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�åçþìå. Ó ðîáîòi äîñëiäæåíî òî÷íiñòü òðàäèöiéíî¨ ñêií÷åííî-ðiçíèöåâî¨

ñõåìè äëÿ ïî÷àòêîâî-êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi ç

óìîâàìè Äiðiõëå i Íåéìàíà íà ìåæi îäèíè÷íîãî êâàäðàòà. Äîâåäåíî

àïðiîðíó îöiíêó ç âàãîþ äëÿ øâèäêîñòi çáiæíîñòi ìåòîäó. Ç îäåðæàíî¨

íåðiâíîñòi âèïëèâà¹, ùî òî÷íiñòü ñõåìè çáiëüøó¹òüñÿ ïîáëèçó òèõ ái÷íèõ

ãðàíåé ïðîñòîðîâî-÷àñîâîãî ïàðàëåëåïiïåäà, äå çàäàíà êðàéîâà óìîâà Äi-

ðiõëå.

Abstra
t. The a

ura
y of the 
onventional �nite-di�eren
e s
heme for

the initial-boundary value problem for the paraboli
 equation in a unit square

with Diri
hlet's and Neumann's boundary value 
onditions is 
onsidered. The

error estimate with the weight fun
tion is proved. This inequality shows

that the a

ura
y order is higher near the three side fa
es of the spa
e-time

parallelepiped where the Diri
hlet boundary 
ondition is satis�ed pre
isely

than that is far from them.

1. Introdu
tion

The grid method is widely used for solving numeri
ally many problems of

mathemati
al physi
s, and the theory of the method is profoundly developed

(see [1℄). It is obvious that the Diri
hlet boundary 
ondition is satis�ed exa
tly

and may therefore in�uen
e the order of the error estimate: the a

ura
y of

the di�eren
e s
heme is likely to be higher near the boundary of the domain

than it is in the middle of that. Su
h supposition turned justi�ed and were

quantitatively estimated in [2℄ where the initial-boundary value problem with

the Diri
hlet boundary 
ondition is investigated and the error estimate of the

usual �nite-di�eren
e s
heme is proved. These ideas were further developed in

[3℄ where the one- and two-dimensional heat equations are 
onsidered.

In the present paper we study the e�e
t of the mixed boundary 
onditions

when the Neumann boundary 
ondition is given on the left side of the unit

square and the Diri
hlet one is on its three other sides.

We 
onsider the problem

Key words. Heat equation, mixed boundary 
ondition, grid method, weighted error

estimate.
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∂u(x, t)

∂t
= ∆u(x, t) + f(x, t), (x, t) ∈ QT = Q× (0, T ),

∂u(x, t)

∂x1
= 0, (x, t) ∈ Γ−1 × (0, T ),

u(x, t) = 0, (x, t) ∈ (Γ\Γ−1) × (0, T ),

u(x, 0) = ϕ(x), x ∈ Q,

(1)

where x = (x1, x2), ∆ =
∂2

∂x2
1

+
∂2

∂x2
2

, Q = {x = (x1, x2) : 0 < xα < 1, α =

1, 2} is a unit square, Γ = ∂Q is the boundary of Q, Γ−1 = {x = (x1, x2) :
x1 = 0, 0 < x2 < 1} is the left side of Q.

Denoting the grid sets

ωα = {x(iα)
α = iαhα, iα = 1, Nα − 1, hα = 1/Nα, Nα > 2,

Nα is an integer number},
ω−

α = ωα ∪ {0}, ω+
α = ωα ∪ {1}, ω̄α = ωα ∪ {0} ∪ {1},

ω = ω1 × ω2, ω̄ = ω̄1 × ω̄2, γ = ω̄\ω,
γ−α = {xα = 0, x3−α ∈ ω3−α}, γ+α = {xα = 1, x3−α ∈ ω3−α}, α = 1, 2 ,

ωτ = {tj = jτ, j = 1, M − 1, τ = T/M, M > 2, M is an integer number},
ωQT

= (ω ∪ γ−1) × ωτ .

and making use of the operators

(T2v)(x1, x2) =
1

h2
2

x2+h2∫

x2−h2

(
h2 − |x2 − ξ2|

)
v(x1, ξ2) dξ2 , x ∈ ω ∪ γ−1,

(T1v)(x1, x2) =





1

h2
1

x1+h1∫

x1−h1

(h1 − |x1 − ξ1|) v(ξ1, x2)dξ1 , x ∈ ω,

2

h2
1

h1∫

0

(h1 − ξ1) v(ξ1, x2)dξ1 , x ∈ γ−1,

we approximate problem (1) with the following �nite-di�eren
e s
heme

yt̄(x, t) + (Ay)(x, t) = (T1T2f)(x, t), (x, t) ∈ ωQT
,

y(x, t) = 0, (x, t) ∈ (γ\γ−1) × ωτ ,

y(x, 0) = ϕ(x), x ∈ ω,

(2)

where A = A1 +A2,

A1y =

{
yx̄1x1, x ∈ ω,

2h−1
1 yx1, x ∈ γ−1,

A2y = −yx̄2x2 , x ∈ ω ∪ γ−1.
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For the error z(x, t) = y(x, t) − u(x, t) we then have the problem

zt̄(x, t) + (Az)(x, t) = ψ(x, t), (x, t) ∈ ωQT
,

z(x, t) = 0, (x, t) ∈ (γ\γ−1) × ωτ ,

z(x, 0) = 0, x ∈ ω,

(3)

where ψ = T1T2f − ut̄ − Au = A1η1 + A2η2 + η3 is the approximation error,

ηα(x, t) = u(x, t) − (T3−αu)(x, t), α = 1, 2, η3(x, t) =
d(Tu)

dt
(x, t) − ut̄(x, t),

(x, t) ∈ (ω ∪ γ−1) × ωτ .

