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RESUME. If on a set of objects are given certain binary relations,
that determine the advantages of one object over the other object,
then their ordering is possible with a help of paired comparisons.
The method of paired comparisons allows an estimation of such
characteristics of objects, which are not measurable in the usual
sense, that is with technical devices and tools. Practical applications
of the method in ranking, prioritization and decision-making are uni-
que in the sense that it allows utilization of subjective preferences of
judges. Since the objects are compared in pairs, judges can concentrate
their attention on only two objects at time. It is believed that such an
approach avoids the effect of so-called sensory fatigue, when evaluati-
ng more than two objects at a time leads to confusion and lack of
concentration. Moreover, observing just two objects permits better
discrimination between very fine differences in the objects. This
method represents a simpler but strong alternative to other ranking
techniques, which may require complex experiment planning
procedures. Another distinctive advantage of our approach is that
the method does not deny the existence of circular triads, and in
some cases allows identification of such triads. We see the method
of paired comparisons as by far more superior than other ranking
techniques. In this paper it is considering the case when the elements
of comparisons are random with partly unknown probabilities. To
determine them, it is using the method of maximum authentici-
ty and the method of minimizing the aggregate quadratic error.
It is shown that the estimates of the maximum authenticity of the
probabilities are determined by some equation, has a unique soluti-
on. For optimal averaged estimates are received an explicit formulas.
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comparison method, maximal probability method, average mean-
square error minimization method, maximum probability estimator.

PE3IOME. k1o Ha MHOXKUHI 00’€KTIB 3aaI0THCA eBHI OiHapHi Bi-
HOIIIEHHSI, 10 BAU3HAYAIOTH [I€PEBATrM OJHOrO 00’€KTa HAJI IHIIUM, TO
IX BIIOPSAJIKYBaHHS MOXKJIMBE 3 JOIIOMOIOIO IIOIIAPHUX [OPIBHAHB. B
POBOTI POBIIISTAETHCS BUMAI0K, KOJU €JIEMEHTH MATPUIl TTOPIBHIHD
BUIA/KOBI 3 YaCTKOBO HeBimoMmMu iiMoBipHOCTAMU. [Tl X BU3HA-
YeHHSI 3aCTOCOBYETHCS METOJT MAKCHUMAJIBLHOI BIpOTiTHOCTI Ta MeTOJ,
MiHIMI3aIll ycepeaHeHOT cepeIHboKBaapaTnaHol moxuokn. [lokazano,
IO OIIHKU MAKCUMAaJIBHOI BipOTiTHOCTI IMOBIPHOCTE BU3HAYAIOTHCS
i3 JesgKoro piBHSHHS, IO Ma€ €IUHUI PO3B’sA30K. JlJis onTuMaIbHuX
yCepeHEHUX OIIHOK HMOBIpHOCTEH o/iepkaHi sBHI (DOpMYJIH.
KJUIFOUYOBI CJIOBA: Teopis TpUAHATTS pillleHb, paHXKyBaHHsS 00’€-
KTiB, MeTO/T IOTAPHUX MOPIBHSIHB, METOJ[ MAKCUMAJHHOI BipOTigHO-
cTi, MeTos MiHIMI3aIll ycepeaHeHol cepeIHbOKBAIPATHIHOT TOXUOKH,
OIiHKa MaKCHUMaJIbHOI BipOriTHOCT].

OjtHi€ro 3 BaXX/UMBUX TPOOJEM B Teopil MPHUITHATTS pillleHb € 3aja4a
paHKyBaHHs 00’€KTiB. fAKINO HA MHOXKUHI TAKUX 00 €KTIB 3a/1aI0ThCS I1€B-
Hi OiHapHI BiJHOIIEHHsI, IO BU3HAYAIOTH IIepeBaru OIHOIO 00’€KTa HaJl
IHITM, TO 1X BHOPSAIKYBaHHSA MOXKJIUBE 38 JIOIMOMOI'OIO MONAPHUX TOPiB-
HsiHb. B poboTi po3risgaeTbes BUIIAJIOK, KOJIH €JIeMEHTH MATPHUIN I10-
PIBHAHDb BUITAJIKOBI 3 YACTKOBO HeBiIoMUMH iMoBipHOCTsIMHA. 11 iX BU-
3HAYEHHS 3aCTOCOBYETHCS METO]I MaKCUMAaJbHOI BIPOTIIHOCTI Ta METOJT
MiHiMi3allil ycepeHeHOl cepeIHbOKBaApaTuyHol moxuoku. [lokazano, 1o
OIIIHKM MaKCHUMAaJIbHOI BIPOTITHOCTI HMOBIpHOCTElT BU3HAYAIOTHCH 13 JIe-
JKOTO PIBHAHHS, IO Ma€ €JIUHUN po3B’d30K. [lj1g onTuMaabHUX ycepe-
JIHEHUX OIIIHOK MMOBipHOCTEN OJieprKaHi sABHI (hopMyJIH.

