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Ðåçþìå. Ó ñòàòòi âèâ÷åíî íàïiâëîêàëüíó çáiæíiñòü äâîêðîêîâîãî êîìái-
íîâàíîãî ìåòîäó äëÿ ðîçâ'ÿçóâàííÿ íåëiíiéíèõ îïåðàòîðíèõ ðiâíÿíü, ïîáó-
äîâàíîãî íà áàçi äâîõ ìåòîäiâ ç ïîðÿäêàìè çáiæíîñòi 1 +

√
2. Àíàëiç

çáiæíîñòi ïðîâåäåíî çà óçàãàëüíåíèõ óìîâ Ëiïøèöÿ äëÿ ïåðøèõ i äðóãèõ
ïîõiäíèõ òà ïîäiëåíèõ ðiçíèöü ïåðøîãî ïîðÿäêó.
Abstract. In this paper we study a semilocal convergence of the two-step
combined method for solving nonlinear operator equations. It method is based
on two methods of convergence orders 1 +

√
2. Convergence analysis is pro-

vided for generalized Lipschits condition for Frechet derivates of the �rst and
second orders and for divided di�erences of the �rst order.

1. Introduction
Consider the equation

H(x) ≡ F (x) + G(x) = 0, (1)
where F and G are nonlinear operators, de�ned on a convex subset D of a
Banach space X with values in a Banach space Y . F is a Fr�echet-di�erentiable
operator, G is a continuous operator, di�erentiability of which is not required.

The well-known Newton's method cannot be applied, as di�erentiability of
operator H is required. For solving nonlinear equation (1) very often use the
two-point iterative process [1]

xn+1 = xn −A−1
n (F (xn) + G(xn)), n = 0, 1, . . . , (2)

where An = A(xn−1, xn) ∈ L(X, Y ). The convergence analysis of the
method (2) in general and for An = F ′(xn), An = F ′(xn) + G(xn−1; xn),
An = H(xn−1; xn) and its modi�cations was provided by authors [1, 2, 3, 4, 5,
6, 18]. Here G(x; y) (H(x; y)) is a �rst order divided di�erence of the operator
G(H) at the points x and y [13, 14, 15]. In papers [7, 11] we researched a
semilocal convergence of the method (2) for An = F ′(xn) + G(xn−1; xn) and
An = F ′(xn) + G(2xn − xn−1;xn−1).

In works [10, 12] we proposed a two-step method that is based on the methods
with the convergence orders 1 +

√
2 [9, 17]. Its iterative formula is:

xn+1 = xn −
[
F ′

(xn + yn

2

)
+ G(xn; yn)

]−1
H(xn),

yn+1 = xn+1 −
[
F ′

(xn + yn

2

)
+ G(xn; yn)

]−1
H(xn+1), n = 0, 1, . . . .

(3)

Key words. Generalized Lipschitz condition, nondi�erentiable operator, semilocal con-
vergence.
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We provided a local and a semilocal convergence analysis for method (3) under
classical Lipschitz conditions for the �rst and second order derivatives and
divided di�erences of the �rst order and established the convergence order.
Also we showed results of the numerical solving of the nonlinear equations and
systems of nonlinear equations by this iterative process. In paper [8] we proved
the local convergence theorem of the (3) under generalized Lipschitz conditions.

In this paper, we study the semilocal convergence of the method (3) under
generalized Lipschitz conditions for the �rst and second order derivatives and
divided di�erences of the �rst order. These conditions are more general and
include classical Lipschitz conditions. Therefore our results have the theoretical
interest.

2. Preliminaries
We will need the following de�nition and lemmas [8, 16].

De�nition 7. Let G be a nonlinear operator de�ned on a subset D of a linear
space X with values in a linear space Y and let x, y be two points of D. A
linear operator from X into Y , denoted as G(x; y), which satis�es the condition

G(x; y)(x− y) = G(x)−G(y)

is called a divided di�erence of the �rst order of G at the points x and y.
In the study of iterative methods very often use the Lipschitz conditions with

constant L. Parameter L under Lipschitz conditions does not necessarily has
to be a constant, but may also be a positive integrable function. In work [16]
Wang suggested generalized Lipschitz conditions for the derivative operator in
which instead of constant there was used a certain positive integrable function.
In the work [9] we introduce analogous generalized Lipschitz conditions for the
divided di�erence of the �rst order operator.

