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ABOUT MINIMAL INFORMATIONAL EFFORTS
BY SOLVING EXPONENTIALLY ILL-POSED PROBLEMS

S.G.SOLODKY, E.V.SEMENOVA

PE3OME. Posrasmaiorbes muTands iHGOPMAIINAHOI CKIAIHOCTI [ eKCIIO-
HEHIaJIbHO HEKOPEKTHUX 3ajad. Jloc/ipKeHHs BUKOHAHI JIid iHTerpajJbHUX
piBHaHb PpenrosbMa MEPHIOrO POAY 3 ONEPATOPOM CKIHYEHHOI IJIaIKOCTi.
3anporoHoBaHl MPOEKITHI CXeMu J03BOSIOThH IOCATTH ONTUMAIbLHUN TOPs-
JOK TOYHOCTI [iJIsl aIIOCTEPIOPHOTO BHOOPY IapaMeTPa Perysspu3aliil 3a IIpuH-
numom piBHOBarn. KpiMm Toro Takmit migxinm 36epirae MiniMagabHU 06CSAT
iHpOopMaIifinux 3aTpar.

ABSTRACT. The issue of informational complexity for exponentially ill-posed
problems is considered. The investigation is performed for Fredholm integral
equations of the first kind with finite-smoothness operators. The proposed
projection method allows to achieve optimal order accuracy for a posteriori
selection of regularization parameter by balancing principle. Moreover such
approach saves minimal volume of informational efforts.

1. INTRODUCTION

Nowadays for numerical method one of the most important issues is re-
duction of informational and computational efforts while saving approxima-
tion accuracy. These questions are studied in the framework of Informational
Based Complexity Theory founded by J. Traub and H. Wozniakowski (see
e.g. [18], [19]). The basic object of this theory is the information complex-
ity, i.e. minimal amount of discrete information required to solve the problem
with given accuracy. It was found that such amount depends on the smooth-
ness properties of the problem. Particularly, for ill-posed problems presented
by the first-kind operator equations Az = f the relation between smoothness
of operator A and solution x is of primary importance. In the case of moder-
ately ill-posed problems, when A and x are related by means of power function
(i.e. A and x belong to the same smoothness scale), different efficient numeric
approaches were proposed in [10], [12], [13], [14]. Owing to previous papers
the exact order estimates of informational complexity for wide classes of mod-
erately ill-posed problems (see, for example, [8]) were obtained. At the same
time, much attention is paid to severely ill-posed problems where the solution
has essentially worse smoothness in comparison with that of operator. Usually,
in these cases A and x are related by means of logarithmic function but the
corresponding equations are called exponentially ill-posed problems. For the

Key words. Severely ill-posed problems, minimal radius of Galerkin information, balancing
principle.

90



ABOUT MINIMAL INFORMATIONAL EFFORTS BY ...

first time severely ill-posed problems were considered by B.A. Mair [4]. After-
wards, these investigations were continued by T.Hohage [3], M.Y. Kokurin and
A.B. Bakushinski [2], S.V. Pereverzev and E. Schock [17] and also in [15], [16].
It should be noted that for a long time the issue of improving effectiveness of
numerical solving severely ill-posed problems (in sense of IBC theory) was not
considered due to its complicatedness. The first step was done in [6], where the
standard Galerkin discretization scheme was used to construct projective meth-
ods for solving different classes of problems including severely ill-posed ones.
However, it was found that this approach does not provide minimal amount of
computational efforts. Further investigations (see [16]) showed that amount of
discrete information can be reduced in comparison with [6] for exponentially ill-
posed integral equations with finite-smoothness kernels. It was done in [16] due
to a modification of Galerkin scheme. In the case of a priori choice of regular-
ization parameter it allowed not only to improve results of [6], but also provided
minimal order of information efforts for mentioned Fredholm equations. The
present paper is devoted to numerical solving exponentially ill-posed problems
as in [16] for the case of a posteriori choice of regularization parameter. It will
be shown that the absence of exact information about smoothness of solution
does not influence informational complexity of problems under consideration.

2. STATEMENT OF THE PROBLEM
Consider an integral equation of the first kind

Az = f, (1)

where Az(t) = fol a(t,7)z(r)dr, t € [0,1], is acting continuously in L =
L2(0,1). Suppose that Range(A) is not closed in Ly and f € Range(A).