2. The Green's fun
tion estimate

Denoting by Hh the spa
e of grid fun
tions de�ned on ω̄ and vanishing on

γ\γ−1 we introdu
e the inner produ
t and the asso
iate norm:

(y, v) =
∑

x∈ω

h1h2y(x)v(x) +
h1

2

∑

x∈γ−1

h2y(x)v(x),

‖v‖ =
√

(v, v) =

(∑

x∈ω

h1h2v
2(x) +

h1

2

∑

x∈γ−1

h2v(x)

)1/2

.

It is well known (see [1℄, [4℄) that the di�eren
e operator A is symmetri
 and

positive de�nite in Hh, and therefore the inverse operator A−1
exists. We �nd

‖Ay‖2 = (Ay,Ay) =
∑

x∈ω

h1h2(−yx̄1x1 − yx̄2x2)
2+

+
h1

2

∑

x∈γ−1

h2

(
− 2

h1
yx1 − yx̄2x2

)2

=

=
∑

x∈ω

h1h2(y
2
x̄1x1

+ y2
x̄2x2

) +
h1

2

∑

x∈γ−1

h2

(
4

h2
1

y2
x1

+ y2
x̄2x2

)
+

+
∑

x∈ω

h1h22yx̄1x1
yx̄2x2

+
h1

2

∑

x∈γ−1

h22
2

h1

yx1yx̄2x2
= (4)

=
∑

x∈ω

h1h2y
2
x̄1x1

+
h1

2

∑

x∈γ−1

h2

(
2

h1
yx1

)2

+
∑

x∈ω

h1h2y
2
x̄2x2

+

+
h1

2

∑

x∈γ−1

h2y
2
x̄2x2

+ 2
∑

x∈ω−
1 ×ω−

2

h1h2y
2
x1x2

= ‖A1y‖2 + ‖A2y‖2 + 2 ‖B∗
1y‖2

∗ ,

where B∗
1y = −yx1x2 , x ∈ ω−

1 × ω−
2 , is a di�eren
e operator a
ting from Hh

into the spa
e H∗
h of the grid fun
tions whi
h are de�ned on the set of the

node points ω−
1 ×ω−

2 ; (y, v)∗ =
∑

x∈ω−
1 ×ω−

2

h1h2y(x)v(x) is the inner produ
t and

‖y‖∗ =
√

(y, y)∗ =
∑

x∈ω−
1 ×ω−

2

h1h2y
2(x) is the 
orresponding norm in H∗

h. Then
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we have

(B∗
1y,w)∗ = −

∑

x∈ω−
1 ×ω−

2

h1h2yx1x2w =

= −
∑

x∈ω

h1h2ywx̄1x̄2 −
h1

2

∑

x∈γ−1

h2y
2

h1
wx̄2 = (y,B1w),

where B1 : H∗
h → Hh is a 
onjugate operator for B∗

1 : Hh → H∗
h,

B1w = −




wx̄1x̄2 , x ∈ ω,
2

h1
wx̄2 , x ∈ γ−1.

(5)

Similarly to that we 
an also dedu
e the relation

‖Ay‖2 = (Ay,Ay) =
∑

x∈ω

h1h2(−yx̄1x1 − yx̄2x2)
2+

+
h1

2

∑

x∈γ−1

h2

(
− 2

h1
yx1 − yx̄2x2

)2

=

=
∑

x∈ω

h1h2y
2
x̄1x1

+
h1

2

∑

x∈γ−1

h2

(
2

h1
yx1

)2

+
∑

x∈ω

h1h2y
2
x̄2x2

+ (6)

+
h1

2

∑

x∈γ−1

h2y
2
x̄2x2

+ 2
∑

x∈ω−
1 ×ω+

2

h1h2y
2
x1x̄2

= ‖A1y‖2 + ‖A2y‖2 + 2 ‖B∗
2y‖2

∗ ,

where B∗
2y = −yx1x̄2 , x ∈ ω−

1 × ω+
2 , is a di�eren
e operator a
ting from Hh

into the spa
e H∗
h of the grid fun
tions whi
h are de�ned on the set of the

node points ω−
1 ×ω+

2 ; (y, v)∗ =
∑

x∈ω−
1 ×ω+

2

h1h2y(x)v(x) is the inner produ
t and

‖y‖∗ =
√

(y, y)∗ =
∑

x∈ω−
1 ×ω+

2

h1h2y
2(x) is the 
orresponding norm in H∗

h. We

have

(B∗
2y,w)∗ = −

∑

x∈ω−
1 ×ω+

2

h1h2yx1x̄2w =

= −
∑

x∈ω

h1h2ywx̄1x2 −
h1

2

∑

x∈γ−1

h2y
2

h1
wx2 = (y,B2w),

where B2 : H∗
h → Hh is a 
onjugate operator for B∗

2 : Hh → H∗
h,

B2w = −




wx̄1x2 , x ∈ ω,
2

h1
wx2 , x ∈ γ−1.

