ZKypHaJ 069uCIIOBaIBHOT 2013, N= 3 (113) Journal of Computational
Ta MPUKJIATHOI MATEMATHKH c.91-106 & Applied Mathematics

UDC 519.6

THE BOUNDARY EFFECT
IN THE ERROR ESTIMATE
OF THE FINITE-DIFFERENCE SCHEME
FOR THE TWO-DIMENSIONAL
HEAT EQUATION

NATALIYA MAYKO

PE3IOME. Y po60Ti TOCTIIKEHO TOYHICTH TPAIUIIIHHOI CKIHYEHHO-Pi3HUIIEBOT
CXeMH IS ITOYATKOBO-KPAMOBOI 3aJadi I PIBHAHHSA TeILIONPOBIIHOCTI 3
ymoBamu [lipixme i Hefimana ma mexi ommamgHOro KBajapara. JloBemeHO
ampiopHy OIMHKY 3 Baro IS MIBUIAKOCTI 301KHOCTI METOmy. 3 OIep:KaHOl
HEpIBHOCT] BUILIMBAE, 10 TOYHICTH CXeMM 30LIbIIYETHCS MOOIN3Y TUX OITHUX
rpamHeil IPOCTOPOBO-YACOBOTO MapaJieserninesa, Ae 3a/1aHa Kpaiiosa ymosa [li-
pixure.

ABsTrRACT. The accuracy of the conventional finite-difference scheme for
the initial-boundary value problem for the parabolic equation in a unit square
with Dirichlet’s and Neumann’s boundary value conditions is considered. The
error estimate with the weight function is proved. This inequality shows
that the accuracy order is higher near the three side faces of the space-time
parallelepiped where the Dirichlet boundary condition is satisfied precisely
than that is far from them.

1. INTRODUCTION

The grid method is widely used for solving numerically many problems of
mathematical physics, and the theory of the method is profoundly developed
(see [1]). It is obvious that the Dirichlet boundary condition is satisfied exactly
and may therefore influence the order of the error estimate: the accuracy of
the difference scheme is likely to be higher near the boundary of the domain
than it is in the middle of that. Such supposition turned justified and were
quantitatively estimated in [2] where the initial-boundary value problem with
the Dirichlet boundary condition is investigated and the error estimate of the
usual finite-difference scheme is proved. These ideas were further developed in
[3] where the one- and two-dimensional heat equations are considered.

In the present paper we study the effect of the mixed boundary conditions
when the Neumann boundary condition is given on the left side of the unit
square and the Dirichlet one is on its three other sides.

We consider the problem

Key words. Heat equation, mixed boundary condition, grid method, weighted error
estimate.
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6“5;7 t) _ Au(z,t) + f(x,t), (2,t) € Qr =Q x (0,T),
ou(x,t
8(:61 ) =0, (z,t)eT_;x(0,T), (1)

u(z,t) =0, (z,t) e (I\I'21) x (0,7),
’U,(.%',O) = (p(.%‘), T € Q,
0? 0?

where © = (21, x2), Aza—x%—i—a—x%, Q={x=(r1,22): 0<z <1, a=

1,2} is a unit square, I' = 0Q is the boundary of @, T'_; = {z = (z1,2) :
x1 =0, 0 < x9 < 1} is the left side of Q.
Denoting the grid sets

Wo = {Sﬂga) = iahaa 1o = 1, Ny — 1, ha = 1/Nou Ny 2 2,
N, is an integer number },
=wo U{0}, wl=w,U{l}, ©q=wsU{0}U{1},

w=wi Xwy, W=w Xwy, 7=00\w,

Wo

V—a = {xa =0, 3.4 € W3fa}a V+a = {xa =1, 234 € WB*&}’ a=1,2,

wr={tj=47r, j=1, M -1, 7=T/M, M >2, M is an integer number},
wQ, = (WUv-1) X wr.

and making use of the operators
xo2+ho

(Tov) (w1, 72) = . (he — |wg — &|)v(21,&2) dE2, = €wUq_y,

h3
xro—ho
1 z1+h1
[ —lm—ahvEada, sew,
1
(Thv) (w1, 22) = “h:hl
2
ﬁ/(hl — &) v(&r, z2)dé T E Y1,
1
0

we approximate problem (1) with the following finite-difference scheme
vi(z,t) + (Ay)(z,t) = (T2 f)(z,t), (2,1) € wor,
y(z,t) =0, (z,t) € (Y\7-1) X wr, (2)
y(@,0) = ¢(z), z€w,
where A = A1 + As,

y:h:vla HARS W,
Aly = -1
2h1 Y1y HASS V-1,

Agy = ~Yzozes T EWUY_1.
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For the error z(z,t) = y(x,t) — u(x,t) we then have the problem

