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Ðåçþìå. Äëÿ íåëiíiéíèõ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî
ïîðÿäêó ç ïîõiäíîþ â ïðàâié ÷àñòèíi òà êðàéîâèìè óìîâàìè òðåòüîãî
ðîäó ïîáóäîâàíî òà îá ðóíòîâàíî òî÷íó òðèòî÷êîâó ðiçíèöåâó ñõåìó íà
íåðiâíîìiðíié ñiòöi. Äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó öi¹¨ ñõåìè,
çáiæíiñòü ìåòîäó ïðîñòî¨ iòåðàöi¨ äëÿ ¨¨ ðîçâ'ÿçóâàííÿ.
Abstract. Exact three-point di�erence scheme on a nonuniform grid for
the second-order nonlinear ordinary di�erential equations with derivative in
the right-hand side and boundary conditions of the third kind is constructed
and justi�ed. The existence and uniqueness of solution of this scheme, the
convergence of the method of simple iteration for its solution are proved.

1. Introduction
The exact three-point di�erence scheme (ETDS) and three-point di�erence

schemes (TDS) of high order accuracy on a uniform grid for the second-order
nonlinear ordinary di�erential equations with no derivative in the right-hand
side and Dirichlet boundary conditions is constructed and justi�ed in [10, 11].
These results on a nonuniform grid were generalized and developed in [9] and for
monotone boundary value problems in [1, 7]. Di�erence boundary conditions
of the third kind is constructed in [6, 8].

In this chapter for the nonlinear boundary value problem (BVP)

d

dx

[
k(x)

du

dx

]
= −f

(
x, u,

du

dx

)
, x ∈ (0, 1), (1)

k(0)
du(0)
dx

− β1u(0) = −µ1, −k(1)
du(1)
dx

− β2u(1) = −µ2, (2)

where k(x), f (x, u, ξ) are given functions and β1, β2, µ1, µ2 are given numbers,
exact three-point di�erence scheme is constructed. We prove the existence and
the uniqueness of the solution of the ETDS and convergence of the method of
simple iteration its solution for the operator of BVP (1), (2) with monotone
conditions.

†Key words. Nonlinear boundary value problem, exact three-point di�erence schemes,
method of simple iteration.
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2. Existence and uniqueness of a solution
The function u(x) ∈ W 1

2 (0, 1) is a week solution of problem (1), (2), if
∀u(x), v(x) ∈ W 1

2 (0, 1) satis�es the relation
1∫

0

k(x)
du

dx

dv

dx
dx + (β1u(0)− µ1)v(0) + (β2u(1)− µ2)v(1) =

=

1∫

0

f

(
x, u,

du

dx

)
v(x)dx.

Su�cient conditions for the existence and uniqueness of a weak solution of
problem (1), (2) are given in the next theorem.
Theorem 1. Let the following assumptions be satis�ed

0 < c1 ≤ k(x) ≤ c2 ∀x ∈ [0, 1] , k(x) ∈ Q1[0, 1], (3)

fuξ(x) ≡ f (x, u, ξ) ∈ Q0[0, 1] ∀u, ξ ∈ R1,
fx (u, ξ) ≡ f (x, u, ξ) ∈ C(R2) ∀x ∈ [0, 1],

(4)

|f (x, u, ξ)− f0(x)| ≤ c(|u|)[g(x) + |ξ|] ∀x ∈ [0, 1], u, ξ ∈ R1, (5)
[f (x, u, ξ)− f (x, v, η)] (u− v) ≤ 0 ∀x ∈ [0, 1], u, v, ξ, η ∈ R1, (6)

β1 > 0, β2 > 0, (7)

then, the BVP (1), (2) has a unique solution u(x) ∈ W 1
2 (0, 1), with u(x), k(x)

du

dx∈ C[0, 1].
Here c(t) is a continuous function, f0(x) ∈ L2(0, 1), g(x) ∈ L1(0, 1), c1 , c2 , c3

are constants, Qp[0, 1] is the class of functions having p piece-wise continuous
derivatives and a �nite number of discontinuity points of �rst kind.
Proof. Due to (4) and (5) the function f (x, u, ξ) satis�es the Caratheodory
conditions [3, p.63] and belongs to the class L1(0, 1) (see e.g.[3, ñ.113]), we can
de�ne the operator A (x, u) the identity

(A (x, u) , v) =

1∫

0

k(x)
du

dx

dv

dx
dx−

1∫

0

f̃

(
x, u,

du

dx

)
v(x)dx+

+ (β1u(0)− µ1)v(0) + (β2u(1)− µ2)v(1) ∀u(x), v(x) ∈ W 1
2 (0, 1),

where
f̃(x, u, ξ) = f(x, u, ξ)− f0(x).

Note that the function u(x) ∈ W 1
2 (0, 1) is absolutely continuous on [0, 1],

ànd its generalized derivative du

dx
is equal to the classical derivative almost

everywhere on [0, 1] (see e.g. [3, ñ.74]). Thus, u(x) ∈ C[0, 1],
du

dx
∈ L2(0,1).

Let us show that the operator A (x, u) is bounded. Actually, taking into ac-
count the Cauchy-Bunyakovsky-Schwarz inequality, the conditions (3) and (5),
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the inequality c(|u|) ≤ C2 for all x ∈ [0, 1] as well as ‖v‖C[0,1] ≤ C1‖v‖1,2,(0,1)

for all v(x) ∈ W 1
2 (0, 1) (see e.g.[3, ñ.112]) we obtain

|(A (x, u) , v)| ≤




1∫

0

[
k(x)

du

dx

]2

dx





1/2 



1∫

0

[
dv

dx

]2

dx





1/2

+

+ ‖v‖C[0,1]




1∫

0

∣∣∣∣f̃
(

x, u,
du

dx

)∣∣∣∣ dx + (β1 + β2)‖u‖C[0,1] + |µ1 + µ2|

 ≤

≤
[
(c2 + C2

1 (β1 + β2)) ‖u‖1,2,(0,1) +

+C1

∥∥∥f̃
∥∥∥

0,1,(0,1)
+ C1|µ1 + µ2|

]
‖v‖1,2,(0,1) ≤

≤
[
(c2 + C1(C2 + C1(β1 + β2))) ‖u‖1,2,(0,1) + C1C2 ‖g‖0,1,(0,1)+

+C1|µ1 + µ2|] ‖v‖1,2,(0,1) ,

where

‖u‖C[0,1] = max
x∈[0,1]

|u(x)|, ‖u‖0,1,(0,1) =

1∫

0

|u(x)|dx,

‖u‖0,2,(0,1) =




1∫

0

(u(x))2 dx




1/2

,

‖u‖1,2,(0,1) =




1∫

0

(u(x))2 dx+

1∫

0

(
du

dx

)2

dx




1/2

.