Let us denote as U0 = {x : ‖x − x0‖ ≤ r0} a closed ball of radius r0 with
center at the point x0. If L in Lipschitz conditions is a positive integrable
function, we consider the conditions

‖F ′(x)− F ′(y)‖ ≤
∫ ‖x−y‖

0
L(u)du, x, y ∈ U0 (4)

and
‖G(x; y)−G(u; v)‖ ≤

∫ ‖x−u‖+‖y−v‖

0
M(z)dz, x, y, u, v ∈ U0, (5)

where L and M are positive integrable functions. Lipschitz conditions (4) and
(5) we will call generalized Lipschitz conditions or Lipschitz conditions with
the L (or M) average. Note that in the case of constants L and M we obtain
from (4) and (5) the classical Lipschitz conditions.

Lemma 1. [16]. Let h(t) =
1
t

∫ t

0
L(u)du, 0 ≤ t ≤ r, where L(u) is a positive

integrable function that is nondecreasing monotonically in [0, r]. Then h(t) is
nondecreasing monotonically with respect to t.
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Lemma 2. [8]. Let g(t) =
1
t3

∫ t

0
N(u)(t− u)2du, 0 ≤ t ≤ r, where N(u) is a

positive integrable function that is nondecreasing monotonically in [0, r]. Then
g(t) is a nondecreasing monotonically with respect to t.

3. Semilocal convergence analysis of the two-step
iterative process (3)

We can show the following semilocal convergence theorem for the method
(3). Imposed terms guarantee the convergence of the iterative process (3) to
the solution x∗ and its uniqueness.
Theorem 1. Let F and G be nonlinear operators, de�ned on an open convex
subset D of a Banach space X with values in a Banach space Y . F is a Fr�echet-
di�erentiable operator, G is a continuous operator, di�erentiability of which is
not required. Assume that the linear operator A0 = F ′

(x0 + y0

2

)
+ G(x0; y0),

where x0, y0 ∈ D, is invertible and in U0 = {x : ‖x − x0‖ ≤ r0} ⊂ D the
Lipschitz conditions are ful�lled

‖A−1
0 (F ′(x)− F ′(y))‖ ≤

∫ ‖x−y‖

0
L(z)dz, (6)

‖A−1
0 (F ′′(x)h− F ′′(y)h)‖ ≤ ‖h‖

∫ ‖x−y‖

0
N(z)dz, h ∈ X, (7)

‖A−1
0 (G(x; y)−G(u; v))‖ ≤

∫ ‖x−u‖+‖y−v‖

0
M(z)dz, (8)

where L, M , and N are positive integrable and nondecreasing monotonically
functions.

Let a, c (c > a), r0 be nonnegative numbers such that
‖x0 − y0‖ ≤ a, ‖A−1

0 (F (x0) + G(x0))‖ ≤ c, (9)

r0 ≥ c

1− γ
,

∫ (2r0−a)/2

0
L(z)dz +

∫ 2r0−a

0
M(z)dz < 1, (10)

γ =

1
8
c

∫ c

0
N(z)

(
1− z

c

)2
dz +

∫ (c−a)/2

0
L(z)dz +

∫ c−a

0
M(z)dz

1− ∫ (2r0−a)/2
0 L(z)dz − ∫ 2r0−a

0 M(z)dz
, 0 ≤ γ < 1.

Then the iterative process (3) is well-de�ned and sequences {xn}n≥0, {yn}n≥0

generated by it remain in U0 and converge to the solution x∗ of equation (1)
and, for all n ≥ 0, the following inequalities are satis�ed

‖xn − xn+1‖ ≤ tn − tn+1, ‖yn − xn+1‖ ≤ sn − tn+1, (11)
‖xn − x∗‖ ≤ tn − t∗, ‖yn − x∗‖ ≤ sn − t∗, (12)

where sequences {tn}n≥0 and {sn}n≥0 de�ned by the formulas
t0 = r0, s0 = r0 − a, t1 = r0 − c,
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tn+1 − tn+2 =

=
1

8c3

∫ c
0 N(z)(c− z)2dz(tn − tn+1)3

1− ∫ (t0−tn+1+s0−sn+1)/2
0 L(z)dz − ∫ t0−tn+1+s0−sn+1

0 M(z)dz
+

+
1

c− a

[ ∫ (c−a)/2
0 L(z)dz +

∫ c−a
0 M(z)dz

]
(tn − tn+1)(sn − tn+1)

