0(y)σ(y)
∂P (x, y)
∂ν(y)

ds(y) + w(x), x ∈ Γ. (4)

Then from the de�nition of the Levi's function and properties of a logarithmic
double layer potential the modi�ed problem can be reduced to the system of
boundary integral equations





ϕk(x) +
N∑

i=1

∫

Γi

ϕi(y)R(x, y)ds(y)+

+
∫

Γ0

ϕ0(y)σ(y)
∂R(x, y)
∂ν(y)

ds(y) = 0, x ∈ Γk,

N∑

i=1

∫

Γi

ϕi(y)
∂P (x, y)
∂ν(x)

ds(y)+

+
∂

∂ν(x)

∫

Γ0

ϕ0(y)σ(y)
∂P (x, y)
∂ν(y)

ds(y) =
f(x)
σ(x)

, x ∈ Γ0

(5)

for k = 1, . . . , N . Note here that in the case of σ = 1 the system (5) will be
simpli�ed to the integral equation

1
2π

∂

∂ν(x)

∫

Γ0

ϕ(y)
∂ ln |x− y|

∂ν(y)
ds(y) = f(x), x ∈ Γ0. (6)

It is known [1, 5], that the integral operator in this equation is not invertible.
Therefore we replace the equation (6) by the following modi�cation

1
2π

∂

∂ν(x)

∫

Γ0

ϕ(y)
∂ ln |x− y|

∂ν(y)
ds(y)+α = f(x), x ∈ Γ0,

∫

Γ0

ϕ(y)ds(y) = 0. (7)

Here ϕ ∈ H1/2(Γ0) and α ∈ IR are unknown. Now the integral operator in (7)
is invertible in corresponding Sobolev spaces [1, 5].
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Thus we consider the following �nal system of integral equations related to
(5)





ϕk(x) +
N∑

i=1

∫

Γi

ϕi(y)R(x, y)ds(y)+

+
∫

Γ0

ϕ0(y)σ(y)
∂R(x, y)
∂ν(y)

ds(y) = 0, x ∈ Γk,

N∑

i=1

∫

Γi

ϕi(y)
∂P (x, y)
∂ν(x)

ds(y)+

+
∂

∂ν(x)

∫

Γ0

ϕ0(y)σ(y)
∂P (x, y)
∂ν(y)

ds(y) + α =
f(x)
σ(x)

, x ∈ Γ0,

∫

Γ0

ϕ0(y)ds(y) = 0.

Taking into account the form of Levi's and remainder functions we can rewrite
this system in the following parametric form





(1− δk0)µk(t) +
1
2π

N∑

i=0

∫ 2π

0
µi(τ)Hk,i(t, τ)dτ+

+δk0α = gk(t), k = 0, . . . , N,

∫ 2π

0
µ0(τ)dτ = 0

(8)

with unknown densities µk(t) = ϕk(xk(t)), k = 0, . . . , N and an unknown
constant α and with right hand sides

gk(t) =





0 k = 1, . . . , N,

f(x0(t))
σ(x0(t))

k = 0,

and 2π-periodic kernels Hk,i(t, τ) = 2πR(xk(t), xi(τ))|x′i(τ)|, k = 1, . . . , N ,
i = 1, . . . , N ,

Hk,0(t, τ) =
2(xk,1(t)− x0,1(τ))(xk,2(t)− x0,2(τ))

|xk(t)− x0(τ)|4 ×

×(x′2(τ)σ′x2
(xk(t))− x′1(τ)σ′x1

(xk(t))) +
(xk,1(t)− x0,1(τ))2

|xk(t)− x0(τ)|4 −

−(xk,2(t)− x0,2(τ))2(x′1(τ)σ′x2
(xk(t)) + x′2(τ)σ′x1

(xk(t)))
|xk(t)− x0(τ)|4 −

−(xk(t)− x0(τ)) · gradσ(xk(t))ν(x0(τ)) · gradσ(x0(τ))
|xk(t)− x0(τ)|2σ(x0(τ))

,
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H0,k(t, τ) = |x′k(τ)|(x0(t)− xk(τ)) · ν(x0(t))
|x0(t)− xk(τ)|2σ(xk(τ))

for k = 1, . . . , N and

H0,0(t, τ) =
{
−ν(x0(t)) · ν(x0(τ))

|x0(t)− x0(τ)|2 +

+
2ν(x0(t)) · (x0(t)− x0(τ))ν(x0(τ)) · (x0(t)− x0(τ))

|x0(t)− x0(τ)|4 −

−ν(x0(t)) · (x0(t)− x0(τ))ν(x0(τ)) · gradσ(x0(τ))
|x0(t)− x0(τ)|2σ2(x0(τ))

}
|x′0(τ)|.