If un → u0 in W 1
2 (0, 1), then f̃

(
x, un,

dun

dx

)
→ f̃

(
x, u0,

du0

dx

)
,

k(x)
dun

dx
→ k(x)

du0

dx
in L1(0, 1) (see e.g.[3, ñ.113]). Thus, for ∀v(x) ∈ W 1

2 (0, 1)
we have

lim
n→∞ (A (x, un) , v) = lim

n→∞




1∫

0

k(x)
dun

dx

dv

dx
dx−

1∫

0

f̃

(
x, un,

dun

dx

)
v(x)dx+

+(β1un(0)− µ1)v(0) + (β2un(1)− µ2)v(1)] =

=

1∫

0

k(x)
du0

dx

dv

dx
dx−

1∫

0

f̃

(
x, u0,

du0

dx

)
v(x)dx+

+ (β1u(0)− µ1)v(0) + (β2u(1)− µ2)v(1) = (A (x, u0) , v) ,

i.e. the operator A (x, u) is demicontinuous.
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Let us show that the operator A (x, u) is strongly monotone. Due to the
conditions (3), (6) and (7), taking into account the Friedrichs inequality (see
e.g. [2, ñ.187])

1∫

0

u2(x)dx ≤ 16
π2

1∫

0

(
du

dx

)2

dx +
4
π

[
u2(0) + u2(1)

]
,

we obtain

(A (x, u)−A (x, v) , u− v) =

1∫

0

k(x)
[
du

dx
− dv

dx

]2

dx−

−
1∫

0

[
f

(
x, u(x),

du

dx

)
− f

(
x, v(x),

dv

dx

)]
[u(x)− v(x)] dx+

+ β1(u(0)− v(0))2 + β2(u(1)− v(1))2 ≥ c1

∥∥∥∥
du

dx
− dv

dx

∥∥∥∥
2

0,2,(0,1)

+

+ β1(u(0)− v(0))2 + β2(u(1)− v(1))2 ≥

≥ min
{

π2c1

16
,
πβ1

4
,
πβ2

4

}
‖u− v‖2

0,2,(0,1) .

From the strong monotonicity follows the coerciveness of A (x, u).
Thus, the Browder-Minty theorem (see [3, ñ.204]) guaranties the existence of

a unique solution u ∈ W 1
2 (0, 1) of problem (1), (2). ¤

Since

k(x)
du

dx
=

x∫

0

f

(
t, u,

du

dt

)
dt + C

almost everywhere on [0,1] (see e.g. [3, ñ.134]), i.e. the �ux k(x)
du

dx
is the

unde�ned Lebesgue integral, this function is absolutely continuous on [0,1],
and the claim k(x)

du

dx
∈ C[0, 1] is shown.

3. Existence of an exact three-point difference scheme
On the closed (0, 1) we introduce an nonuniform grid

ω̂h =



xj ∈ (0, 1), j = 1, 2, ..., N − 1, hj = xj − xj−1 > 0,

N∑

j=1

hj = 1





such that the discontinuity points of functions k(x), f (x, u, ξ) coincide with the
nodes of the grid ω̂h. Denote by ρ the set of all discontinuity points and assume
that N is such that ρ ⊆ ω̂h. At points of discontinuity we use the continuity
conditions for BVP(1), (2)
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u(xi − 0) = u(xi + 0), k(x)
du

dx

∣∣∣∣
x=xi−0

= k(x)
du

dx

∣∣∣∣
x=xi+0

∀xi ∈ ρ.

We will use the following notation
ej
α = (xj−2+α, xj−1+α) , ēj

α = [xj−2+α, xj−1+α] .

Consider the boundary value problems
d

dx

(
k(x)

dY 0
2 (x, u)
dx

)
= −f

(
x, Y 0

2 (x, u),
dY 0

2 (x, u)
dx

)
, x ∈ e0

2,

k(x0)
dY 0

2 (x0, u)
dx

− β1Y
0
2 (x0, u) = −µ1, Y 0

2 (x1, u) = u(x1),

(8)

d

dx

(
k(x)

dY j
α (x, u)
dx

)
= −f

(
x, Y j

α (x, u),
dY j

α (x, u)
dx

)
, x ∈ ej

α,

Y j
α (xj−2+α, u) = u(xj−2+α), Y j

α (xj−1+α, u) = u(xj−1+α),

j = 3− α, 4− α, ..., N − α, α = 1, 2,

(9)

d

dx

(
k(x)

dY N
1 (x, u)
dx

)
= −f

(
x, Y N

1 (x, u),
dY N

1 (x, u)
dx

)
, x ∈ eN

1 ,

Y N
1 (xN−1, u) = u(xN−1),

−k(xN )
dY N

1 (xN , u)
dx

− β2Y
N
1 (xN , u) = −µ2.