1− ∫ (t0−tn+1+s0−sn+1)/2
0 L(z)dz − ∫ t0−tn+1+s0−sn+1

0 M(z)dz
,

n ≥ 0,

(13)

tn+1 − sn+1 =

=
1

8c3

∫ c
0 N(z)(c− z)2dz(tn − tn+1)3

1− ∫ (t0−tn+s0−sn)/2
0 L(z)dz − ∫ t0−tn+s0−sn

0 M(z)dz
+

+
1

c− a

[ ∫ (c−a)/2
0 L(z)dz +

∫ c−a
0 M(z)dz

]
(tn − tn+1)(sn − tn+1)

1− ∫ (t0−tn+s0−sn)/2
0 L(z)dz − ∫ t0−tn+s0−sn

0 M(z)dz
,

n ≥ 0

(14)

are nonincreasing nonnegative and converge to certain t∗ such that

r0 − c

1− γ
≤ t∗ < t0.

Proof. Let us show by the mathematical induction method that, for all k ≥ 0

tk+1 ≥ sk+1 ≥ tk+2 ≥ r0 − c

1− γ
≥ 0, (15)

tk+1 − tk+2 ≤ γ(tk − tk+1), tk+1 − sk+1 ≤ γ(tk − tk+1) (16)
are satis�ed. For k = 0, from (13) and (14), we get

t1 − t2 =
1
c3

∫ c
0 N(z)(c− z)2dz(t0 − t1)3

1− ∫ (t0−t1+s0−s1)/2
0 L(z)dz − ∫ t0−t1+s0−s1

0 M(z)dz
+

+
1

c− a

[ ∫ (c−a)/2
0 L(z)dz +

∫ c−a
0 M(z)dz

]
(t0 − t1)(s0 − t1)

1− ∫ (t0−t1+s0−s1)/2
0 L(z)dz − ∫ t0−t1+s0−s1

0 M(z)dz

and

t2 = r0 − c−
[ 1

8c
∫ c
0 N(z)(1− z

c )
2dz +

∫ (c−a)/2
0 L(z)dz +

∫ c−a
0 M(z)dz

1− ∫ (2r0−a)/2
0 L(z)dz − ∫ 2r0−a

0 M(z)dz

]
c ≥

≥ r0 − (1 + γ)c = r0 − (1− γ2)c
1− γ

≥ r0 − c

1− γ
≥ 0.

Similarly, we have

t1 − s1 =
1

8c3

∫ c

0
N(z)(c− z)2dz(t0 − t1)3+

+
1

c− a

[ ∫ (c−a)/2

0
L(z)dz +

∫ c−a

0
M(z)dz

]
(t0 − t1)(s0 − t1)
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and

s1 = r0 − c−
[1
8
c

∫ c

0
N(z)

(
1− z

c

)2
dz +

∫ (c−a)/2

0
L(z)dz +

∫ c−a

0
M(z)dz

]
c.

From the last equalities it follows that

t1 ≥ t2, s1 ≥ t2, t1 ≥ s1 ≥ t2 ≥ r0 − c

1− γ
≥ 0.

Assume that that inequalities (15) and (16) are satis�ed for k = 0, n− 1.
Then, for k = n, we obtain

tn+1 − tn+2 =

1
8c3

∫ c
0 N(z)(c− z)2dz(tn − tn+1)3

1− ∫ (t0−tn+1+s0−sn+1)/2
0 L(z)dz − ∫ t0−tn+1+s0−sn+1

0 M(z)dz
+

+
1

c− a

[ ∫ (c−a)/2
0 L(z)dz +

∫ c−a
0 M(z)dz

]
(tn − tn+1)(sn − tn+1)

1− ∫ (t0−tn+1+s0−sn+1)/2
0 L(z)dz − ∫ t0−tn+1+s0−sn+1

0 M(z)dz
≤

≤
1
8c

∫ c
0 N(z)(1− z

c )
2dz +

∫ (c−a)/2
0 L(z)dz +

∫ c−a
0 M(z)dz

1− ∫ (2r0−a)/2
0 L(z)dz − ∫ 2r0−a

0 M(z)dz
(tn − tn+1) =

= γ(tn − tn+1),

tn+1 − sn+1 =
1

8c3

∫ c
0 N(z)(c− z)2dz(tn − tn+1)3

1− ∫ (t0−tn+s0−sn)/2
0 L(z)dz − ∫ t0−tn+s0−sn

0 M(z)dz
+

+
1

c− a

[ ∫ (c−a)/2
0 L(z)dz +

∫ c−a
0 M(z)dz

]
(tn − tn+1)(sn − tn+1)