Y(x,t), (2,t) € Wy,
;o (m,t) € (Y\7-1) X wr, (3)
, T Ew,

zi(x,t) + (Az)(z, 1)
t

z(x,t)
z(x,0)

8

0
0

where ¢ = ThTof — uf — Au = Ay + Aang + 13 is the approximation error,

d(Tu
Na(z,t) = u(z,t) — (Ts_qu)(z,t), « = 1,2, n3(z,t) = (dt )
(x,t) € (wUv_1) X wy.

(xat) - ’U,{(.%‘,t),

2. THE GREEN’S FUNCTION ESTIMATE
Denoting by Hj the space of grid functions defined on @ and vanishing on
v\7—1 we introduce the inner product and the associate norm:

(.0) = 3 habay(ao(a) + 2 37 hay(a)e(a)

TrTEW foy_l
hl 1/2
[v]| =+/(v,v) = (;hlhw?(:ﬂwg ; hgv(:c)> .
reEw rTEY-1

It is well known (see [1], [4]) that the difference operator A is symmetric and
positive definite in Hj, and therefore the inverse operator A~! exists. We find

HAyHQ = (Ay,Ay) = Z hth(_yilxl - yi2$2)2+

rEew
hi 2 2
+E Z ha <_h_y:v1 _ymm) =
TEY-1 1
2 2 hy 4 9 2
= Z h1h2(yi111 + y{i‘gz‘g) + 7 Z ho Fyz1 + Yzous +
TEW TEY-1 1
hi 2
+ Z h1h22yi1$1yi’2$2 + 3 Z h22h_yl‘1yi’2$2 = (4)
rew TEY-1 1
2 h 2 ? 2
=D Mhayie + 5 D e e ) D Mhayi,+
TrEW TEY-1 1 Trew
hq
t5 Do heyte, 2 Y Mhayia, = | Awl? + [ Ay)? + 21BiylZ,
TEY-1 TEW] Xwy

where By = —Yg,2., T € W] X w,, is a difference operator acting from Hj,
into the space H} of the grid functions which are defined on the set of the
node points w; Xwsy; (y,v), = >,  hihey(x)v(x) is the inner product and

TEW] Xwy

lyll« =/ (v,y), = Y. hihay?(z) is the corresponding norm in H}. Then

TEW Xwsy
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we have
(Bikva)* = - Z hthyxlxgw =
TEW| Xwy
hl
= - Z h1h2ywz112 - Z h2yh Wz, = (y’ Blw)
TEW rEY-1

where By : Hy — H}, is a conjugate operator for By : Hy, — Hj,
Wz Zg xr € w,
Blw = — 2 (5)
h_lwich T e y-1.

Similarly to that we can also deduce the relation

HAyH2 (Ay’ Ay Z hth(_yilxl - yi212)2+

rew
2
Z h2( I 7Yz — ymm) =
reEY-1
hl 2 2
= Z h1h2yx1x1 Z h2 yfl'l + Z h1h2yi‘2x2+ (6)
TrEw TEY-1 TEW
hy *_ 112
-y Z h2y3,, + Z hihay z, = A1yl + [ Az2y|* + 2(1B3yl12,
TEY-1 TEW, Xw;
where By = —Yg 2., T € Wy X w;, is a difference operator acting from Hyp,
into the space H} of the grid functions which are defined on the set of the
node points w; xwy; (y,v), = Y.  hihey(x)v(z) is the inner product and
TEW, Xw;
lyll« = V(,y), = > hihey?(z) is the corresponding norm in H;. We
TEW, ><<.u§L
have
(Béky?w)* = - Z hthymligw
TEW, ><<.u§L
h1 2
= Z h1h2ywz112 - Z h2yh Wy = (y’ ng)
TEW TEY-1

where By : Hy — Hj, is a conjugate operator for B : Hj, — Hj,

Wiy g, xr € w,

ng - — 2 (7)
—Wgyy, T E Y1
hi

In what follows we need the assertion from [4] (see p. 54 therein).