Assume that instead of f we are given only fs € Lo such that || f — f5|| < 4.
Since, solution of problem (1) in general is not unique, we take solution of (1)
with minimal norm in Lo as element for approximation and denote it as .

Usually we call the equation (1) as severely ill-posed problem if its solution
has essentially worse smoothness than that of elements from Range(A). As
a rule in such case the solution z' is said to satisfy the source conditions of
logarithmic type and the corresponding equation (1) is called an exponentially
ill-posed problem. To describe the smoothness property of solution we consider
the set of smooth functions M,(A), which has the form

My(A) = {u: w=W(4"A) ", [Jo]| < p}, (2)

where p, p > 0 are some positive parameters and A* is an adjoint operator to A.
The exact information about smoothness, namely the value of p, is usually not
available by practical experiment. So it should be assumed that the minimal-
norm solution ! belongs to the set

M(A) := Upe(o,p1)Mp(A), (3)

prl}

where p; < oo is an upper bound for possible values of p.
For constructing an effective numerical method for solving (1) we also need to
describe smoothness properties of A. To this end let consider some orthonormal
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basis {e;(t)}° in L2 and denote by P, orthogonal projection onto linear span
of elements {e;(¢)}]" such that

m

Pru(t) = (u,e;)ei(t).

i=1

Further we introduce the class of operators

M, = {A: JAl <0, > @2 (0 m)* < vf}»

n+m=1

where r > 0, &%7 fo fo en(t)em(T)a(t, T)drdt, v0 < e 1y = (y0,71),n = 1
ifn=0andn =n otherw1se As an example of operator from the class
mentioned one can present integral operator A’ that has the same structure as
(1) with kernel a/(t,7) that has mixed partial derivatives up to order r by each
variables and for 4,5 = 0,1,...,r it holds true that

oitid (t; 7)1
//[ BT }dtd7'<oo.

It is known [7], that there is such set v = (y0;1) that A’ € HE. Further we
assume that A € H’ for some values of v with 7o < e !

Every projection scheme for discretization of equation (1) with perturbed
right-hand side can be associated with a set of following functionals

(Aejﬁei)a (Zvj) € Q> (4)

(f(57e]€)7 k€ w, wi{l(’b,j)GQ}, (5)

where €2 is a bounded domain in the coordinate plane. The inner products
(4) and (5) are called the Galerkin functionals about equation (1). We de-
note as Card(Q2) the total amount of indexes for (4). Note that in the case
of the Fredholm integral operator A the Galerkin functionals (4) and (5) be-
come the Fourier coefficients by basis {e;(t)}:2; for the kernel and right-hand
side correspondingly. In the framework of this paper it is assumed that dis-
crete information about equation (1) is given in the view of sets (4) and (5).
Thus the projection methods for solving (1) are more suitable and will be in-
vestigated further. The first projection methods for ill-posed problems were
proposed in [12] where rectangle Qp», = [1,n] X [1,m] was considered as do-
main 2. Further this approach was improved by [11] due to the reduction of
discretization domain @, (it was replaced by so-called hyperbolic cross) with
saving necessary accuracy of approximation. This idea will be used further for
constructing an economical projection scheme (see section 3).

Further we call any mapping P = P(Q2) : Ly — Ls as projection method that
by means of the set of Galerkin functional (4) gives an element P(Aq)fs € Lo.
This elements can be interpreted as approximative solution of (1). In general
such mapping can be nonlinear and discontinuous. Let define the error of
projection method P(£2) for solving (1 ) with A € H! and zt € M(A) in the
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standard way

es (Hg, M(A),P(Q)) = sup sup sup 2t — P(AQ) f5.
AeHL zteM(A) fs:l|f—F5]1<8

The minimal radius of Galerkin information we set as

Rug (ML M(A) = f ol e (H,M(4)P(@).
Card(Q) < N

where N is maximal amount of discrete information (4).