1− ∫ (t0−tn+s0−sn)/2
0 L(z)dz − ∫ t0−tn+s0−sn

0 M(z)dz
≤

≤
1
8c

∫ c
0 N(z)(1− z

c )
2dz +

∫ (c−a)/2
0 L(z)dz +

∫ c−a
0 M(z)dz

1− ∫ (2r0−a)/2
0 L(z)dz − ∫ 2r0−a

0 M(z)dz
(tn − tn+1) =

= γ(tn − tn+1)

and
tn+1 ≥ sn+1 ≥ tn+2 ≥ tn+1 − γ(tn − tn+1) ≥

≥ r0 − 1− γn+2

1− γ
c ≥ r0 − c

1− γ
≥ 0.

So, we prove, that {tn}n≥0 and {sn}n≥0 are nonincreasing, nonnegative se-
quences and converge to t∗ ≥ 0.

Let us prove, by mathematical induction, that the iterative process (3) is
well-de�ned and inequalities (11) are satis�ed for all n ≥ 0.

Taking into account (9) and that t0 − t1 = c, we establish that x1 ∈ U0 and
(11) are satis�ed for n = 0.
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Denote An = F ′
(xn + yn

2

)
+ G(xn; yn). Using the Lipschitz conditions (6)

and (8), we have

‖I −A−1
0 An+1‖ = ‖A−1

0 [A0 −An+1]‖ ≤
≤

∥∥∥A−1
0 [F ′

(x0 + y0

2

)
− F ′

(xn+1 + yn+1

2

)
+ G(x0; y0)−G(xn+1; yn+1)]

∥∥∥ ≤

≤
∫ (‖x0−xn+1‖+‖y0−yn+1‖)/2

0
L(z)dz +

∫ ‖x0−xn+1‖+‖y0−yn+1‖

0
M(z)dz ≤

≤
∫ (t0−tn+1+s0−sn+1)/2

0
L(z)dz +

∫ t0−tn+1+s0−sn+1

0
M(z)dz ≤

≤
∫ (t0+s0)/2

0
L(z)dz +

∫ t0+s0

0
M(z)dz < 1.

According to the Banach lemma on the invertible operator, An+1 is invertible
and

‖A−1
n+1A0‖ ≤

≤
(
1− ∫ (‖x0−xn+1‖+‖y0−yn+1‖)/2

0 L(z)dz − ∫ ‖x0−xn+1‖+‖y0−yn+1‖
0 M(z)dz

)−1
.

Let us prove that iterative process (3) is well-de�ned for k = n + 1. Taking
into account the de�nition of the �rst order divided di�erence, conditions (6),
(8) and identity [17]

F (x)− F (y)− F ′
(x + y

2

)
(x− y) =

1
4

∫ 1

0
(1− t)

[
F ′′

(x + y

2
+

t

2
(x− y)

)
−

−F ′′
(x + y

2
+

t

2
(y − x)