Hexait Ha muOKUHI anbrepHarus X = {x1,..., %, } — 3a1aua N Ginap-
HUX BigHOmEeHb By, k=1, N.

[TocTaBuMO y BiJITOBITHICTH KOXKHOMY OIHAPHOMY BiJIHOIIEHHIO B} Ma-

k) _ 4

TPHUILIO NOMAPHUX MOPIBHSHD [4] Ay = {agf)} IPH MBOMY @,

(k)

ij=1,m>
= —1, axmo x; Ryx;.

B (k)
YJIeMO BBazKaTH, IO d;;
JIOBHICTIO) BHIIQIKOBUX HE3AJIEIKHUX BEJIMINH, TIPUIOMY

P {az(f) = } = /ijpij = 1—P{a(~@ = —1} ek =1,N, 7-(k) — BLIOMI

AKIO ;x5 1 a

npu (hIiKCOBaHUX 7, ] € peastizarisiMu (TIOCTi-

19 [
JIOJTATH] BEJIMINHI f)/fj <1, p;; — meBigomi mapamerpu 0 < p;; < 1.

(k) (k) .
i i - Toi
(ks) (ks)

AKIO ki, ...,k Taki, mo y;; =1, s=1r,ay,;” =-1, s=r+ 1N,
TO Ma€ MicIle HACTYITHE TBEP/?KEHHS.
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TBepmxkenns 1. Hexait \;; — kopinb piBHsHHA Ha MHOXKHUHI [1, 00)

r= Z (Aij - 7@'(;(8))_17 (1)

TOJIl €JIMHa OIIHKA MAKCHUMAJbHOI BIPOTIIHOCTI Ma€ BUTJIS/T pij%, e
ij
_1 N (k)
r= i(N + Zk:l Yij )

(k)

Josedenna. Yepes te 110, BeIUINHA ;s k =1, N He3aJiexHi,

ij ii — Yij

Wiy(P) = P{a) = o), oall =y} =

N
s s k1)x  (kr r k., k
= HP {az('j) = yi(j)} = z'(jl) %'(j )pz(j)(l - ’Yi(j +l)pij)---(1 - %‘('N)Pij)a

(2)

T N

InWi;(P) == Z ln%(fs) +rln Z ln%-(fs) +rInp;; + Z In(1— ygfs)pij)
s=1 s=r+1

Yepes e 110, dipln Wi;(P) = z% - Zévzmrl(l - ffs)pij)*l, TO 13 yMOBHU
ij

dip In W;;(P) = 0 oxgepzkumo pisusinns (1) BinHocHO \;j = pL

ij
Tani nosraumvo wepes f(\) dymkmio f(A) = S0, (A — fy,L(JK N1,

SIK& € MOHOTOHHO CII/IHOIO 1 /\lim f(A) = 0. Buaunts piBusanua f(A) =r

—00

Ma€ €JIMHNAI KOPiHb, a 3HAYUTH OIIHKA D;j = )% — eIUHA. O
i

Hacuainok. Hexait v;; = 1, Toxi

N
=1 Hizy@ (3)
R Nk:1 v

Hacaigok 2. Hexait B piBusunga (1), r = N — 2. Iloznaunmo
%(jK N-1) 1, %.(JKN ) = 2. Toni pisasiaast f(A)—r = 0. 3anumemo y Buris-
Jii
TN —7)A =) —2 > +71 +7 = 0, a6o 7A? — 2(2 + r(y1 + 7\2)) +
M+ Y2 + 17y = 0. 3BiIKH ONEPKHUMO OIIHKY pj;j = /\L, e N =

ij

%+71+72+\/;% +(n—m)?=2 (1 + \/1 + 5 - 72)2) 7+, SHa-
finemo Jagi ninifiny orinky napamerpa p;;. Hexait uq, ..., uy — joBigbHi
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qucia. byjgemo nykaTu ominKy p;; y BAIVIA

N
k
Dij = Zukyfj) + Cij (4)
k=1
TBepI[}KeHHH 2. dxmo ¢; = ij:l Ug, & Up 3aJO0BOJIBHSIE YMOBI
SV uk’yz(]) , TO omiHka (4) € He3MiIIeHOIO.