Lemma 1. Let: 1) A be a self-conjugate operator acting in the Hilbert space
H, 2) B be a linear operator acting from H* into H (H* D H), 3) A~! emist,
4) |B*v|l« < 9||Av|| Yv € H, where B* : H — H* is a conjugate operator
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for B: H* — H, (y,v), is the inner product, and ||v]« = /(v,v), 1is a
corresponding norm in H*. Then

IA™ Boll <7llvlls Vo€ H.

Applying Lemma 1 to the operators A, By, By we obtain the estimate (k =
1,2)

|A™ Byo|| < Vv e H*. (8)

\/—Hv\l*

By means of Green’s function G(z,§) = G(x1,22;&1,&2) of the difference
boundary value problem

§(z1,&1) (w2, &2)

=G, (2,8) — Ggye, (2,6) = i . few,
2 _ 2 6(21,&) 6(z2,&2) (9)
_h_lG& (.1‘,5) - hl h2 ) 5 € V-1,
G(Sl?,f) :Oa 56’7\7715

where d(r, s) is the Kronecker symbol, we present the solution of problem (3)
as follows

2(z,t) = (G(z,-), ¥(t) — z(- 1)), (2,t) Ewgy = (wUY-1) X wr.  (10)
In the statement which goes next we obtain the Green’s function estimate.

Lemma 2. The following inequality holds true

Gz, )] < —5p(),

where p(z) = min{\/(1 — 21)(1 — 22), /(1 — z1)z2 }.

Proof. We write down problem (8) in a different way:

_Gélfl (CC,f) - G&&(IE f) = (H(fl — fEl)H(fg — 562))5— f € w,

2

€2’
h Gfl(x 5) 1( (51 - xl 52 — X2 ) Eeyq,

(x,f) _Oa 567\’771’

1, s>20,
0, s<0,
to the operator equation

where H(z) = is the Heaviside step function. That can be reduced

AgG(.%', 5) = _Blg(H(gl — 81)H(§2 — .1‘2))
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Then we have

G (@, )| = [|=Ae ' Big (H(- —a1)H(- — 22))|| <
< %HH(- — o) H(-— 2|, =
1/2
= < Z hiho H? (& — 1) H? (& —562)) =
€W Xwy

ks 12 /4 p, 1/2
( Z hH?(& — 331)) ( Z hoH? (& — 562)) = (11)
&2=0

1—hy 1—ho 1/2
&1=z1 Eo=mx2

Similarly we rewrite problem (9) as follows
_Gg’lgl (33’5) - Ggggg (CCaf) = —(H(& - SCl)H(l“Q - 52))5152, £ Ew,
2 2
——Ge, (2,8) = —— (H(& —z1)H(z2 — &)),., £E€7-1,
hl h1 &2
G(z,§) =0, £€7\7-1.
That can be reduced to the operator equation

AéG(x’é') = ng(H(gl - (L‘l)H(fEQ - 52))7

from where we get the relation

\/(1 — .’El)(l — .’EQ) .

-

_ 1
Gz, )| = [|A¢ ™ Bag (H(- — 1) H (22 — )| < EHH(' —z1)H(zy — )|+ =
. 1/2
=— > mhH*(& —21)H (22 - &) =
V2N S
few] Xwy
—hy /2 , 4 1/2
\/_< Z th 51 — 1‘1)) ( Z h2H2(x2 — §Q)> = (12)
§1=0 §2=h2
1-hy 1/2 T2 1/2 1
< Z h1> ( Z hg) = E (1 — .%'1).%'2 .
§1=x1 E2=h2
Inequalities (11) and (12) lead to the assertion of the lemma. O

3. THE WEIGHTED ERROR ESTIMATE
From (10), we deduce the relation

2(z, 1) = [(G(x,), D) = 2( ) | < NG (@, ) - (1) = 2 )] <

< GG IO+ Tz Ol < % 2) (O + 2zl
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which subsequently gives the inequality

Z\T 2
e < SOOI+ IO < IO + el DI

From the above, we obtain the inequation

2 t

> rEGIE < 3 (Il + et 2ZTW DIE (13

n=r
which comes out from the following

lz5( O + 2(26(, 1), (A2)( 1)) + (A DI = e, O,

t

2 7(z(m), (A2) () =

n=r

=2 ZT(Z hihazg(&,m) (_25161 & n) — 25262(5777)>+

n=7 few

Z haz5(&,m ( —zg, (&) — Z@@(fﬂ?))) =
567 1
=7 Y Ih Zm )+ Y mheE (60 +

gcwi xwa gew xwa
+7 Z hthZTZ
£€w1><w;
+OY M En + e Y h22%n5"
E€wr xwy E2cwy
(61=0)
> hazf (&) >0,
EQEw;"
(61=0)