)]
dt(x− y)(x− y),

we obtain

‖A−1
0 H(xn+1)‖ =

= ‖A−1
0

[
F (xn+1)− F (xn)− F ′

(xn + xn+1

2

)
(xn+1 − xn)+

+ F ′
(xn + xn+1

2

)
(xn+1 − xn)− F ′

(xn + yn

2

)
(xn+1 − xn)+

+ G(xn+1)−G(xn)−G(xn; yn)(xn+1 − xn)] ‖ ≤

≤ 1
8

∫ ‖xn−xn+1‖

0
N(z)(‖xn − xn+1‖ − z)2dz+

+
∫ ‖yn−xn+1‖/2

0
L(z)dz‖xn − xn+1‖+

+
∫ ‖yn−xn+1‖

0
M(z)dz‖xn − xn+1‖.
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Denote

An =
1
8

∫ ‖xn−xn+1‖

0
N(z)(‖xn − xn+1‖ − z)2dz,

Bn =
∫ ‖yn−xn+1‖/2
0 L(z)dz, Cn =

∫ ‖yn−xn+1‖
0 M(z)dz,

Qn+1 = 1− ∫ (‖x0−xn+1‖+‖y0−yn+1‖)/2
0 L(z)dz − ∫ ‖x0−xn+1‖+‖y0−yn+1‖

0 M(z)dz.

Hence, taking into account lemmas 1, 2 and inequalities (11), we have

‖xn+1 − xn+2‖ = ‖A−1
n+1H(xn+1)‖ ≤ ‖A−1

n+1A0‖‖A−1
0 H(xn+1)‖ ≤

≤ An + [Bn + Cn]‖xn − xn+1‖
Qn+1

=

=
An‖xn − xn+1‖3

Qn+1‖xn − xn+1‖3
+

[Bn + Cn]‖xn − xn+1‖‖yn − xn+1‖
Qn+1‖yn − xn+1‖ ≤

≤ A0‖xn − xn+1‖3

Qn+1‖x0 − x1‖3
+

[B0 + C0]‖xn − xn+1‖‖yn − xn+1‖
Qn+1‖y0 − x1‖ ≤

≤ 1
8(t0 − t1)3

∫ t0−t1
0 N(z)(t0 − t1 − z)2dz(tn − tn+1)3

1− ∫ (t0−tn+1+s0−sn+1)/2
0 L(z)dz − ∫ t0−tn+1+s0−sn+1

0 M(z)dz
+

+
1

s0 − t1

[ ∫ (s0−t1)/2
0 L(z)dz +

∫ s0−t1
0 L(z)dz

]
(tn − tn+1)(sn − tn+1)

1− ∫ (t0−tn+1+s0−sn+1)/2
0 L(z)dz − ∫ t0−tn+1+s0−sn+1

0 M(z)dz
=

=
1

8c3

∫ c
0 N(z)(c− z)2dz(tn − tn+1)3

1− ∫ (t0−tn+1+s0−sn+1)/2
0 L(z)dz − ∫ t0−tn+1+s0−sn+1

0 M(z)dz
+

+
1

c− a

[ ∫ (c−a)/2
0 L(z)dz +

∫ c−a
0 M(z)dz

]
(tn − tn+1)(sn − tn+1)

1− ∫ (t0−tn+1+s0−sn+1)/2
0 L(z)dz − ∫ t0−tn+1+s0−sn+1

0 M(z)dz
=

= tn+1 − tn+2

and

‖xn+2 − yn+2‖ = ‖A−1
n+1H(xn+2)‖ ≤ ‖A−1

n+1A0‖‖A−1
0 H(xn+2)‖ ≤

≤ An+1 + [Bn+1 + Cn+1]‖xn − xn+1‖
Qn+1

=

=
An+1‖xn+1 − xn+2‖3

Qn+1‖xn − xn+1‖3
+

[Bn+1 + Cn+1]‖xn+1 − xn+2‖‖yn+1 − xn+2‖
Qn+1‖yn+1 − xn+2‖ ≤

≤ A0‖xn+1 − xn+2‖3

Qn+1‖x0 − x1‖3
+

[B0 + C0]‖xn+1 − xn+2‖‖yn+1 − xn+2‖
Qn+1‖y0 − x1‖ ≤

≤ 1
8(t0 − t1)3

∫ t0−t1
0 N(z)((t0 − t1)− z)2dz(tn+1 − tn+2)3

1− ∫ (t0−tn+1+s0−sn+1)/2
0 L(z)dz − ∫ t0−tn+1+s0−sn+1

0 M(z)dz
+
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+
1

s0 − t1

[ ∫ (s0−t1)/2
0 L(z)dz +

∫ s0−t1
0 M(z)dz

]
(tn+1 − tn+2)(tn+2 − sn+1)

1− ∫ (t0−tn+1+s0−sn+1)/2
0 L(z)dz − ∫ t0−tn+1+s0−sn+1

0 M(z)dz
=

=
1

8c3

∫ c
0 N(z)(c− z)2dz(tn+1 − tn+2)3

1− ∫ (t0−tn+1+s0−sn+1)/2
0 L(z)dz − ∫ t0−tn+1+s0−sn+1

0 M(z)dz
+

+
1

c− a

[ ∫ (c−a)/2
0 L(z)dz +

∫ c−a
0 M(z)dz

]
(tn+1 − tn+2)(sn+1 − tn+2)

1− ∫ (t0−tn+1+s0−sn+1)/2
0 L(z)dz − ∫ t0−tn+1+s0−sn+1

0 M(z)dz
=

= tn+2 − sn+2.