(7)

In what follows we need the assertion from [4℄ (see p. 54 therein).

Lemma 1. Let: 1) A be a self-
onjugate operator a
ting in the Hilbert spa
e

H, 2) B be a linear operator a
ting from H∗
into H (H∗ ⊇ H), 3) A−1

exist,

4) ‖B∗v‖∗ 6 γ‖Av‖ ∀v ∈ H, where B∗ : H → H∗
is a 
onjugate operator
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for B : H∗ → H, (y, v)∗ is the inner produ
t, and ‖v‖∗ =
√

(v, v)∗ is a


orresponding norm in H∗
. Then

‖A−1Bv‖ 6 γ‖v‖∗ ∀v ∈ H∗.

Applying Lemma 1 to the operators A, B1, B2 we obtain the estimate (k =
1, 2)

‖A−1Bkv‖ 6
1√
2
‖v‖∗ ∀v ∈ H∗. (8)

By means of Green's fun
tion G(x, ξ) = G(x1, x2; ξ1, ξ2) of the di�eren
e

boundary value problem

−Gξ̄1ξ1(x, ξ) −Gξ̄2ξ2(x, ξ) =
δ(x1, ξ1) δ(x2, ξ2)

h1h2
, ξ ∈ ω,

− 2

h1
Gξ1(x, ξ) =

2

h1

δ(x1, ξ1) δ(x2, ξ2)

h2
, ξ ∈ γ−1,

G(x, ξ) = 0, ξ ∈ γ\γ−1,

(9)

where δ(r, s) is the Krone
ker symbol, we present the solution of problem (3)

as follows

z(x, t) =
(
G(x, ·), ψ(·, t) − zt̄(·, t)

)
, (x, t) ∈ ωQT

=
(
ω ∪ γ−1

)
× ωτ . (10)

In the statement whi
h goes next we obtain the Green's fun
tion estimate.

Lemma 2. The following inequality holds true

‖G(x, ·)‖ 6
1√
2
ρ(x),

where ρ(x) = min
{√

(1 − x1)(1 − x2) ,
√

(1 − x1)x2

}
.

Proof. We write down problem (8) in a di�erent way:

−Gξ̄1ξ1
(x, ξ) −Gξ̄2ξ2

(x, ξ) =
(
H(ξ1 − x1)H(ξ2 − x2)

)
ξ̄1ξ̄2

, ξ ∈ ω,

− 2

h1
Gξ1(x, ξ) =

2

h1

(
H(ξ1 − x1)H(ξ2 − x2)

)
ξ̄2
, ξ ∈ γ−1,

G(x, ξ) = 0, ξ ∈ γ\γ−1,

where H(x) =

{
1, s > 0,

0, s < 0,
is the Heaviside step fun
tion. That 
an be redu
ed

to the operator equation

AξG(x, ξ) = −B1ξ

(
H(ξ1 − s1)H(ξ2 − x2)

)
.
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Then we have

‖G(x, ·)‖ =
∥∥−Aξ

−1B1ξ

(
H(· − x1)H(· − x2)

)∥∥ 6

6
1√
2
‖H(· − x1)H(· − x2)‖∗ =

=
1√
2

(
∑

ξ∈ω−
1 ×ω−

2

h1h2H
2(ξ1 − x1)H

2(ξ2 − x2)

)1/2

=

=
1√
2

(
1−h1∑

ξ1=0

h1H
2(ξ1 − x1)

)1/2( 1−h2∑

ξ2=0

h2H
2(ξ2 − x2)

)1/2

= (11)

=
1√
2

(
1−h1∑

ξ1=x1

h1

)1/2( 1−h2∑

ξ2=x2

h2

)1/2

=
1√
2

√
(1 − x1)(1 − x2) .

Similarly we rewrite problem (9) as follows

−Gξ̄1ξ1(x, ξ) −Gξ̄2ξ2(x, ξ) = −
(
H(ξ1 − x1)H(x2 − ξ2)

)
ξ̄1ξ2

, ξ ∈ ω,

− 2

h1
Gξ1(x, ξ) = − 2

h1

(
H(ξ1 − x1)H(x2 − ξ2)

)
ξ2
, ξ ∈ γ−1,

G(x, ξ) = 0, ξ ∈ γ\γ−1.

That 
an be redu
ed to the operator equation

AξG(x, ξ) = B2ξ

(
H(ξ1 − x1)H(x2 − ξ2)

)
,

from where we get the relation

‖G(x, ·)‖ =
∥∥Aξ

−1B2ξ

(
H(· − x1)H(x2 − ·)

)∥∥ 6
1√
2
‖H(· − x1)H(x2 − ·)‖∗ =

=
1√
2

(
∑

ξ∈ω−
1 ×ω+

2

h1h2H
2(ξ1 − x1)H

2(x2 − ξ2)

)1/2

=

=
1√
2

(
1−h1∑

ξ1=0

h1H
2(ξ1 − x1)

)1/2( 1∑

ξ2=h2

h2H
2(x2 − ξ2)

)1/2

= (12)

=
1√
2

(
1−h1∑

ξ1=x1

h1

)1/2( x2∑

ξ2=h2

h2

)1/2

=
1√
2

√
(1 − x1)x2 .