For the approximation error ¢ = ThYTo f —ur — Au = Ainy + Asne + 13, we
have

(I = 1(Avm) (1) + (Azm) (5 8) + ms (01 <
3 (1A ) GO + 1 (Azm) GO + s (L )I1)

from where (see also (13)) the following inequality comes out

t

i Z\T 2
S I <63 (im0l + [z P + G 0]F) - (19

n=7
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Now we investigate the summand ||(A171)(:,%)||?. For the node x € wU~y_
we have (see [3])

m(z,t) = (Tou)(z,t) — u(z,t) =

. t Tt t za+ho 52 eum)
uw(z1,&1,m
= —— d d dm h - - d — 7 P dé -
3 / n 52/ / 2 — |zg — &) 5/ I 06, &1
t=7 g, h2 n x2—ho
2
1 t 12+h72 x2+ho 52 5
u xla 3,7
- d d ho — - d d d .
3 / n / &2 / (ha — |z2 — €]) f/ 51/ o2 &3
t—7 CEQ*% $2—h2

0%u
Bearing in mind the relation (T1 @> (z,t) = uz,z, (x,t), * € w, one can get
1

1 x1+hy t
Mo @0 =~y [ (—lea—si)aca [
r1—h1 t—1
x2+L22 t x2+ho o 5 5 )
Uu(G4,G1, M
d dm h — — d — 2 dE —
X 52/ / 2 — |z2 — ¢]) 5/ 9E20m 06, &1
_ha n z2—ho
r2— 5
] z1+h1 t $2+
- h d d d
h%’i’h% ( 1= |z1 = 54 54/ n / Ea X
r1—h1 2__
x2+ho 52 5
’LL Iy, ,
X / (hg — |z2 — &]) dﬁ/d&/ S 53-
853
ro—ho 3
Then
o x1+h1 To+ 8 5 5 ) 1/2
T2 U G4,61, M
- ) <44/ —= d d d
e (@, 0) hy / §4/ n / ( £10m 0&1 > e "
Tr1— h1 3?2— 2
h3 z1+hi 5 (€2, €5,7) 1/2
u\G4,83,1
8 ey [ d d . zEw
+ T / 54/ Ul / ( 9E20¢2 > &3 TEW
xr1—h1 -7 x2—ha

Applying here the inequality (a + b)? < 2(a? + b?) we receive



THE BOUNDARY EFFECT IN THE ERROR ESTIMATE ...

99
xr1+h1
2 Tha [ do*u 0", &1,m)
Mgy (2,8)]” < 16— d€4 d771 0E20m, O dfl
T1— h1 x2—ha D
(15)
a U 54)53) )
colt ] d@/dn T ( s) ). sew
zr1—h1 -7 x2—ho

02 2
Next we make use of the relation (T1 —Z) (x,t) = h—uxl(:c,t), x € y_1,
1 1

and draw the formula

Ry ¢
2
h_lnlgyl( h2 h3/ 54 d€4/d77x
+72 t x2+ha P é_ é_ )
U(G4,61,M
d ho — - d — 2 A dEy —
/ / [ el 5/ o&omoe, !
xo—ho
5 h1 x2+2 zo+ho
W/( —& df4/d77 / d&s / (hg — |@2 — £])dEx
L
0 12,_ z2—ha
x2+ho 52 5
u :I" M ’
X / (ho — |z2 — &) df/dfl/ 81 & d€3, T € -1,
zo—ho 53

which gives the inequality

zo+ho 1/2
2 4\/% O u(er, &1,m)
'h—lnm<x,t)' < ( / acs / dm / <—8§26m&51 ) de |+

xro—ho

x2+ho 1/2
O u(€q,&3,m)
hn(/df/ /( PE30E3 >d§3) e

T xo—ho

from where we obtain

Tho " u(€4,€1,m1)
< (32_/ df‘*/ n / < BE30m 9%, )d“

z2—ho

" 8“’54’53’ )
. | /d@ [an [ (Zueeten D) i), s

—T Tro— hg

2
r—e|

(16)
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Thus we come to the estimate (see (15) and (

Yo rlAm) )l <

n=t

128( 2h2/ //< 85%’581’552’” ) d&dés (17)
ot o ff ("5 o).