Thus, the iterative process (3) is well-de�ned for all n ≥ 0. Hence it follows
that

‖xn−xk‖ ≤ tn−tk, ‖yn−xk‖ ≤ sn−tk, ‖yn−yk‖ ≤ sn−sk, 0 ≤ n ≤ k, (17)

i.e., the sequence {xn}n≥0 and {yn}n≥0 are fundamental in a Banach space X
and convergence to x∗. From (17) for k → ∞ it follows inequalities (12). Let
us show that x∗ is the solution of the equation (1). Indeed,

‖A−1
0 H(xn+1)‖ ≤ 1

8

∫ ‖xn−xn+1‖

0
N(z)(‖xn − xn+1‖ − z)2dz+

+
∫ ‖yn−xn+1‖/2
0 L(z)dz‖xn − xn+1‖+

∫ ‖yn−xn+1‖
0 M(z)dz‖xn − xn+1‖ ≤

≤ 1
24

N(‖xn − xn+1‖)‖xn − xn+1‖3 +
∫ ‖yn−xn+1‖/2

0
L(z)dz‖xn − xn+1‖+

+
∫ ‖yn−xn+1‖

0
M(z)dz‖xn − xn+1‖ → 0, when n →∞.

Thus, H(x∗) = 0. The theorem is proven. 2

Theorem 2. Let F and G be nonlinear operators, de�ned on an open convex
subset D of a Banach space X with values in a Banach space Y . F is a Fr�echet-
di�erentiable operator, G is a continuous operator, di�erentiability of which is
not required. Assume that:
1) conditions of Theorem 1 are satis�ed;
2) r0 from Theorem 1 additionally satis�es condition

γ1 =

1
8
r0

∫ r0

0
N(z)

(
1− z

r0

)2
dz +

∫ (r0−a)/2

0
L(z)dz +

∫ r0−a

0
M(z)dz

1− ∫ (2r0−a)/2
0 L(z)dz − ∫ 2r0−a

0 M(z)dz
< 1.

(18)
Then the iterative process (3) is well-de�ned and generated by it {xn}n≥0

belongs to U0 and converges to the unique solution x∗ of the equation F (x) = 0
in U0.

Proof. To show the uniqueness, we assume that there exists a second solution
x∗∗.
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Using the approximation
xn+1 − x∗∗ = xn − x∗∗ −A−1

n [H(xn)−H(x∗∗)] =

= A−1
n

[
F ′

(xn + yn

2

)
(xn − x∗∗)− F (xn) + F (x∗∗)

]
+

+A−1
n

[
G(xn; yn)−G(xn; x∗∗)

]
(xn − x∗∗),

we obtain

‖xn+1 − x∗∗‖ ≤
∥∥∥A−1

n

[
F ′

(xn + yn

2

)
(xn − x∗∗)− F (xn) + F (x∗∗)

]∥∥∥+

+‖A−1
n

[
G(xn; yn)−G(xn; x∗∗)

]
(xn − x∗∗)‖ ≤

≤
∥∥∥A−1

n

[
F ′

(xn + x∗∗

2

)
(xn − x∗∗)− F (xn) + F (x∗∗)

]∥∥∥+

+
∥∥∥A−1

n

[
F ′

(xn + yn

2

)
− F ′

(xn + x∗∗

2

)]
(xn − x∗∗)

∥∥∥+

+‖A−1
n

[
G(xn; yn)−G(xn; x∗∗)

]
(xn − x∗∗)‖ ≤

≤ ‖A−1
n A0‖

∥∥∥A−1
0

[
F (xn)− F (x∗∗)− F ′

(xn + x∗∗

2

)
(xn − x∗∗)

]∥∥∥+

+‖A−1
n A0‖

∥∥∥A−1
0

[
F ′

(xn + yn

2

)
− F ′

(xn + x∗∗

2

)]∥∥∥‖xn − x∗∗‖+
+‖A−1

n A0‖‖A−1
0

[
G(xn; yn)−G(xn;x∗∗)