Inequalities (11) and (12) lead to the assertion of the lemma. �

3. The weighted error estimate

From (10), we dedu
e the relation

|z(x, t)| =
∣∣(G(x, ·), ψ(·, t) − zt̄(·, t)

)∣∣6 ‖G(x, ·)‖ · ‖ψ(·, t) − zt̄(·, t)‖ 6

6 ‖G(x, ·)‖
(
||ψ(·, t)‖ + ||zt̄(·, t)‖

)
6

1√
2
ρ(x)

(
‖ψ(·, t)‖ + ||zt̄(·, t)‖

)
,
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whi
h subsequently gives the inequality

|z(x, t)|2
ρ2(x)

6
1

2

(
‖ψ(·, t)‖ + ‖zt̄(·, t)‖

)2
6 ‖ψ(·, t)‖2 + ‖zt̄(·, t)‖2.

From the above, we obtain the inequation

t∑

η=τ

τ
|z(x, η)|2
ρ2(x)

6

t∑

η=τ

τ
(
‖ψ(·, η)‖2 + ‖zt̄(·, η)‖2

)
6 2

t∑

η=τ

τ‖ψ(·, η)‖2 , (13)

whi
h 
omes out from the following

‖zt̄(·, t)‖2 + 2
(
zt̄(·, t), (Az)(·, t)

)
+ ‖(Az)(·, t)‖2 = ‖ψ(·, t)‖2,

2
t∑

η=τ

τ
(
zη̄(·, η), (Az)(·, η)

)
=

= 2

t∑

η=τ

τ

(
∑

ξ∈ω

h1h2zη̄(ξ, η)
(
−zξ̄1ξ1(ξ, η) − zξ̄2ξ2(ξ, η)

)
+

+
h1

2

∑

ξ∈γ−1

h2zη̄(ξ, η)

(
− 2

h1
zξ1(ξ, η) − zξ̄2ξ2

(ξ, η)

))
=

= τ
∑

ξ∈ω+
1 ×ω2

h1h2

t∑

η=τ

τz2
ξ̄1η̄(ξ, η) +

∑

ξ∈ω+
1 ×ω2

h1h2z
2
ξ̄1

(ξ, t)+

+ τ
∑

ξ∈ω1×ω+
2

h1h2

t∑

η=τ

τz2
ξ̄2η̄(ξ, η) =

+
∑

ξ∈ω1×ω+
2

h1h2z
2
ξ̄2

(ξ, t) +
h1

2
τ
∑

ξ2∈ω+
2

(ξ1=0)

h2

t∑

η=τ

τz2
ξ̄2η(ξ, η) +

+
h1

2

∑

ξ2∈ω+
2

(ξ1=0)

h2z
2
ξ̄2

(ξ, t) > 0 .

For the approximation error ψ = T1T2f − ut̄ − Au = A1η1 + A2η2 + η3, we

have

‖ψ(·, t)‖2 = ‖(A1η1)(·, t) + (A2η1)(·, t) + η3(·, t)‖2 6

6 3
(
‖(A1η1)(·, t)‖2 + ‖(A2η1)(·, t)‖2 + ‖η3(·, t)‖2

)
,

from where (see also (13)) the following inequality 
omes out

t∑

η=τ

τ
|z(x, η)|2
ρ2(x)

6 6

t∑

η=τ

τ
(
‖(A1η1)(·, t)||2 + ‖(A2η1)(·, t)‖2 + ‖η3(·, t)‖2

)
. (14)
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Now we investigate the summand ‖(A1η1)(·, t)‖2
. For the node x ∈ ω ∪ γ−1

we have (see [3℄)

η1(x, t) = (T2u)(x, t) − u(x, t) =

= − 1

τh3
2

t∫

t−τ

dη

x2+
h2
2∫

x2−h2
2

dξ2

t∫

η

dη1

x2+h2∫

x2−h2

(
h2 − |x2 − ξ|

)
dξ

x2∫

ξ

∂2u(x1, ξ1, η1)

∂η1∂ξ1
dξ1−

− 1

τh3
2

t∫

t−τ

dη

x2+
h2
2∫

x2−h2
2

dξ2

x2+h2∫

x2−h2

(
h2 − |x2 − ξ|

)
dξ

x2∫

ξ

dξ1

ξ1∫

ξ2

∂2u(x1, ξ3, η)

∂ξ23
dξ3.