As we see some kernels in (8) have various singularities. We split the strong
singularity in H`,`, ` = 1, . . . , N in the following form

H`,`(t, τ) = H
(1)
`,` (t, τ) cot

τ − t

2
with smooth kernels

H
(1)
`,` (t, τ) =





tan
τ − t

2
H`,`(t, τ) for t 6= τ,

x′0(t) · gradσ(x0(t))
2σ(x0(t))|x′0(t)|

for t = τ.

To handle the hypersingularity in the kernel H0,0 we rewrite it as

H0,0(t, τ) = − 1

4|x′0(t)| sin2 t− τ

2

+ H̃0,0(t, τ),

where
H̃0,0(t, τ) = H0,0(t, τ) +

1

4|x′0(t)| sin2 t− τ

2
with the diagonal term

H̃0,0(t, t) = −ν(x0(t)) · x′′0(t)
2|x′0(t)|4

+
ν(x0(t)) · x′′0(t) ν(x0(t)) · gradσ(x0(t))

σ(x0(t))|x′0(t)|
+

+
|x′0(t)|4 − 2|x′0(t)|2x′0(t) · x′′′0 (t) + 3(x′0(t) · x′′0(t))2

12|x′0(t)|5
−

−3(x′0,1(t)x
′′
0,2(t)− x′0,2(t)x

′′
0,1(t))

2

12|x′0(t)|5
.

Based on the uniqueness results of the boundary value problem (1)�(2) and the
Riesz-Schauder theory for compact operators [6] we have the following result
about well-posedness for the system of 2π-periodic integral equations (8).
Theorem 1. Let p > 1/2. For every f ∈ Hp[0, 2π] the system (8) posses an
unique solution µ0 ∈ Hp+1[0, 2π] and µk ∈ Hp[0, 2π], k = 1, . . . , N .
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3. Quadrature method
We begin by describing the appropriate quadrature rules. For this we con-

sider trigonometric interpolation with 2n equidistant nodal points

t
(n)
j =

jπ

n
, j = 0, . . . , 2n− 1

with respect to the 2n-dimensional space of trigonometric polynomials, and use
the following quadrature rules

1
2π

∫ 2π

0
f(τ) dτ ≈ 1

2n

2n−1∑

k=0

f(t(n)
k ), (9)

1
2π

∫ 2π

0
f(τ) ln

(
4 sin2 t− τ

2

)
dτ ≈

2n−1∑

k=0

R̃
(n)
k (t) f(t(n)

k ), (10)

1
2π

∫ 2π

0
f(τ) cot

τ − t

2
dτ ≈

2n−1∑

k=0

T̃
(n)
k (t) f(t(n)

k ), (11)

1
2π

∫ 2π

0
f ′(τ) cot

τ − t

2
dτ ≈

2n−1∑

k=0

T
(n)
k (t) f(t(n)

k ). (12)

The weight functions are given by

R̃
(n)
k (t) = − 1

n

n−1∑

m=1

1
m

cosm(t− t
(n)
k )− 1

2n2
cosn(t− t

(n)
k ),

T̃
(n)
k (t) = − 1

n

n−1∑

m=1

sinm(t− t
(n)
k )− 1

2n
sinn(t− t

(n)
k ),

T
(n)
k (t) = − 1

n

n−1∑

m=1

m cosm(t− t
(n)
k )− 1

2
cosn(t− t

(n)
k ).

These quadratures are obtained by replacing f with its trigonometric interpo-
lation polynomial and then integrating exactly [3, 6]. Note that some of given
quadratures coincide with quadrature formulas used in the method of discrete
charges [4].

Thus we use quadrature rules (9),(11) and (12) to approximate three types of
integrals in the system of integral equations (8) and collocate the approximate
equations to obtain the linear system

Aµ̃ = b

with matrix coe�cients

A
(ij)
k,0 =

1
2n

Hk,0(t
(n)
i , t

(n)
j ), k = 1, . . . , N,
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A
(ij)
0,k =





1
2n

H0,k(t
(n)
i , t

(n)
j ), k = 1, . . . , N,

− 1

2|x0(t
(n)
i )|

Tj(t
(n)
i ) +

1
2M

H̃0,0(t
(n)
i , t

(n)
j ), k = 0,

A
(ij)
k,` =





1
2n

Hk,`(t
(n)
i , t

(n)
j ), k 6= `,

T̃j(t
(n)
i )Hk,`(t

(n)
i , t

(n)
j ), k = `

and A
(2n,j)
0,0 = 1, A

(i,2n)
0,0 = 1 and with the right hand side b

(i)
k = gk(t

(n)
i ),

k = 0, . . . , N , i = 0, . . . , 2n− 1 and b
(2n)
0 = 0.