The value Ry s (HQ, M (A)) is very important one and describes the minimal
possible error (among the whole projection methods) on all classes of equations
under consideration with using not more than N Galerkin functionals. At
first the order bounds for minimal radius of Galerkin information for ill-posed
problems with Holder-type smooth solutions were found by S.V. Pereverzyev
and S.G. Solodky in [8]. Further for different classes of ill-posed problems
the similar bounds were established in [16], [10] and others. Among mentioned
papers we emphasize [16] where the minimal radius of Galerkin information was
found for solving severely ill-posed problems (1) with operators A € H! and
smooth solutions from (2). In other words, in [16] only a priori case for choosing
regularization parameter was considered. In the present paper we extend the
set of possible solutions up to (3). Thus, we need to introduce a posteriori
way for selecting regularization parameter and correct rule for discretization.
Besides we set the goal to save both the order for minimal radius of Galerkin
information and the accuracy estimation of the projection methods as it is
in [16].

3. METHOD FOR SOLVING
A modified projection scheme will be applied for economical discretization
of operator A. The point of such scheme is to take as discretization domain 2
the hyperbolic cross of the form

T = {1 [1;27) UK (2571528 x [1;974)  [1;27) 1527,

where 1 < b < 2, n € N. For simplicity of our computations we consider bn as
the integer number. Then by approximative operator to A we understand the
following finite-dimensional mapping

Ap = PiAPyn + > (Pyr — Pyeo1) APy (6)
k=1

Denote by N the total amount of integer pairs (4,7) € I'y . It is known (see
[16]) that N := Card(Ty,) = ¢'2""n for 1/2 < ¢/ < 3/2. The approximation
properties of (6) for the operator class H’, were investigated in [16] and we
rewrite them below. So, for any A € H, it holds true

147 An — A*A|| < Cr27, (7)
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C 2—brn
DA — “PA* AN Lyl <« 222
I(PreA = An) In (A" A) 0l < o ®)
where
22r+1 12r
C1 = v max{y1,70} [3 + ﬁ} G2 = mp(In2)~"—-6B(p),
1 (b—1)t-»
ﬁ(p)_p_1< bl,p _1>’

for p# 1, and f(1) =1In %.

Because the problem under consideration is ill-posed we need some regular-
ization method to guarantee stability of approximations. In the framework of
the paper we stabilize equation (1) following [1]. So, we construct an inverse
operator to (1) by means of so-called generating function g(A). The function
ga(A) is Borel measurable on the interval [0,72] and the following conditions
are satisfied

sip VA [galV)] <% )
0<)\§'y(2]
sup |1 —Aga(N)|InPA7L < xIn7P é, 0<p<pi, (10)

0<)\§'yg

where X, x« are some positive constants independent of «. Then as the approx-
imate solution we take

20 Ga (A Ap)AY Pon fs. (11)

a,n
There are many well-known regularization methods satisfying (9). In particular,
we can mention Tikhonov’s method (with go(A) = (a 4+ A)7!), Landweber’s
method (with go(\) = A1 — (1 — pA\)/?], 0 < p < 2), and Showalter’s
method (with go(\) = A71(1 — exp(—A/a))).
In the paper [16] the error bound for (11) was found. For completeness we
rewrite the stretch of proof.

Theorem 1 ( [16]). Let approzimate solution has the form (11). Then on the
class of equations (1) with A € HQ,:L‘T € My(A) for any p > 0 the following
holds true

ot — a2 5| < (12)
< xpln™P i + % [(5 + [(Pyn A — Ay) lnfp(A*A)*lvH] +(13)
+xpC3In7P || A*A — A} An[| 7, (14)
1 0 <1
where C3 =<’ <Ps .
1+4(5p)P, p>1

Proof. The error for (11) can be divided onto two terms
zl — To s =2l — go (A% AL AL Pon f5s =
= (27 — go (AL A AL Pon f) 4 go (AL AL AL Pon (f — f5).  (15)
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Owing to (9) we estimate the second term as following

* * *5
g0 (A% An) A% Pon (f — f5)]| < 2

Nk

The first term we rewrite as
ol —go (A% Ap) A% Pon Azt =
=zf - 9o (AZ A AY Apx + go (A2 Ap) AZ (Ay, — PgnA)gcJr =
= [lnfp(A:An)_lv — ga(AZ A, AL A, lnfp(A;An)_lv]
+(I — ga(A;‘LAn)A;’;An)(ln_p(A*A)_lv — ln_p(A;‘LAn)_lv) +