(10)

Lemma 1. Let the assumptions of Theorem 1 be satis�ed. Then each of the
problems (8)-(10) has a unique solution Y j

α (x, u) ∈ W 1
2 (ej

α), j = 2 − α, 3 −
α, ..., N + 1− α, α = 1, 2, with

Y j
α (x, u), k(x)

dY j
α (x, u)
dx

∈ C(ēj
α)

and for the solution BVP (1), (2) it holds

u(x) = Y j
α (x, u), x ∈ ēj

α. (11)

Proof. We introduce the nonlinear operators for problems (8)-(10) by the equa-
tions

(A0
2(x, Y 0

2 ), v) =

x1∫

x0

k(x)
dY 0

2 (x, u)
dx

dv(x)
dx

dx−

−
x1∫

x0

f̃

(
x, Y 0

2 (x, u),
dY 0

2 (x, u)
dx

)
v(x)dx + (β1Y

0
2 (0, u)− µ1)v(0),
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(
Aj

α

(
x, Y j

α

)
, v

)
=

=

xj−1+α∫

xj−2+α

k(x)
dY j

α (x, u)
dx

dv(x)
dx

dx−
xj−1+α∫

xj−2+α

f̃

(
x, Y j

α (x, u),
dY j

α (x, u)
dx

)
v(x)dx,

(AN
1 (x, Y N

1 ), v) =

xN∫

xN−1

k(x)
dY N

1 (x, u)
dx

dv(x)
dx

dx−

−
xN∫

xN−1

f̃

(
x, Y N

1 (x, u),
dY N

1 (x, u)
dx

)
v(x)dx + (β2Y

N
1 (1, u)− µ2)v(1),

f̃(x, u, ξ) = f(x, u, ξ)− f0(x),

that true for ∀Y j
α (x, u), v(x) ∈ W 1

2 (ej
α).

Let us show that the operators A0
2

(
x, Y 0

2

)
, Aj

α

(
x, Y j

α

)
, AN

1

(
x, Y N

1

)
are

bounded. Taking into account the Cauchy-Bunyakovsky-Schwarz inequality,
the conditions (3), (5) with c(|Y j

α (x, u)|) ≤ C2, ∀x ∈ ēj
α and inequality

‖v‖
C(ēj

α)
≤ C1‖v‖1,2,ej

α
, ∀v(x) ∈ W 1

2 (ej
α), we obtain

∣∣(A0
2

(
x, Y 0

2

)
, v

)∣∣ ≤




x1∫

x0

[
k(x)

dY 0
2

dx

]2

dx





1/2 



x1∫

x0

[
dv

dx

]2

dx





1/2

+

+ ‖v‖C(ē0
2)




x1∫

x0

∣∣∣∣f̃
(

x, Y 0
2 ,

dY 0
2

dx

)∣∣∣∣ dx + β1

∥∥Y 0
2

∥∥
C(ē0

2)
+ |µ1|


 ≤

≤
[(

c2 + C2
1β1

) ∥∥Y 0
2

∥∥
1,2,e0

2
+ C1

∥∥∥f̃
∥∥∥

0,1,e0
2

+ C1 |µ1|
]
‖v‖1,2,e0

2
≤

≤
[
(c2 + C1 (C2 + C1β1))

∥∥Y 0
2

∥∥
1,2,e0

2
+ C1C2 ‖g‖0,1,e0

2
+ C1 |µ1|

]
‖v‖1,2,e0

2
,

∣∣(Aj
α

(
x, Y j

α

)
, v)

∣∣ ≤





xj−1+α∫

xj−2+α

[
k(x)

dY j
α

dx

]2

dx





1/2 



xj−1+α∫

xj−2+α

[
dv

dx

]2

dx





1/2

+

+ ‖v‖
C(ēj

α)

xj−1+α∫

xj−2+α

∣∣∣∣∣f̃
(

x, Y j
α (x, u),

dY j
α

dx

)∣∣∣∣∣ dx ≤

≤
[
c2

∥∥Y j
α

∥∥
1,2,ej

α
+ C1

∥∥∥f̃
∥∥∥

0,1,ej
α

]
‖v‖

1,2,ej
α
≤

≤
[
(c2 + C1C2)

∥∥Y j
α

∥∥
1,2,ej

α
+ C1C2 ‖g‖0,1,ej

α

]
‖v‖

1,2,ej
α

,

∣∣(AN
1

(
x, Y N

1

)
, v

)∣∣ ≤





xN∫

xN−1

[
k(x)

dY N
1

dx

]2

dx





1/2 



xN∫

xN−1

[
dv

dx

]2

dx





1/2

+
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+ ‖v‖C(ēN
1 )




xN∫

xN−1

∣∣∣∣f̃
(

x, Y N
1 ,

dY N
1

dx

)∣∣∣∣ dx + β2

∥∥Y N
1

∥∥
C(ēN

1 )
+ |µ2|


 ≤

≤
[(

c2 + C2
1β2

) ∥∥Y N
1

∥∥
1,2,eN

1
+ C1

∥∥∥f̃
∥∥∥

0,1,eN
1

+ C1 |µ2|
]
‖v‖1,2,eN

1
≤

≤
[
(c2 + C1 (C2 + C1β2))

∥∥Y N
1

∥∥
1,2,eN

1
+ C1C2 ‖g‖0,1,eN

1
+ C1 |µ2|

]
‖v‖1,2,eN

1
.

The demicontinuity of operators A0
2

(
x, Y 0

2

)
, Aj

α

(
x, Y j

α

)
, AN

1

(
x, Y N

1

)
follows

from the condition (5). Really (see[3, p.113]), if Y j
αn(x, u) → Y j

α0(x, u) in
W 1

2 (ej
α), then

f̃

(
x, Y j

αn(x, u),
dY j

αn(x, u)
dx

)
→ f̃

(
x, Y j

α0(x, u),
dY j

α0(x, u)
dx

)
,

k(x)
dY j

αn(x, u)
dx

→ k(x)
dY j

α0(x, u)
dx

,

j = 2− α, 3− α, ..., N + 1− α, α = 1, 2,

in space L1(e
j
α). Thus, for ∀v(x) ∈ W 1

2 (ej
α)

lim
n→∞

(
A0

2

(
x, Y 0

2,n

)
, v

)
= lim

n→∞




x1∫

x0

k(x)
dY 0

2,n

dx

dv

dx
dx−

−
x1∫

x0

f̃

(
x, Y 0

2,n,
dY 0

2,n

dx

)
v(x)dx +

(
β1Y

0
2,n(0, u)− µ1

)
v(0)


 =

=

x1∫

x0

k(x)
dY 0

2,0

dx

dv

dx
dx−

x1∫

x0

f̃

(
x, Y 0

2,0,
dY 0

2,0

dx

)
v(x)dx+

+
(
β1Y

0
2,0(0, u)− µ1

)
v(0) =

(
A0

2

(
x, Y 0

2,0

)
, v

)
,

lim
n→∞

(
Aj

α

(
x, Y j

αn

)
, v

)