To �nd the numerical solution of the modi�ed problem we parametrize the
reprezentation (4)

ũ(xk(t)) =
1
2π

N∑

`=0

∫ 2π

0
µ`(τ)Lk,`(t, τ)dτ, (13)

where Lk,`(t, τ) = π
n |x′`(τ)|P (xk(t), x`(τ)) for `, k = 1, . . . , N and

Lk,0(t, τ) = −(xk(t)− x0(τ)) · ν(x0(τ))
σ(x0(τ))|xk(t)− x0(τ)|2 −

− gradσ(x0(τ)) · ν(x0(τ))
σ2(x0(τ))

ln |xk(t)− x0(τ)|.

As we see the kernels L`,` have logarithmic singularity and we split it in the
following form

L`,`(t, τ) = L1
`,`(t, τ) ln

(
4 sin

t− τ

2

)
+ L2

`,`(t, τ)

with
L1

`,`(t, τ) =
|x′`(τ)|

2σ(x`(τ))

and

L2
`,`(t, τ) =





L`,`(t, τ)− L1
`,`(t, τ) ln

(
4 sin

t− τ

2

)
for t 6= τ,

|x′`(t)|
σ(x`(t))

ln |x′`(t)| for t = τ.

Now according to (13) and using quadratures (9) and (10) we have the following
formula for the numerical solution of the modi�ed problem

ũn(xk(t)) =
N∑

`=1

2n−1∑

i=0

µ̃
(i)
` L̃k,`(t, t

(n)
i ),
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where

L̃2
k,`(t, t

(n)
i ) =





1
2n

Lk,`(t, t
(n)
i ) for ` 6= k,

L1
`,`(t, t

(n)
i )R̃(n)

i (t) +
1
2n

L2
`,`(t, t

(n)
i ) for ` = k.

4. Numerical examples
Example 1. We consider the domain D bounded by a circle Γ0 with the radius
R = 1. The given function σ and f are given as
σ(x) = 1 + x2

1 + x2
2, x ∈ D and f(x) = x1e

x1 cosx2 − x2e
x1 sinx2, x ∈ Γ0.

The numerical solution of the boundary value problem (1),(2) received by pro-
posed method is presented in the Fig. 1a. Here we used the following discretiza-
tion parameters n = 64 and N = 13 and the set of curves

Γk =
{

xk(t) = (1− k

N + 1
)(cos t, sin t), 0 ≤ t ≤ 2π

}
, k = 0, . . . , N.

The numerical result obtained by FEM method by PDE Toolbox in Matlab is
illustrated in Fig. 1b. As we see both results are su�ciently close.

a) Numerical solution by BIEM b) Numerical solution by FEM

Fig. 1. Results of numerical experiments for the example 1

Example 2. Assume that the boundary curve Γ0 and the set of curves Γ (see
Fig. 2a) have the parametric representation

Γk =
{

xk(t) = r(t)(1− k

N + 1
)(cos t, sin t), 0 ≤ t ≤ 2π

}
, k = 0, . . . , N

with the radial function

r(t) =

((
1
2

cos t

)10

+
(

2
3

sin t

)10
)−0.1

.

Let
σ(x) = 1 + e0.3(x2

1+x2), x ∈ D
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and
f(x) = ex1 (cosx2ν1(x)− sinx2ν2(x)) , x ∈ Γ0.

The numerical solution obtained via proposed method is given in Fig. 2b.

a) Set of curves Γ b) Numerical solution by BIEM

Fig. 2. Results of numerical experiments for the example 2

We considered the numerical solution of the interior planar Neumann bound-
ary value problem for an elliptic di�erential equation of second order with vari-
able coe�cients. The proposed method is based on boundary integral equa-
tions. First we approximated the given problem by a modi�ed problem on the
introduced set of closed curves in the solution domain. Then the potentials
with Levi's function are used for the modi�ed problem. As result the system
of boundary integral equations with singular and hypersingular kernels is re-
ceived. The full discretization is realized by trigonometric quadrature method.
The presented numerical examples con�rmed the applicability of the proposed
method.
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