Bearing in mind the relation

(
T1
∂2u

∂x2
1

)
(x, t) = ux̄1x1(x, t), x ∈ ω, one 
an get

η1x̄1x1
(x, t) = − 1

h2
1τh

3
2

x1+h1∫

x1−h1

(
h1 − |x1 − ξ4|

)
dξ4

t∫

t−τ

dη×

×
x2+

h2
2∫

x2−h2
2

dξ2

t∫

η

dη1

x2+h2∫

x2−h2

(
h2 − |x2 − ξ|

)
dξ

x2∫

ξ

∂4u(ξ4, ξ1, η1)

∂ξ24∂η1∂ξ1
dξ1 −

− 1

h2
1τh

3
2

x1+h1∫

x1−h1

(
h1 − |x1 − ξ4|

)
dξ4

t∫

t−τ

dη

x2+
h2
2∫

x2−h2
2

dξ2×

×
x2+h2∫

x2−h2

(
h2 − |x2 − ξ|

)
dξ

x2∫

ξ

dξ1

ξ1∫

ξ2

∂2u(x1, ξ3, η)

∂ξ23
dξ3 .

Then

∣∣η1x̄1x1
(x, t)

∣∣ 6 4

√
τh2

h1




x1+h1∫

x1−h1

dξ4

t∫

t−τ

dη1

x2+h2∫

x2−h2

(
∂4u(ξ4, ξ1, η1)

∂ξ24∂η1∂ξ1

)2

dξ1




1/2

+

+ 8

√
h3

2

h1τ




x1+h1∫

x1−h1

dξ4

t∫

t−τ

dη

x2+h2∫

x2−h2

(
∂4u(ξ4, ξ3, η)

∂ξ24∂ξ
2
3

)2

dξ3




1/2

, x ∈ ω.

Applying here the inequality (a+ b)2 6 2(a2 + b2) we re
eive
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∣∣η1x̄1x1
(x, t)

∣∣2 6 2

(
16
τh2

h1

x1+h1∫

x1−h1

dξ4

t∫

t−τ

dη1

x2+h2∫

x2−h2

(
∂4u(ξ4, ξ1, η1)

∂ξ24∂η1∂ξ1

)2

dξ1

+ 64
h3

2

h1τ

x1+h1∫

x1−h1

dξ4

t∫

t−τ

dη

x2+h2∫

x2−h2

(
∂4u(ξ4, ξ3, η)

∂ξ24∂ξ
2
3

)2

dξ3

)
, x ∈ ω .

(15)

Next we make use of the relation

(
T1
∂2u

∂x2
1

)
(x, t) =

2

h1
ux1(x, t), x ∈ γ−1,

and draw the formula

2

h1
η1x1

(x, t) = − 2

h2
1τh

3
2

h1∫

0

(h1 − ξ4)dξ4

t∫

t−τ

dη×

×
x2+

h2
2∫

x2−h2
2

dξ2

t∫

η

dη1

x2+h2∫

x2−h2

(
h2 − |x2 − ξ|

)
dξ

x2∫

ξ

∂4u(ξ4, ξ1, η1)

∂ξ24∂η1∂ξ1
dξ1 −

− 2

h2
1τh

3
2

h1∫

0

(h1 − ξ4)dξ4

t∫

t−τ

dη

x2+
h2
2∫

x2−h2
2

dξ2

x2+h2∫

x2−h2

(
h2 − |x2 − ξ|

)
dξ×

×
x2+h2∫

x2−h2

(
h2 − |x2 − ξ|

)
dξ

x2∫

ξ

dξ1

ξ1∫

ξ2

∂2u(x1, ξ3, η)

∂ξ23
dξ3, x ∈ γ−1,

whi
h gives the inequality

∣∣∣∣
2

h1
η1x1

(x, t)

∣∣∣∣ 6
4
√

2τh2√
h1




h1∫

0

dξ4

t∫

t−τ

dη1

x2+h2∫

x2−h2

(
∂4u(ξ4, ξ1, η1)

∂ξ24∂η1∂ξ1

)2

dξ1




1/2

+

+
8
√

2h3
2√

h1τ




h1∫

0

dξ4

t∫

t−τ

dη

x2+h2∫

x2−h2

(
∂4u(ξ4, ξ3, η)

∂ξ24∂ξ
2
3

)2

dξ3




1/2

, x ∈ γ−1,

from where we obtain

∣∣∣∣
2

h1
η1x1

(x, t)

∣∣∣∣
2

6 2

(
32
τh2

h1

h1∫

0

dξ4

t∫

t−τ

dη1

x2+h2∫

x2−h2

(
∂4u(ξ4, ξ1, η1)

∂ξ24∂η1∂ξ1

)2

dξ1+

+ 128
h3

2

h1τ

h1∫

0

dξ4

t∫

t−τ

dη

x2+h2∫

x2−h2

(
∂4u(ξ4, ξ3, η)

∂ξ24∂ξ
2
3

)2

dξ3

)
, x ∈ γ−1.

(16)
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Thus we 
ome to the estimate (see (15) and (16))

t∑

η=τ

τ‖(A1η1)(·, η)‖2
6

6 128

(
τ2h2

2

t∫

0

dη

∫∫

D

(
∂4u(ξ1, ξ2, η)

∂ξ21∂ξ2∂η

)2

dξ1dξ2

+ 4h4
2

t∫

0

dη

∫∫

D

(
∂4u(ξ1, ξ2, η)

∂ξ21∂ξ
2
2

)2

dξ1dξ2

)
.