= lim
n→∞





xj−1+α∫

xj−2+α

k(x)
dY j

αn

dx

dv(x)
dx

dx −
xj−1+α∫

xj−2+α

f̃

(
x, Y j

αn,
dY j

αn

dx

)
v(x)dx





=

=

xj−1+α∫

xj−2+α

k(x)
dY j

α0

dx

dv

dx
dx−

xj−1+α∫

xj−2+α

f̃

(
x, Y j

α0,
dY j

α0

dx

)
v(x)dx =

=
(
Aj

α

(
x, Y j

α0

)
, v

)
,
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lim
n→∞

(
AN

1

(
x, Y N

1,n

)
, v

)
=

= lim
n→∞




xN∫

xN−1

k(x)
dY N

1,n

dx

dv

dx
dx−

−
xN∫

xN−1

f̃

(
x, Y N

1,n,
dY N

1,n

dx

)
v(x)dx +

(
β2Y

N
1,n(1, u)− µ2

)
v(1)


 =

=

xN∫

xN−1

k(x)
dY N

1,0

dx

dv

dx
dx−

xN∫

xN−1

f̃

(
x, Y N

1,0,
dY N

1,0

dx

)
v(x)dx+

+
(
β2Y

N
1,0(1, u)− µ2

)
v(1) =

(
AN

1

(
x, Y N

1,0

)
, v

)
,

that operators A0
2

(
x, Y 0

2

)
, Aj

α

(
x, Y j

α

)
, AN

1

(
x, Y N

1

)
are demicontinuous.

Let us show that the operators A0
2

(
x, Y 0

2

)
, Aj

α

(
x, Y j

α

)
, AN

1

(
x, Y N

1

)
are

strongly monotone. Due to the conditions (4), (7), taking into account the
Friedrichs inequalities (see e.g. [2, ñ.187])

b∫

a

u2(x)dx ≤ 16(b− a)2

π2

b∫

a

(
du

dx

)2

dx +
π(b− a)

4
u2(a),

b∫

a

u2(x)dx ≤ 16(b− a)2

π2

b∫

a

(
du

dx

)2

dx +
π(b− a)

4
u2(b)

we obtain
(
A0

2(x, Y 0
2 )−A0

2(x, Ỹ 0
2 ), Y 0

2 − Ỹ 0
2

)
=

x1∫

x0

k(x)

(
dY 0

2

dx
− dỸ 0

2

dx

)2

dx−

−
x1∫

x0

[
f

(
x, Y 0

2 ,
dY 0

2

dx

)
− f

(
x, Ỹ 0

2 ,
dỸ 0

2

dx

)][
Y 0

2 (x, u)− Ỹ 0
2 (x, u)

]
dx+

+β1

(
Y 0

2 (0, u)− Ỹ 0
2 (0, u)

)2
≥ c1

∥∥∥∥∥
dY 0

2

dx
− dỸ 0

2

dx

∥∥∥∥∥
2

0,2,e0
2

+

+β1

(
Y 0

2 (0, u)− Ỹ 0
2 (0, u)

)2
≥ min

{
π2c1

16
,
πβ1

4

} ∥∥∥Y 0
2 − Ỹ 0

2

∥∥∥
2

0,2,e0
2

(
Aj

α(x, Y j
α )−Aj

α(x, Ỹ j
α ), Y j

α − Ỹ j
α

)
=

xj−1+α∫

xj−2+α

k(x)

(
dY j

α

dx
− dỸ j

α

dx

)2

dx−



42 LYUBOMYR GNATIV, MARTA KR�OL, MYROSLAV KUTNIV

−
xj−1+α∫

xj−2+α

[
f

(
x, Y j

α ,
dY j

α

dx

)
− f

(
x, Ỹ j

α ,
dỸ j

α

dx

)] [
Y j

α (x, u)− Ỹ j
α (x, u)

]
dx ≥

≥ c1

∥∥∥∥∥
dY j

α

dx
− dỸ j

α

dx

∥∥∥∥∥
2

0,2,ej
α

,

(
AN

1 (x, Y N
1 )−AN

1 (x, Ỹ N
1 ), Y N

1 − Ỹ N
1

)
=

xN∫

xN−1

k(x)

(
dY N

1

dx
− dỸ N

1

dx

)2

dx−

−
xN∫

xN−1

[
f

(
x, Y N

1 ,
dY N

1

dx

)
− f

(
x, Ỹ N

1 ,
dỸ N

1

dx

)][
Y N

1 (x, u)− Ỹ N
1 (x, u)

]
dx+

+β2

(
Y N

1 (1, u)− Ỹ N
1 (1, u)

)2
≥ c1

∥∥∥∥∥
dY N

1

dx
− dỸ N

1

dx

∥∥∥∥∥
2

0,2,eN
1

+

+β2

(
Y N

1 (1, u)− Ỹ N
1 (1, u)

)2
≥ min

{
π2c1

16
,
πβ2

4

} ∥∥∥Y N
1 − Ỹ N

1

∥∥∥
2

0,2,eN
1

From the strong monotonicity follows the coerciveness of operators
A0

2

(
x, Y 0

2

)
, Aj

α

(
x, Y j

α

)
, AN

1

(
x, Y N

1

)
.

Thus, the Browder-Minty theorem (see e.g.[3, p.204]) guaranties the existence
of a unique solutions of problems (8)-(10).

Since

k(x)
dY j

α (x, u)
dx

=

xj−1+α∫

xj−2+α

f

(
t, Y j

α (t, u),
dY j

α (t, u)
dt

)
dt + C,

then the function is absolutely continuous on ēj
α, that k(x)

dY j
α (x, u)
dx

∈ C(ēj
α),

j = 2− α, 3− α, ..., N + 1− α, α = 1, 2.
Since Y j

α (x, u) is the solution of (8)-(10), this function is also the solution of
BVP (1), (2) which is unique due to the assumptions of our lemma. ¤

Now we are at the position to prove the next statement

Theorem 2. Let the assumptions of Theorem 1 be satis�ed. Then there exists
the following ETDS for problem (1), (2)

(aux̄)x̂ = −T̂ x

(
f

(
ξ, u(ξ),

du(ξ)
dξ

))
, x ∈ ω̂h, (12)

a1ux,0 − β1u0 = −µ1 − h1T̂
x0

(
f

(
ξ, u(ξ),

du(ξ)
dξ

))
,

− aNux̄,N − β2uN = −µ2 − hN T̂ xN

(
f

(
ξ, u(ξ),

du(ξ)
dξ

))
.