+

9 (AL AL A% (A, — Pon Azt (16)
Then by (9) we immediately get
e —Ga (A5 An) A7 Pon f| <

(I = ga(A}An) A5 Ap) (In7P(A*A) o — InTP(AF Ay) o) || <
< xpIn P g4 A2 |(Prr A = An)at| +
+x|[In"P(A*A)"to — In"P (A% AL) |
Using the following relation (see [5, Theorem 4])

1 1
In?-—In"? t‘ < C3ln™P|s —t| 7!,

< xplnPL 4 %H(An — Popn A)af|| +

s
where |s —t| < e”! for s,t € (0;e71], we have
lf —zg 5l <
<xpln?14 % [0+ |[(Pan A — Ap) In~P(A*A)~1o||] +
+xCapln ™ [[A*A — A7 A7,
that has to be proved. O

Remark 9. Let consider the function B(p) which is included in the bound (8).
The analysis of behavior of B(p) shows that it is continuous monotonically in-
creasing function. Thus we have that for all 0 < p < py the following inequality

holds true )
1 (b—1)t—Pr1
B(p) < B(pl) _ {p1—1 ( pi-p1 1) , D1 7'é 1,

lnbfbl, pr = 1.

To minimize the error bound (12) we take discretization parameter n accord-
ing to the rule
(brIn2)n270" = 6. (17)
The equality means that as discretization value n we take the number which
is rounded up to solution of (17). Taking into account (17) and remark 9 the
estimations (7) and (8) can be rewritten in the following way

| A% A, — A*A| < C16, (18)
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|(Pan A — A,) In"P(A* A)~Lo|| < Cyf, (19)
where Cy = y1p(In 2)*1%6(191).
Due to (18) and (19) the error bound (12) can be represented as follows

1 b
2t — ]l < xpIn™? o T+ C4)ﬁ +xCapln P(C16) 7. (20)

Obviously, that for ag = In(671)(C16)? we have
In"P(Cy6)" L =2PInP (ln(é_l)(ln(é_l)C%Q)_l) =2PIn""P (ln(é_l)(ao)_l) .

In this way for all a > «q it holds true that
o Ly 1. _
InPa!>In paol > 2—pln P(C9) L

Let denote by 1 () = C5In™? é and n2 () = C6%, where C5 = xp+xCsp2P
and Cs = x«(1 4+ Cy). Thus error bound (20) can be rewritten as follows
" — 2 51l < mi(a) +m(a), (21)

where the functions 71 (a) and 72(a) for a — 0o are monotone increasing and
decreasing convex functions respectively.

4. A POSTERIORI SELECTION OF REGULARIZATION PARAMETER
Fix some real number ¢ > 1 and define by Dj)s the set of possible values for
the parameter a:

Dy = {oi = ag(¢?)',i=1,2,..., M},

-1
where ag = In(671)(C10)%, M = [lggi%‘)q } . Then according to the balancing

principle (see, for example, [9]) selection of index iy for parameter « is realized
by the rule

iy =max{i: a; € D}, }, (22)
where
D]D ={a; € Dy : Hmim — xij7n|| <Admo(ej), Jj=1,...,4}.
Further we introduce the auxiliary values
o = max{a; € Dy mi(ay) < na(ay)},
a={a; € Dy m(ai) =m2(a)}.

Theorem 2. Let A € H) and =¥ € M(A). Then for the projection method
(11), (17), (22) the following error bound

2" =23 4l < 6am(a) (23)

takes place.
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Proof. Let check that o, < ay. Due to (21) it holds true that for all a <

s ) ) B
1260 = ol < Nl =2l + 12" =2l < mu(e) () +m(an) +a(a) <

< 2ma(a) + 2na(aw) < dma(a).
Consequently o, € D]J\r/[ and o, < ag.
Taking into account definitions of au and o, from (22) and (21) we have
l2F =20, Wl < N2t = af, ol + 20, 0 — 20, 0]l < 6m2(c).
It is evident that a, < & < qQa* then we find
ot — 22, |l < 6m2(as) = 6gna(ang®) < 6qma(&) = 6gmi(a),

which was to be proved. O

Theorem 3. Let A € H) and x¥ € M(A). Then error bound for the projection
method (11), (17), (22) is the following

2" = 25, I < 6grpIn~P 671, (24)
where Ky is some constant that does not depend on 9.