(17)

Now we look 
losely at the summand ‖(A2η2)(·, t)‖2
in (14). A
ting as before

(see (15)) for the node x ∈ ω one 
an establish the relation

∣∣η2x̄2x2
(x, t)

∣∣2 6 2

(
16
τh1

h2

x1+h1∫

x1−h1

dξ1

t∫

t−τ

dη

x2+h2∫

x2−h2

(
∂4u(ξ1, ξ2, η)

∂ξ22∂η∂ξ1

)2

dξ2

+ 64
h3

1

h2τ

x1+h1∫

x1−h1

dξ1

t∫

t−τ

dη

x2+h2∫

x2−h2

(
∂4u(ξ1, ξ2, η)

∂ξ21∂ξ
2
2

)2

dξ2

)
, x ∈ ω.

(18)

For the node x ∈ γ−1 we have

η2(x, t) = (T1u)(x, t) − u(x, t) =

=
2

h2
1

h1∫

0

(h1 − ξ)
(
u(ξ, x2, t) − u(0, x2, t)

)
dξ =

=
2

h2
1

h1∫

0

(h1 − ξ)dξ

ξ∫

0

∂u(ξ1, x2, t)

∂ξ1
dξ1 =

=
2

τh3
1

h1∫

0

(h1 − ξ)dξ

ξ∫

0

dξ1

t∫

t−τ

dη

h1∫

0

(
∂u(ξ1, x2, t)

∂ξ1
− ∂u(ξ2, x2, η)

∂ξ2

)
dξ2 +

+
2

τh3
1

h1∫

0

(h1 − ξ)dξ

ξ∫

0

dξ1

t∫

t−τ

dη

h1∫

0

∂u(ξ2, x2, η)

∂ξ2
dξ2 =

=
2

τh3
1

h1∫

0

(h1 − ξ)dξ

ξ∫

0

dξ1

t∫

t−τ

dη

h1∫

0

dξ2

t∫

η

∂2u(ξ1, x2, η1)

∂η1∂ξ1
dη1 +

+
2

τh3
1

h1∫

0

(h1 − ξ)dξ

ξ∫

0

dξ1

t∫

t−τ

dη

h1∫

0

dξ2

ξ1∫

ξ2

∂2u(ξ3, x2, η)

∂ξ23
dη1 +
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+
2

τh3
1

h1∫

0

(h1 − ξ)dξ

ξ∫

0

dξ1

t∫

t−τ

dη

h1∫

0

∂u(ξ2, x2, η)

∂ξ2
dξ2 .

Taking into a

ount the relation

(
T2
∂2u

∂x2
2

)
(x, t) = ux̄2x2(x, t), x ∈ ω∪γ−1, one


an get the representation

η2x̄2x2(x, t) =

=
2

h2
2τh

3
1

x2+h2∫

x2−h2

(
h2 − |x2 − ξ4|

)
dξ4

h1∫

0

(h1 − ξ)dξ×

×
ξ∫

0

dξ1

t∫

t−τ

dη

h1∫

0

dξ2

t∫

η

∂4u(ξ1, ξ4, η1)

∂ξ24∂η1∂ξ1
dη1 +

+
2

h2
2τh

3
1

x2+h2∫

x2−h2

(
h2 − |x2 − ξ4|

)
dξ4

h1∫

0

(h1 − ξ)dξ×

×
ξ∫

0

dξ1

t∫

t−τ

dη

h1∫

0

dξ2

ξ1∫

ξ2

∂4u(ξ3, ξ4, η)

∂ξ24∂ξ
2
3

dη1 +

+
2

h2
2τh

3
1

x2+h2∫

x2−h2

(
h2 − |x2 − ξ4|

)
dξ4

h1∫

0

(h1 − ξ)dξ×

×
ξ∫

0

dξ1

t∫

t−τ

dη

h1∫

0

∂3u(ξ2, ξ4, η)

∂ξ24∂ξ2
dξ2,

where we apply the inequality (a+ b+ c)2 6 3(a2 + b2 + c2) and then have

∣∣η2x̄2x2
(x, t)

∣∣2 6 3

(
2
τh1

h2

x2+h2∫

x2−h2

dξ2

h1∫

0

dξ1

t∫

t−τ

(
∂4u(ξ1, ξ2, η)

∂ξ22∂η∂ξ1

)2

dη +

+
2h3

1

9τh2

x2+h2∫

x2−h2

dξ2

t∫

t−τ

dη

h1∫

0

(
∂4u(ξ1, ξ2, η)

∂ξ21∂ξ
2
2

)2

dξ1 + (19)

+
2h1

9τh2

x2+h2∫

x2−h2

dξ2

t∫

t−τ

dη

h1∫

0

(
∂3u(ξ1, ξ2, η)

∂ξ22∂ξ1

)2

dξ1

)
, x ∈ γ−1.