EXACT THREE-POINT DIFFERENCE SCHEME ... 43

This ETDS has a unique solution u(x) ∀x ∈ ω̂h which coincides with the solu-
tion (1), (2) at the points of the grid ω̂h, where

ux̄,j =
uj − uj−1

hj
, ux̂,j =

uj+1 − uj

~j
, ~j =

hj + hj+1

2
,

a(xj) =
[

1
hj

V j
1 (xj)

]−1

,

T̂ xj (w(ξ)) = [~jV
j
1 (xj)]−1

xj∫

xj−1

V j
1 (ξ)w(ξ)dξ + [~jV

j
2 (xj)]−1

xj+1∫

xj

V j
2 (ξ)w(ξ)dξ,

T̂ x0(w(ξ)) = [h1V
1
1 (x1)]−1

x1∫

x0

V 0
2 (ξ)w(ξ)dξ, (13)

T̂ xN (w(ξ)) = [hNV N
1 (xN )]−1

xN∫

xN−1

V N
1 (ξ)w(ξ)dξ,

V j
1 (x) =

x∫

xj−1

dx

k(x)
, V j

2 (x) =

xj+1∫

x

dx

k(x)
.

The function u(x) on the right-hand side of (12) is de�ned by (11) and depends
only on u(xj), j = 0, 1, ..., N .

Proof. Applying the operator T̂ xj to both sides of equation (1) we obtain

T̂ xj

(
d

dξ

(
k(ξ)

du(ξ)
dξ

))
= −T̂ xj

(
f

(
ξ, u(ξ),

du(ξ)
dξ

))
, j = 0, 1, 2, ..., N,

where

T̂ x0

(
d

dξ

(
k(ξ)

du(ξ)
dξ

))
=

[
h1V

1
1 (x1)

]−1

x1∫

x0

V 0
2 (ξ)

d

dξ

[
k(ξ)

du(ξ)
dξ

]
dξ,

T̂ xj

(
d

dξ

(
k(ξ)

du(ξ)
dξ

))
=

[
~jV

j
1 (xj)

]−1
xj∫

xj−1

V j
1 (ξ)

d

dξ

[
k(ξ)

du(ξ)
dξ

]
dξ+

+
[
~jV

j
2 (xj)

]−1
xj+1∫

xj

V j
2 (ξ)

d

dξ

[
k(ξ)

du(ξ)
dξ

]
dξ, j = 1, 2, ..., N − 1,

T̂ xN

(
d

dξ

(
k(ξ)

du(ξ)
dξ

))
=

[
hNV N

1 (xN )
]−1

xN∫

xN−1

V N
1 (ξ)

d

dξ

[
k(ξ)

du(ξ)
dξ

]
dξ.
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The integration by parts implies

T̂ x0

(
d

dξ

(
k(ξ)

du(ξ)
dξ

))
=

1
h1

(a1ux,0 − β1u0 + µ1) ,

T̂ xj

(
d

dξ

(
k(ξ)

du(ξ)
dξ

))
= (aux̄)x̂,j , j = 1, 2, ..., N − 1,

T̂ xN

(
d

dξ

(
k(ξ)

du(ξ)
dξ

))
=

1
hN

(−aNux̄,N − β2uN + µ2) ,

which together with (8)-(10) proves the existence of the ETDS (12), (13).
To prove the uniqueness of the ETDS (12), (13) we consider the operator

Ah (xj , u) =

=





− 2
h1

(
a1ux,0 − β1u0 + µ1 − h1T̂

x0

(
f

(
ξ, u,

du

dξ

)))
, j = 0,

−(aux̄)x̂,j − T̂ xj

(
f

(
ξ, u,

du

dξ

))
, j = 1, 2, ..., N − 1,

2
hN

(
aNux̄,N + β2uN − µ2 − hN T̂ xN

(
f

(
ξ, u,

du

dξ

)))
, j = N

which is de�ned in the �nite-dimensional Hilbert space of grid functions H(ˆ̄ωh),
with the scalar products

(u, v) ˆ̄ωh
=

∑

ξ∈ω̂h

~(ξ)u(ξ)v(ξ) + 0, 5h1u0v0 + 0, 5hNuNvN

(u, v)ω̂+
h

=
∑

ξ∈ω̂+
h

h(ξ)u(ξ)v(ξ), ω̂+
h = ω̂h ∪ xN ,

and the norms

‖u‖0,2, ˆ̄ωh
= (u, u)1/2

ˆ̄ωh
, ‖u‖0,2,ω̂+

h
= (u, u)1/2

ω̂+
h

,

‖u‖1,2, ˆ̄ωh
=

(
‖u‖2

0,2, ˆ̄ωh
+ ‖ux̄‖2

0,2,ω̂+
h

)1/2
.

Due to condition (5) the operator Ah (x, u) is continuous. Let as show that
the operator Ah (x, u) is strongly monotone. Actually, taking into account the
equality

∑

ξ∈ ˆ̄ωh

~(ξ)T̂ ξ(w(η))g(ξ) =
N∑

j=1

xj∫

xj−1

ĝ(η)w(η)dη =

1∫

0

ĝ(η)w(η)dη,

ĝ(η) = g(xj)
V j

1 (η)

V j
1 (xj)

+ g(xj−1)
V j−1

2 (η)

V j
1 (xj)

, xj−1 ≤ η ≤ xj ,
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and the �rst di�erence Green's formula (see. [5, p.234]), we have