)||I? in (14). Acting as before

Now we look closely at the summand ||(Agn2) (-,
(see (15)) for the node z € w one can establish the relation

z1+h1 t x2+ho
2 Thl 8“’(51)52’ )
s .0 < (1%— o fan | (W) o

2 11— h1 t—1 zo—ho (18)
z1+h1 T2+
64— /+ de / / (8“51’52’ )> d¢ T Ew
1 oo ) ) T
xr1—h1 —T zo—ho
For the node = € v_; we have
na(x,t) = (Thu)(z,t) — u(z,t) =
hy
_ h%/(hl &) (ull, 2, 1) — (0, @, 1)) dé =
0
2 'f P ou(er, o)
_ = hy — d U(S1, L2, d _
h%o/(l 5)50/78& &1
> f [ T ule ) dul,zan)
-2 _ uls1, 2,t)  Oule2, X2, 1
o= [ -ca [aes [an | < 5 2 )d52+
0 t—T 0

h1 13 t
+ = <h1—5>df/da/dn/a“5;’7§md@ _
0 —_

Th‘(f
t—1 0
> Fie [ an e, [ 20(Emam)
_ = _ u\G1, 2, M
[ e [ae [an [ag [ Gy,
0 0 t—1 0 n
5 h1 3 t hy 5182 (€ )
+—3/(h1 f)df/dﬁl/dn/de/ u 3)2 2,7 d L+
Thl 5 . 0 F 853
. .
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2

0
Taking into account the relation <T2 3 Y

) (x,t) = Uzyzy (2, 1), x € WUA_1, One
3

can get the representation

2z (z, t) =

5 x2+ho hy
R / (he — |z2 — &4])d&s /(hl — §)dEx
x2—ha 0
Fof o fote )
UuS1,64,M
x [ d d d — > L +
[ e [ an [ ac ogzomoe, "
0 t—7 0 n
5 xo+ho h1
b | (= loa— e [ by - e
z2—ho 0
Faee [ an [aes | 20
Uu(G3,84,7
d d d d
0 t—7 0 &
5 z2+ha h1
* hzs / (h2—!w2—§4\)d£4/(h — £)dex
xro— h2

o o P,

where we apply the inequality (a + b+ c)? < 3(a? + b% + ¢?) and then have

x2+ho

h 0
Tasgen B < ( | e / & / (Bt -

xro—ho

L 2 =l D u(er, E2,1)
 9rhs / 4 / d”/ < D063 )d“ (19)

xo—ho

x2+ho

2h1 a u 51)52) )
= dfz/dn/< el )da>, v €.

z2—ho

As a result (see (18) and (19)) the following estimate is substantiated



102

NATALIYA MAYKO

t

> 7l (Aame) (m)* < 128

n=7

< th/dn// <88121%é§g ) dé1dés +
+ 4h / / / (3 u éla?; ) d§1d£2>+ (20)
QhZ/ // <83 515?1’ ) de1dés,
0< a1 <hi, 0< a9 <1}

where Dh = {;p = (:Cl’xz) .
Finally we examine the summand ||n3(-

,t)||? in (14). For the node z € w we

get
d(Tw) T
U
n3(z,t) = 7t (@,t) — ug(w,t) = 12 (h1 — |21 — &) dérx
xr1—h1
xo+ho t taQ 5 é‘
X / (he — |22 — &) d /dn/ u81, 2:1) dm +
771
x2—ho t—7 n
1 x14+h To+ho t &1
toms (h1 — |o1 — &) d&y (ho — |xo — &) d&s / dn/d€3 X
TNy
x1—h1 xo—ho t—T1 1
901+
6 u 587527
d —— 727 7
/ & / “ogoy ot
-
1 x1+h1 To+ho t &2
t o3 (b1 — |@1 — &1])d& (ho — |x2 — &) dEs / d??/d€4><
ThiNg
x1—h1 xro—ho t—T T2
71
’ I %u (&9, &4,m
d 9 y N d +
/ / | oo
117— zgf—
1 x1+h1 xo+ho t &2
t (hy — |o1 — &) d& (he — |zg — &) dEs / dn/d£4><
Thilg
xr1—h1 xro—ho t—T1 D)
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1 332+