As a result (see (18) and (19)) the following estimate is substantiated
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t∑

η=τ

τ‖(A2η2)(·, η)‖2
6 128

(
τ2h2

1

t∫

0

dη

∫∫

D

(
∂4u(ξ1, ξ2, η)

∂ξ1∂ξ22∂η

)2

dξ1dξ2 +

+ 4h4
1

t∫

0

dη

∫∫

D

(
∂4u(ξ1, ξ2, η)

∂ξ21∂ξ
2
2

)2

dξ1dξ2

)
+ (20)

+
2h2

1

3

t∫

0

dη

∫∫

Dh

(
∂3u(ξ1, ξ2, η)

∂ξ22∂ξ1

)2

dξ1dξ2,

where Dh = {x = (x1, x2) : 0 6 x1 6 h1, 0 6 x2 6 1} .
Finally we examine the summand ‖η3(·, t)‖2

in (14). For the node x ∈ ω we

get

η3(x, t) =
d(Tu)

dt
(x, t) − ut̄(x, t) =

1

τh2
1h

2
2

x1+h1∫

x1−h1

(
h1 − |x1 − ξ1|

)
dξ1×

×
x2+h2∫

x2−h2

(
h2 − |x2 − ξ2|

)
dξ2

t∫

t−τ

dη

t∫

η

∂2u(ξ1, ξ2, η1)

∂η2
1

dη1 +

+
1

τh3
1h

2
2

x1+h1∫

x1−h1

(
h1 − |x1 − ξ1|

)
dξ1

x2+h2∫

x2−h2

(
h2 − |x2 − ξ2|

)
dξ2

t∫

t−τ

dη

ξ1∫

x1

dξ3 ×

×
x1+

h1
2∫

x1−h1
2

dξ5

ξ3∫

ξ5

∂3u(ξ8, ξ2, η)

∂ξ28∂η
dξ8 +

+
1

τh3
1h

3
2

x1+h1∫

x1−h1

(
h1 − |x1 − ξ1|

)
dξ1

x2+h2∫

x2−h2

(
h2 − |x2 − ξ2|

)
dξ2

t∫

t−τ

dη

ξ2∫

x2

dξ4×

×
x1+

h1
2∫

x1−h1
2

dξ6

x2+
h2
2∫

x2−h2
2

dξ7

x1∫

x6

∂3u(ξ9, ξ4, η)

∂ξ9∂ξ4∂η
dξ9 +

+
1

τh3
1h

3
2

x1+h1∫

x1−h1

(
h1 − |x1 − ξ1|

)
dξ1

x2+h2∫

x2−h2

(
h2 − |x2 − ξ2|

)
dξ2

t∫

t−τ

dη

ξ2∫

x2

dξ4×
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×
x1+

h1
2∫

x1−h1
2

dξ6

x2+
h2
2∫

x2−h2
2

dξ7

ξ4∫

ξ7

∂3u(ξ6, ξ10, η)

∂ξ210∂η
dξ10 .

Making use of the inequality (a + b + c + d)2 6 4(a2 + b2 + c2 + d2) we draw

from here the estimate

∣∣η3(x, t)
∣∣2 6 4

(
16τ

9h1h2

x1+h1∫

x1−h1

dξ1

x2+h2∫

x2−h2

dξ2

t∫

t−τ

(
∂2u(ξ1, ξ2, η1)

∂η2
1

)2

dη1 +

+
64h3

1

τh2

x2+h2∫

x2−h2

dξ2

t∫

t−τ

dη

x1+h1∫

x1−h1

(
∂3u(ξ8, ξ2, η)

∂ξ28∂η

)2

dξ8 +

+
32h1h2

τ

t∫

t−τ

dη

x2+h2∫

x2−h2

dξ4

x1+
h1
2∫

x1−h1
2

(
∂3u(ξ9, ξ4, η)

∂ξ9∂ξ4∂η

)2

dξ9 + (21)

+
128h3

2

τh1

t∫

t−τ

dη

x1+
h1
2∫

x1−h1
2

dξ6

x2+h2∫

x2−h2

(
∂3u(ξ6, ξ10, η)

∂ξ210∂η

)2

dξ10

)
, x ∈ ω .

Now we 
onsider the term η3(x, t) for x ∈ γ−1. Omitting some details we 
an

present it in the form

η3(x, t) =
d(Tu)

dt
(x, t) − ut̄(x, t) =

=
2

h2
1h

2
2

h1∫

0

(h1− ξ1)dξ1

x2+h2∫

x2−h2

(
h2 − |x2 − ξ2|

)∂u(ξ1, ξ2, t)
∂t

dξ2−

−u(0, x2, t) − u(0, x2, t− τ)

τ
=

=
2

h2
1h

2
2

h1∫

0

(h1 − ξ1)dξ1

x2+h2∫

x2−h2

(
h2 − |x2 − ξ2|

)
dξ2

t∫

t−τ

[∂u(ξ1, ξ2, t)
∂t

−

−∂u(0, x2, η)

∂η

]
dη =

=
2

h2
1h

2
2

h1∫

0

(h1 − ξ1)dξ1

x2+h2∫

x2−h2

(
h2 − |x2 − ξ2|

)
dξ2

t∫

t−τ

dη

t∫

η

∂2u(ξ1, ξ2, η1)

∂η2
1

+
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+
2

h2
1h

2
2

h1∫

0

(h1 − ξ1)dξ1

x2+h2∫

x2−h2

(
h2 − |x2 − ξ2|

)
dξ2

t∫

t−τ

dη

ξ1∫

0

∂2u(ξ3, ξ2, η)