(Ah (x, u)−Ah (x, v) , u− v) ˆ̄ωh
=

(
a(ux̄ − vx̄)2, 1

)
ω̂+

h
+

+ β1(u0 − v0)2 + β2(uN − vN )2−

−
∑

ξ∈ ˆ̄ωh

~(ξ)T̂ ξ

(
f

(
η, u(η),

du(η)
dη

)
− f

(
η, v(η),

dv(η)
dη

))
[u(ξ)− v(ξ)] =

=
(
a(ux̄ − vx̄)2, 1

)
ω̂+

h
+ β1(u0 − v0)2 + β2(uN − vN )2−

−
1∫

0

[û(η)− v̂(η)]
[
f

(
η, u(η),

du(η)
dη

)
− f

(
η, v(η),

dv(η)
dη

)]
dη

where the functions u(x)and v(x) are de�ned by (11). Then using (6), we have

(Ah (x, u)−Ah (x, v) , u− v) ˆ̄ωh
=

(
a(ux̄ − vx̄)2, 1

)
ω̂+

h
+

+ β1(u0 − v0)2 + β2(uN − vN )2−

−
1∫

0

[u(η)− v(η)]
[
f

(
η, u(η),

du(η)
dη

)
− f

(
η, v(η),

dv(η)
dη

)]
dη−

−
1∫

0

[û(η)− v̂(η)− u(η) + v(η)]×

× d

dη

{
k(η)

d

dη
[û(η)− v̂(η)− u(η) + v(η)]

}
dη ≥

≥ (
a(ux̄ − vx̄)2, 1

)
ω̂+

h
+ β1(u0 − v0)2 + β2(uN − vN )2+

+

1∫

0

k(η)
{

d

dη
[û(η)− v̂(η)− u(η) + v(η)]

}2

dη.

Since (see [5, p.244]) γ1 ‖u‖2
0,2, ˆ̄ωh

≤ (
u2

x̄, 1
)
ω̂+

h
+β1u

2
0 +β2u

2
N , γ1 > 0, then have

(Ah (x, u)−Ah (x, v) , u− v) ˆ̄ωh
≥

≥ (
a(ux̄ − vx̄)2, 1

)
ω̂+

h
+ β1(u0 − v0)2 + β2(uN − vN )2 ≥

≥ max {c1, 1}
[(

(ux̄ − vx̄)2, 1
)
ω̂+

h
+ β1(u0 − v0)2 + β2(uN − vN )2

]
≥

≥ max {c1, 1} γ1 ‖u− v‖2
0,2, ˆ̄ωh

,

(14)

i. e. the operator Ah (x, u) is strongly monotone. This yields (see e.g.[4, p.461])
the uniqueness of the solution of the equation Ah (x, u) = 0. ¤

Lemma 2. Let the assumptions of Theorem 1 be satis�ed and

|f (x, u, ξ)− f (x, v, η)| ≤ L {|u− v|+ |ξ − η|} ∀x ∈ (0, 1), u, v, ξ, η ∈ R1.
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Then the iteration method

Bh
u(n) − u(n−1)

τ
+ Ah

(
x, u(n−1)

)
= 0, x ∈ ˆ̄ωh,

u(0)(x) =
µ1 + µ2 + µ1β2V1(1)
β1 + β2 + β1β2V1(1)

V2(x)
V1(1)

+
µ1 + µ2 + µ2β1V1(1)
β1 + β2 + β1β2V1(1)

V1(x)
V1(1)

,

(15)

Bhu =





− 2
h1

(a1ux,0 − β1u0) , j = 0,

−(aux̄)x̂,j , j = 1, 2, ..., N − 1,

2
hN

(aNux̄,N + β2uN ) , j = N,

Ah (xj , u) =

=





− 2
h1

(
a1ux,0 − β1u0 + µ1 − h1T̂

x0

(
f

(
ξ, u,

du

dξ

)))
, j = 0,

−(aux̄)x̂,j − T̂ xj

(
f

(
ξ, u,

du

dξ

))
, j = 1, 2, ..., N − 1,

2
hN

(
aNux̄,N + β2uN − µ2 − hN T̂ xN

(
f

(
ξ, u,

du

dξ

)))
, j = N

with

τ = τ0 =

[(
1 + 2L

(
2K1K2

γ1

)1/2
)(

1 +
√

2(1 + π2)L
c1π2

)]−2

,

K1 = max
{

1
c1

(
4
γ1

+
c2

c1

)
,

4
γ1

}
, K2 = max

{
1
c1

, 1
}

,

γ1 =
8 (β1 + β2 + β1β2)

2

(2 + β1) (2 + β2) (2β1 + 2β2 + β1β2)

converges in the space HBh
and the error estimate

∥∥∥u(n) − u
∥∥∥

Bh

≤ qn
∥∥∥u(0) − u

∥∥∥
Bh

, (16)

where
q =

√
1− τ0, ‖u‖Bh

= (Bhu, u)1/2
ˆ̄ωh

.

Proof. The operator Bh is selfadjoint and of positive de�nite Bh = B∗
h > 0.

From the �rst di�erence Green's formula implies that

(Bhu, u) ˆ̄ωh
=

(
au2

x̄, 1
)
ω̂+

h
+ β1u

2
0 + β2u

2
N ,

and from (14) we obtain

(Ah(x, u)−Ah (x, v) , u− v) ˆ̄ωh
≥ ‖u− v‖2

Bh
. (17)
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Using the Cauchy-Bunyakovski-Schwarz inequality we can now deduce
(Ah (x, u)−Ah (x, v) , z) ˆ̄ωh

= (Bh(u− v), z) ˆ̄ωh
−

−
∑

ξ∈ ˆ̄ωh

~(ξ)T ξ

(
f

(
η, u(η),

du

dη

)
− f

(
η, v(η),

dv

dη

))
z(ξ) =

= (Bh(u− v), z) ˆ̄ωh
−

1∫

0

[
f

(
η, u(η),

du

dη

)
− f

(
η, v(η),

dv

dη

)]
ẑ(η)dη ≤

≤ ‖u− v‖Bh
‖z‖Bh

+

+





1∫

0

[
f

(
η, u(η),

du

dη

)
− f

(
η, v(η),

dv

dη

)]2

dη





1/2 



1∫

0

[ẑ(η)]2dη





1/2

≤

≤ ‖u− v‖Bh
‖z‖Bh

+
√

2L ‖u− v‖1,2,(0,1) ‖ẑ‖0,2,(0,1) .