]‖‖xn − x∗∗‖ ≤

≤ 1
4

∫ 1
0 (1− t)

∫ t‖xn−x∗∗‖
0 N(z)dzdt

Qn
‖xn − x∗∗‖2+

+

∫ ‖yn−x∗∗‖/2
0 L(z)dz

Qn
‖xn − x∗∗‖+

∫ ‖yn−x∗∗‖
0 M(z)dz

Qn
‖xn − x∗∗‖ =

=
1
4

∫ ‖xn−x∗∗‖
0 N(z)

∫ 1
z/‖xn−x∗∗‖(1− t)dzdt‖xn − x∗∗‖2

Qn
+

+

∫ ‖yn−x∗∗‖/2
0 L(z)dz +

∫ ‖yn−x∗∗‖
0 M(z)dz

Qn
‖xn − x∗∗‖ ≤

=
1
8

∫ ‖xn−x∗∗‖
0 N(z)

(
1− z

‖xn−x∗∗‖)
2dz‖xn − x∗∗‖2

Qn
+

+

∫ ‖yn−x∗∗‖/2
0 L(z)dz +

∫ ‖yn−x∗∗‖
0 M(z)dz

Qn
‖xn − x∗∗‖ ≤

≤ γ1‖xn − x∗∗‖ ≤ ... ≤ γn+1
1 ‖x0 − x∗∗‖,

which implies x∗∗ = lim
n→∞xn = x∗. The theorem is proven. 2

Let L(z) = L = const, N(z) = N = const and M(z) = M = const. Then
we get the following result.
Theorem 3. Let F and G be nonlinear operators, de�ned on an open convex
subset D of a Banach space X with values in a Banach space Y . F is a Fr�echet-
di�erentiable operator, G is a continuous operator, di�erentiability of which is
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not required. Assume that the linear operator A0 = F ′
(x0 + y0

2

)
+ G(x0; y0),

where x0, y0 ∈ D, is invertible and in U0 = {x : ‖x − x0‖ ≤ r0} ⊂ D the
Lipschitz conditions are ful�lled

‖A−1
0 (F ′(x)− F ′(y))‖ ≤ L‖x− y‖,

‖A−1
0 (F ′′(x)h− F ′′(y)h)‖ ≤ N‖x− y‖‖h‖, h ∈ X,

‖A−1
0 (G(x; y)−G(u; v))‖ ≤ M(‖x− u‖+ ‖y − v‖),

where L, M and N are positive numbers.
Let a, c (c > a), r0 be nonnegative numbers such that

‖x0 − y0‖ ≤ a, ‖A−1
0 (F (x0) + G(x0))‖ ≤ c,

r0 ≥ c

1− γ
, (L/2 + M)(2r0 − a) < 1,

γ =
c2N/24 + (L/2 + M)(c− a)

1− (L/2 + M)(2r0 − a)
, 0 ≤ γ < 1.

Then the iterative process (3) is well-de�ned and sequences {xn}n≥0, {yn}n≥0

generated by it remain in U0 and converge to the solution x∗ of equation (1)
and, for all n ≥ 0, the following inequalities are satis�ed

‖xn − xn+1‖ ≤ tn − tn+1, ‖yn − xn+1‖ ≤ sn − tn+1,
‖xn − x∗‖ ≤ tn − t∗, ‖yn − x∗‖ ≤ sn − t∗,

where sequences {tn}n≥0 and {sn}n≥0 de�ned by the formulas
t0 = r0, s0 = r0 − a, t1 = r0 − c,

tn+1 − tn+2 =

N(tn − tn+1)3/24 + (L/2 + M)(tn − tn+1)(sn − tn+1)
1− (L/2 + M)(t0 − tn+1 + s0 − sn+1)

, n ≥ 0,

tn+1 − sn+1 =

N(tn − tn+1)3/24 + (L/2 + M)(tn − tn+1)(sn − tn+1)
1− (L/2 + M)(t0 − tn + s0 − sn)

, n ≥ 0

(19)

are nonincreasing nonnegative and converge to certain t∗ such that r0− c

1− γ
≤

≤ t∗ < t0.
Remark 1. If F (x) = 0, L = 0 and N = 0 then the sequences {tn}n≥0 and
{sn}n≥0, de�ned by the formulas (19), reduce to similar ones in [9] for the case
α = 1.
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