/256 e =

zlf—

Making use of the inequality (a 4+ b+ ¢ + d)? < 4(a? + b% + % + d?) we draw
from here the estimate

r1+h zo+ho
Mxx¢ﬂz<4< o [ [ df(/ 63“5“5%"”><m1+

9h1ha
xr1—h1 To— hg
ﬁw7%/ /6m&>%+
Ths 2 ae2om 8
xo—ho -7 x1—h1

t xo+ho z1+7

32h1 s Pu(Co, €4,m)
P20 [y [la [ (Tgm ) w1

t—1 $2—h2 ml_%
19803 | R el &Pu(gs, €10,m)\
u(S6, 510, 7
S L [ [ (P g) e
Thi U] &6 92,0 10
t—1 h zo—ho

Now we consider the term n3(z,t) for € y_;. Omitting some details we can
present it in the form

d(T
773(:6,7f) = %(x,t) — ui(x,t) =
9 hy xo+ho 3 .

=202 /(hl— &1)dé / (hy — |z2 — SQD%d&—

0 xo—ho
w(0,x9,t) — u(0,zo,t — T)
_ - _
> o [ [Ou(Es, 1)
U\S1,62,
= R / (1 = &)dey / (= b= s / =

au(o) T2, 77)
on }d

h1 z2+ha

t t
2 B B B 82U (§1,62,m)
= W O/(hl §1)d& / (hg — |x2 52’)d§2t_/T dﬁn/ o2 +

To—ho
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5 h1 x2+ho
+
21,2
h1h2
0 zo—ho
hi 2

2
+ W33 /(hl —&1)dé
0

t &2 hi mg—l—

Zr2—

/(hl —&1)d& / (hg — |zg — &) dEs / dﬁ/a L) dés +

DE;0m

+ho

/ (ha — |z — &of)déa x

ho

x /dn / d§4/ aé; / d56 fo (;‘;(;5;;7 dér +

To— 5

h1 x2+ho

—&1)déy

z2—ha

&2 h1 IQJF

/d54/d§5 / ¢

which leads to the inequality
h1 zo+h

2 327
<4
i <o( 3 o

x2+ho

z2—ho

t

(hy — |2 — Ea]) dé / dnx

t—1

a U 557587
6/ 2o —— s,

2 t

u(er, &a,m)
[ (5

t—1

2h, O*u(&s, &2,m
= d&/ /< 930n )df‘” 22)

xo—ho
2+

2h1h
n 12/77/
-

ha

PPu(&r,&a,m ))2
4 / ( oeog.on ) T

t—T T2 —h,g 0

t

omg [ e g
2 d /d / U\S5,68,7 d L
+ Thl / m 55 aggan 58 ) T ey

t—1 0 xo—ho

Combining (21) and (22) we conclude that

n=r

s fo (P

t
S rlmsCon)? < 2 2/dn// (a ulr. b2, > dedey ¢ (23)

51)52)

92 > d§1dgo +
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212 517527 )

2060 / // ( 96106201 > Kz +
t
3

+ 1024h3 /d // (a a?g’a&’ )> g déa+

0

t
+8h%/d77// (6 u;gl’;% )> d&idés

0

)

Dy,

where Dy, = {x = (z1,22) : 0< 21 < hy, 0 < a9 <1},
Assembling (14), (17), (20), (23) we arrive at the final conclusion.

Theorem 1. Let the solution u(x1,x2,t) of problem (1) satisfy the conditions
otu otu Otu

0x30x20t” 0x20x3 Ox10x30t

Pu  Pu Bu Ou @ 0?u

Oxqx3’ 30t x30t” Ow10220t" 0?7 w10t

Then for the accuracy of scheme (2) the weighted a priory estimate holds true

TR
e C) - (24)

M (72h3 + b + 7212 + bt + 72 + B2h3 + h2)?

S LQ(QT).

where the constant M 1is expressed through the norms of the above listed deriva-
tives of the solution u(z,t).

Remark 4. One can apply the results from [4] (see p.161 therein) to the inte-
grals

h%/ // (83 6553152 )> dédes h%/ // (5’2 8?5%’ )> dé,dés

in (20) and (23) respectively. If the assumptions of theorem 1 are satisfied and,
4

in addition, % € La(Qr), then instead of (24) the following estimate can

be proved
L) -
(ZT#Z)> < M(7°h3 +h2+7h%+h‘11+72+h%h%+hff)/ .
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