∂ξ3∂η
dξ3 +

+
2

h3
1h

3
2

h1∫

0

(h1 − ξ1)dξ1

x2+h2∫

x2−h2

(
h2 − |x2 − ξ2|

)
dξ2×

×
t∫

t−τ

dη

ξ2∫

x2

dξ4

h1∫

0

dξ5

x2+
h2
2∫

x2−h2
2

dξ6

0∫

ξ5

∂3u(ξ7, ξ4, η)

∂ξ7∂ξ4∂η
dξ7 +

+
2

h3
1h

3
2

h1∫

0

(h1 − ξ1)dξ1

x2+h2∫

x2−h2

(h2 − |x2 − ξ2|) dξ2
t∫

t−τ

dη×

×
ξ2∫

x2

dξ4

h1∫

0

dξ5

x2+
h2
2∫

x2−h2
2

dξ6

ξ4∫

ξ6

∂3u(ξ5, ξ8, η)

∂ξ28∂η
dξ8 ,

whi
h leads to the inequality

∣∣η3(x, t)
∣∣2 6 4

(
32τ

9h1h2

h1∫

0

dξ1

x2+h2∫

x2−h2

dξ2

t∫

t−τ

(
∂2u(ξ1, ξ2, η1)

∂η2
1

)2

dη1 +

+
2h1

τh2

x2+h2∫

x2−h2

dξ2

t∫

t−τ

dη

h1∫

0

(
∂2u(ξ3, ξ2, η)

∂ξ3∂η

)2

dξ3 + (22)

+
2h1h2

τ

t∫

t−τ

dη

x2+h2∫

x2−h2

dξ4

h1∫

0

(
∂3u(ξ7, ξ4, η)

∂ξ7∂ξ4∂η

)2

dξ7 +

+
2h3

2

τh1

t∫

t−τ

dη

h1∫

0

dξ5

x2+h2∫

x2−h2

(
∂3u(ξ5, ξ8, η)

∂ξ28∂η

)2

dξ8

)
, x ∈ γ−1 .

Combining (21) and (22) we 
on
lude that

t∑

η=τ

τ‖η3(·, η)‖2 6
256

9
τ2

t∫

0

dη

∫∫

D

(
∂2u(ξ1, ξ2, η)

∂η2

)2

dξ1dξ2 + (23)

+ 1024h4
1

t∫

0

dη

∫∫

D

(
∂3u(ξ1, ξ2, η)

∂ξ21∂η

)2

dξ1dξ2 +
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+ 256h2
1h

2
2

t∫

0

dη

∫∫

D

(
∂3u(ξ1, ξ2, η)

∂ξ1∂ξ2∂η

)2

dξ1dξ2 +

+ 1024h4
2

t∫

0

dη

∫∫

D

(
∂3u(ξ1, ξ2, η)

∂ξ22∂η

)2

dξ1dξ2+

+ 8h2
1

t∫

0

dη

∫∫

Dh

(
∂2u(ξ1, ξ2, η)

∂ξ1∂η

)2

dξ1dξ2 ,

where Dh = {x = (x1, x2) : 0 6 x1 6 h1, 0 6 x2 ≤ 1}.
Assembling (14), (17), (20), (23) we arrive at the �nal 
on
lusion.

Theorem 1. Let the solution u(x1, x2, t) of problem (1) satisfy the 
onditions

∂4u

∂x2
1∂x2∂t

,
∂4u

∂x2
1∂x

2
2

,
∂4u

∂x1∂x
2
2∂t

,

∂3u

∂x1x2
2

,
∂3u

x2
1∂t

,
∂3u

x2
2∂t

,
∂3u

∂x1∂x2∂t
,
∂2u

∂t2
,
∂2u

∂x1∂t
∈ L2(QT ).

Then for the a

ura
y of s
heme (2) the weighted a priory estimate holds true

(
t∑

η=τ

τ
|z(x, η)|2
ρ2(x)

)1/2

≤

M
(
τ2h2

2 + h4
2 + τ2h2

1 + h4
1 + τ2 + h2

1h
2
2 + h2

1

)1/2
,

(24)

where the 
onstant M is expressed through the norms of the above listed deriva-

tives of the solution u(x, t).

Remark 4. One 
an apply the results from [4℄ (see p.161 therein) to the inte-

grals

h2
1

t∫

0

dη

∫∫

Dh

(
∂3u(ξ1, ξ2, η)

∂ξ22∂ξ1

)2

dξ1dξ2 , h2
1

t∫

0

dη

∫∫

Dh

(
∂2u(ξ1, ξ2, η)

∂ξ1∂η

)2

dξ1dξ2

in (20) and (23) respe
tively. If the assumptions of theorem 1 are satis�ed and,

in addition,

∂4u

∂x1∂x3
2

∈ L2(QT ), then instead of (24) the following estimate 
an

be proved

(
t∑

η=τ

τ
|z(x, η)|2
ρ2(x)

)1/2

6 M
(
τ2h2

2 + h4
2 + τ2h2

1 + h4
1 + τ2 + h2

1h
2
2 + h3

1

)1/2
.
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