Since V j
1 (x) ≤ V j

1 (xj), V j−1
2 (x) ≤ V j

1 (xj) ∀x ∈ [xj−1, xj ], we have

‖ẑ‖2
0,2,(0,1) =

N∑

j=1

xj∫

xj−1

[
zj

V j
1 (x)

V j
1 (xj)

+ zj−1
V j−1

2 (x)

V j
1 (xj)

]2

dx ≤

≤ 2
N∑

j=1

xj∫

xj−1



z2

j

[
V j

1 (x)

V j
1 (xj)

]2

+ z2
j−1

[
V j−1

2 (x)

V j
1 (xj)

]2


 dx ≤ 4 ‖z‖2

0,2, ˆ̄ωh
,

(18)

∥∥∥∥
dẑ

dx

∥∥∥∥
2

0,2,(0,1)

≤
N∑

j=1

xj∫

xj−1

[
1

k(x)
1

V j
1 (xj)

(zj − zj−1)

]2

dx ≤

≤ c2

c2
1

N∑

j=1

hjajz
2
x̄,j =

c2

c2
1

(
az2

x̄, 1
)
ω̂+

h
.

(19)

So,
(Ah (x, u)−Ah (x, v) , z) ˆ̄ωh

≤ ‖u− v‖Bh
‖z‖Bh

+

+ 2
√

2L ‖u− v‖1,2,(0,1) ‖z‖0,2, ˆ̄ωh
.

(20)

Let us now show that

‖u− v‖1,2,(0,1) ≤
√

K1

(
1 +

√
2(1 + π2)L

c1π2

)
‖u− v‖Bh

. (21)

We write u(x) = ũ(x) + û(x), and reduce the problem
d

dx

[
k(x)

du

dx

]
= −f

(
x, u,

du

dx

)
, x ∈ ej

1,

u(xj−1) = uj−1, u(xj) = uj , j = 1, 2, ..., N
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to
d

dx

[
k(x)

dũ

dx

]
= −f

(
x, ũ + û,

dũ

dx
+

dû

dx

)
, x ∈ ej

1,

ũ(xj−1) = 0, ũ(xj) = 0, j = 1, 2, ..., N,

Considering (3), (6) and using a Lipschitz condition we get

π2c1

π2 + 1
‖ũ− ṽ‖2

0,2,ej
1
≤ c1

∥∥∥∥
dũ

dx
− dṽ

dx

∥∥∥∥
2

1,2,ej
1

≤
xj∫

xj−1

k(x)
[
dũ

dx
− dṽ

dx

]2

dx =

=

xj∫

xj−1

[
f

(
x, ũ(x) + û(x),

dũ

dx
+

dû

dx

)
−

−f

(
x, ṽ(x) + v̂(x),

dṽ

dx
+

dv̂

dx

)]
[ũ(x)− ṽ(x)] dx =

=

xj∫

xj−1

[
f

(
x, ũ(x) + û(x),

dũ

dx
+

dû

dx

)
−

−f

(
x, ṽ(x) + û(x),

dṽ

dx
+

dû

dx

)]
[ũ(x)− ṽ(x)]dx+

+

xj∫

xj−1

[
f

(
x, ṽ(x) + û(x),

dṽ

dx
+

dû

dx

)
−

−f

(
x, ṽ(x) + v̂(x),

dṽ

dx
+

dv̂

dx

)]
[ũ(x)− ṽ(x)]dx

≤





xj∫

xj−1

[
f

(
x, ṽ(x) + û(x),

dṽ

dx
+

dû

dx

)
−

−f

(
x, ṽ(x) + v̂(x),

dṽ

dx
+

dv̂

dx

)]2

dx

}1/2

×

×





xj∫

xj−1

[ũ(x)− ṽ(x)]2dx





1/2

≤

≤
√

2L ‖û− v̂‖
1,2,ej

1
‖ũ− ṽ‖

1,2,ej
1
,

Hence we get

‖ũ− ṽ‖
1,2,ej

1
≤
√

2(1 + π2)L
π2c1

‖û− v̂‖
1,2,ej

1
.

So taking into account inequalities (18), (19) and inequality (see [5, p.244])
γ1 ‖u‖2

0,2, ˆ̄ωh
≤ (

u2
x̄, 1

)
ω̂+

h
+ β1u

2
0 + β2u

2
N ,
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we have
‖u− v‖1,2,(0,1) ≤ ‖ũ− ṽ‖1,2,(0,1) + ‖û− v̂‖1,2,(0,1) ≤

≤
(

1 +
√

2(1 + π2)L
c1π2

)
‖û− v̂‖1,2,(0,1) ≤

≤
(

1 +
√

2(1 + π2)L
c1π2

)(
4 ‖u− v‖2

0,2, ˆ̄ωh
+

c2

c2
1

(
a (ux̄ − vx̄)2 , 1

)
ω̂+

h

)1/2

≤

≤
(

1 +
√

2(1 + π2)L
c1π2

){
1
c1

(
4
γ1

+
c2

c1

) (
a (ux̄ − vx̄)2 , 1

)
ω̂+

h

+

+
4
γ1

[
β1 (u0 − v0)

2 + β2 (uN − vN )2
]}1/2

≤

≤
√

K1

(
1 +

√
2(1 + π2)L

c1π2

)
‖u− v‖Bh

.

Based on the (18), (21) from inequality (20) we obtain
(Ah (x, u)−Ah (x, v) , z) ˆ̄ωh

≤ ‖u− v‖Bh
‖z‖Bh

+

+ 2L
√

2K1

(
1 +

√
2(1 + π2)L

c1π2

)
‖u− v‖Bh

‖z‖0,2, ˆ̄ωh
≤

≤ ‖u− v‖Bh
‖z‖Bh

+ 2L

(
2K1

γ1

)1/2
(

1 +
√

2(1 + π2)L
c1π2

)
‖u− v‖Bh

×

×
(

1
c1

(
az2

x̄, 1
)
ω̂+

h
+ β1z

2
0 + β2z

2
N

)1/2

≤

≤
(

1 + 2L

(
2K1K2

γ1

)1/2
)(

1 +
√

2(1 + π2)L
c1π2

)
‖u− v‖Bh

‖z‖Bh
.