Proof. 1t is easy to find that

then from (23) we have
2
T 1+2p
|zt — $g+ W < 6gInPa! < 6gInP <065> Lo 6gr,In"P6t. O
’ C5

Remark 10. [t is well-known (see, for instance [17]) that for severely ill-
posed problems any approzimation method guaranteing accuracy O(In"P 6~1) is
optimal by the order on the whole set of solutions (3). Thus, theorem 3 shows
that our method (11), (22), (17) saves optimal order of accuracy.

5. MINIMAL RADIUS OF (GALERKIN INFORMATION
Now we are ready to prove the upper bound for Ry s (Hl;, M (A)) .

Theorem 4. Let A € H; and 2t € M(A). The parameters n and o for (11)
are chosen according to (17) and (22) respectively. Then for sufficiently small
0 the following inequality

Rys (H;, M(A)) < cpIn™P N*
holds true where ¢, = 6qky <T(1_27’;)_“) " and Vi :r(l—p) —p>0.

Proof. By virtue of (17) we have
brn2(2"n)""n L = 6.
Using the relation N = ¢2"n we get
()" (brin2) 'NTp T = 571 (25)
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By evident relation

and (25) we have

1 (d)7'NT S ()"N"(bIn2)"*  ()""N"(bIn2)" (26)
~ (In2)brn™1 = brln2(InN)*t1  p(InN)rHL
Starting with some N it is holds true that In N < N# then for any p > 0 we

have

N"(bIn2)" - N"(bln2)" _ rerp—p (CDIN2)" _
()rr(In N)r+1 = (¢)rp Nulrt1) (c)rr
pr=m—p (¢'bln2)"
B (c)rr

Taking into account the relation above from (26) we have

pra=m—p (bIn2)"

' (d)rr
Without loss of generality we suppose that p: 7(1 — u) — g > 0. Then taking
logarithm from inequality above one can find

N <5t

=) =B v st

2r
Hence, the error estimation (24) takes the form
|t — :ngII < 6grpInP 67t < ¢ InTP N,

Due to definition for Ry s (HQ, M (A)) we get
Ry (M}, M(A)) < ¢y In™P N?,

which was to be proved. O
Theorem 5. Let A € H and 2T € M(A), then
1 _ _
ST In"? N*" < Ry (H., M(A)) < ¢, In? N*",
r+1

where N < 6=+ In"+ 6. Indicated order O(In"? N?7) is achieved in the frame-
work of projection method (11) , (17), (22).

Proof. 1t is known (see, for instance [16] ) that for all p > 0 it fulfills
Ry s (HQ, Mp(A)) > &, In"P N?" where ¢, = 27P~L. By virtue of definition for
the sets M,(A) and M(A) the following inequality holds true

Ry (H;, Mp(A)) < Ry (’ny, M(A)) .
Due to Theorem 4 we immediately get statement of the theorem. O

Remark 11. From Theorem 5 it follows that our approach gives optimal error
bound with amount of discrete information in the form of Galerkin functionals

(4).
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Remark 12. Let consider the set M'(A) = Upep p Mp(A) C M(A). If we
assume that T € M'(A), then the relation (17) should be replaced by the fol-
lowing

(In2)br27bm =g, (27)
with saving bounds (18) and (19). As we can see below, such selection of dis-

cretization parameter allows to reduce amount of discrete information by loga-
rithmic multiplier.

Theorem 6. Let A € H) and xt € M'(A). The parameters n and o for (11)
are chosen according to (27) and (22) respectively. Then for sufficiently small
0 it holds true
1
op+1

where N =< 5_% Ins—1L.

In"? N*" < Ry (H:, M'(A)) < ¢pIn™? N,

Proof. The proving of the theorem completely repeats as ones for Theorems
4 and 5. O

Remark 13. Comparing Theorems 5 and 6 we can conclude that due to restric-
tion of the set of possible solutions we obtain reduction of amount of discrete
information by logarithmic multiplier (compare the values N in both theorems).
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