Setting z = B−1
h (Ah (x, u)−Ah (x, v)), we obtain

∥∥B−1
h (Ah (x, u)−Ah (x, v))

∥∥
Bh
≤

≤
(

1 + 2L

(
2K1K2

γ1

)1/2
)(

1 +
√

2(1 + π2)L
c1π2

)
‖u− v‖Bh

.
(22)

Implies from (22), (17)
(
Ah (x, u)−Ah (x, v) , B−1

h (Ah (x, u)−Ah (x, v))
)

ˆ̄ωh
≤

≤
[(

1 + 2L

(
2K1K2

γ1

)1/2
)(

1 +
√

2(1 + π2)L
c1π2

)]2

‖u− v‖2
Bh
≤

≤
[(

1 + 2L

(
2K1K2

γ1

)1/2
)(

1 +
√

2(1 + π2)L
c1π2

)]2

×

(Ah (x, u)−Ah (x, v) , u− v) ˆ̄ωh
.
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Then (see [5, p.502]) the iteration method (15) converges in the space HBh
as

well as the estimate (16). ¤

Note that the space HBh
coincides with the space L2(ˆ̄ωh) and the conditions

of equivalence of norms are executed.

γ1 ‖u‖0,2, ˆ̄ωh
≤ ‖u‖Bh

≤ γ2 ‖u‖0,2, ˆ̄ωh
.

Lemma 3. Let the assumptions of Lemma 2 be satis�ed. Then the method of
simple iteration (15) and in addition to (16) the following estimate holds

∥∥∥∥∥k
du(n)

dx
− k

du

dx

∥∥∥∥∥
0,2, ˆ̄ωh

≤ M
∥∥∥u(n) − u

∥∥∥
Bh

≤ Mqn,

where

‖u‖0,2, ˆ̄ωh
=





N−1∑

j=1

~ju
2
j +

1
2
h1u

2
0 +

1
2
hNu2

N





1/2

=





1
2

N∑

j=1

hj(u2
j + u2

j−1)





1/2

.

Proof. Taking into account equality

k
du

dx

∣∣∣∣
x=xj

= ajux̄,j +
1

V j
1 (xj)

xj∫

xj−1

V j
1 (ξ)

d

dξ

[
k(ξ)

du

dξ

]
dξ =

= ajux̄,j − 1

V j
1 (xj)

xj∫

xj−1

V j
1 (ξ)f

(
ξ, u(ξ),

du

dξ

)
dξ,

k
du

dx

∣∣∣∣
x=xj−1

= ajux̄,j − 1

V j−1
2 (xj−1)

xj∫

xj−1

V j−1
2 (ξ)

d

dξ

[
k(ξ)

du

dξ

]
dξ =

= ajux̄,j +
1

V j
1 (xj)

xj∫

xj−1

V j−1
2 (ξ)f

(
ξ, u(ξ),

du

dξ

)
dξ,

the inequality (a+b)2 ≤ 2(a2+b2) as well as the Cauchy-Bunyakovsky-Schwarz
inequality and a Lipschitz condition we obtain
∥∥∥∥∥k

du(n)

dx
− k

du

dx

∥∥∥∥∥
0,2, ˆ̄ωh

=





1
2

N∑

j=1

hj

[
aju

(n)
x̄,j − ajux̄,j−

− 1

V j
1 (xj)

xj∫

xj−1

V j
1 (ξ)

(
f

(
ξ, u(n)(ξ),

du(n)

dξ

)
− f

(
ξ, u(ξ),

du

dξ

))
dξ




2

+
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+
1
2

N∑

j=1

hj

[
aju

(n)
x̄,j − ajux̄,j +

1

V j
1 (xj)

×

×
xj∫

xj−1

V j−1
2 (ξ)

(
f

(
ξ, u(n)(ξ),

du(n)

dξ

)
− f

(
ξ, u(ξ),

du

dξ

))
dξ




2


1/2

≤

≤


2

N∑

j=1

hj

[
aju

(n)
x̄,j − ajux̄,j

]2
+

N∑

j=1

hj [V
j
1 (xj)]−2×

×




xj∫

xj−1

V j
1 (ξ)

(
f

(
ξ, u(n)(ξ),

du(n)

dξ

)
− f

(
ξ, u(ξ),

du

dξ

))
dξ




2

+

+
N∑

j=1

hj [V
j
1 (xj)]−2×

×




xj∫

xj−1

V j−1
2 (ξ)

(
f

(
ξ, u(n)(ξ),

du(n)

dξ

)
− f

(
ξ, u(ξ),

du

dξ

))
dξ




2


1/2

≤

≤





2
N∑

j=1

hj

[
aju

(n)
x̄,j − ajux̄,j

]2
+

N∑

j=1

hj

xj∫

xj−1

[
V j

1 (ξ)
]2

+
[
V j−1

2 (ξ)
]2

[
V j

1 (ξ) + V j−1
2 (ξ)

]2 dξ×

×
xj∫

xj−1

[
f

(
ξ, u(n)(ξ),

du(n)

dξ

)
− f

(
ξ, u(ξ),

du

dξ

)]2

dξ





1/2

≤

≤


2

N∑

j=1

hja
2
j

[
u

(n)
x̄,j − ux̄,j

]2
+

+L2
N∑

j=1

hj

xj∫

xj−1

[∣∣∣u(n)(ξ)− u(ξ)
∣∣∣ +

∣∣∣∣∣
du(n)

dξ
− du

dξ

∣∣∣∣∣

]2

dξ





1/2

≤

≤ √
2c2

(
a

(
u

(n)
x̄ − ux̄

)2
, 1

)

ω̂+
h

+
√

2L
∥∥∥u(n) − u

∥∥∥
1,2,(0,1)

.

Then based on the inequality (21) and Lemma 2 we have

∥∥∥∥∥k
du(n)

dx
− k

du

dx

∥∥∥∥∥
0,2, ˆ̄ωh

≤
√

2

[
√

c2 +
√

K1

(
1 +

√
2(1 + π2)L

c1π2

)]
×
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×
∥∥∥u(n) − u

∥∥∥
Bh

= M1

∥∥∥u(n) − u
∥∥∥

Bh

≤ Mqn.

So, in this page ETDS is constructed and justi�ed, which you can develop (see
[6]) a three-point di�erence schemes of high order accuracy for the numerical
solution of the BVP (1), (2). ¤
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