(k)

ﬂoee@emm Yepes Te 1110, Eyw = 27 — 1, To0 Epgf) = 2%(]@ )

N
Ep Zk U Eyz + Zk 1 Uk = Zk 1 uk(QVz(] )p — 1)+ > u =D,
0 ¥ OTPiOHO 6yﬂo [TOKA3aTH. 0

p—1, T0

TBepaxkennsi 3. CepenHboKBapaTuiHa M0Xubka o(p, uy, .., uy) He-
3MIIIEHO! OIIHKY ITapaMeTPH pP;; Ma€ BUILJIS

o(p,uq, .. = {4p;; Zr 2wk — 4p” Zqu %J }%. (5)
k=1
Josederina.
E(pij — pi;)* = v} — 2pi;Epi; + Ep;; = —p; + Ep;,
N
Epzj = E(Z ylj +1 ZukE ym +1 +Zuku E yf])+1)(yfj)+1)
k=1 ks

1) =4y py, a

ij

Yepes Te mo, F(y

k s k s k s

sBinku Ep7; = pi — 4pg; > ui(y))?, a sHauuTs

N
E(pij — ﬁij)Q = 4p;; Z %J 4pzj Zuk %] 2
k=1
10 1 TOTPIOHO OYJI0 TOKA3ATH. 0

BayBaxKuMO J1aJji, 10 CepeIHBOKBAIPATUIHA TOXMOKA 3aJIeKUTh Bif
HEBiJIOMOro 1apamMeTpa pj;. g Toro 1mob 3HATH HEBU3HAYEHICTD, IPUILY-
CTHMO, III0 HaM BiJIOMi HMZKHA Ta BEpXH OIIHKH D;j, TOOTO Pij SDP < p;;
Bsenemo dynkitio

o2 (ur, ) — / o2(p, s, e )pu(dp),
P

i
ne p(+) — Bimomuit posnomin fimosiprocTeit [4].
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Osnauenns 1. Hesmimeny ouinky pij = Zﬂk(yfj + 1) musa skol
(Q1, ..., 0n) € Argmint?(uy..uy), OyJeMo Ha3UBATH ycepeIHEHOIO JIiHiii-
HOIO OIIHKOIO.

TBepmkeHHs 4. YcepeaHeHa JIiHIfHA OIIIHKA M€ BUTLJISLI:

N
b=y a(yl +1), (6)
k=1

-1 ()
N k N k k 8 k k

Ae ug = %51'(]') (Zk:l ’ij(si(j)) ) 51(]') = ;(ka 51'(3') = Ml%(j) - Mz(ﬁj)?- [Ipu

IIHOMY': N

N
mmcr1 Uq .- uN Z 1“1'713 —lL2 1, (7)
k=1

-+ .

p” ng
mz/_ pu(dp),uzzf_ P u(dp).
Pi; Pij

3 V)

Jlosedenns. 3senemo dynkiito Jlarpamxka Fy(uq,...,uy) = %‘0% +2 >
(k)
> Eévzl Uk%(j) i3 ymMoBH g% = 0 ojepKUMO, IO Uj = —;i(],;))\ MHuOKHUK
. N ~ (k) _ 1 _ (vE)2\ _
A BHAXOMUMO 13 yMoBH ) ;- Uyy;;” = 5. Tobro A = (Zk 1 ,8<J’“) )L
BBiJIKI OJICP:KUMO BUPa3 JId Uy, SHaiigeMo nasi of(ty, ..., Uy).
(B2
N N N (vi;)?
Maemo, mwo o7(ly,...un) = D k(yy; + 1) = xzk ) {k) ,
ZJ
) —1 1
SN ({92 ~ (v (792 N (1192 _
k=150 k=150 k=1 L)
N (F)\—1 -1 . .
= <Zk:1 pa () = ,u2> , MO i TIOTPIOHO OYJIO MOKA3ATH. O

Hacainok. fAxmo 7-(’7)

)

s L HAZN: (k) (8)
p’LJ 2 N ot yzj

=1, To ycepeHeHa JiHIITHA OIIIHKA MA€ BUTJIA],

IIPU 1IHOMY

1

0 = ). 9

Teepmxkenns: 5. Hexail icayiors koucrantu ¢q(N), co(N) Taki, mo
cl(N) < 7% < ea(N).
Toni mae micie HepiBHICTD
1 B . . 1 -
N (13 '(N) = p2) < 07 (fin, ooy i) < N (e H(N) = p2) -

0'%(@1, ...,ﬂN) =
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-1

Hoesedenns. Hepes Te mo, - (1 7 < (%(jk)) < Cl(lN), 10 (pcy (N) — o)

1 B
< (ul(%-(j]fc))*l - u2> < (s H(N) = po) ' Bbiku oxepskuMO 1E06XI-
JIHY HEPIBHICTb. 0

Tm — Ha3BEMO JIIHIMHOIO OIllH-

)

Osnagenns 2. Marpumo P(Y) = (ﬁ’z‘j)m:
koto Marpuni P = (p;;).

Osnavennsa 3. Marpmmio P(Y) = (py); j—15, HasseMo JiHifiHO©O ycepe-

JIHEHOIO OIIHKOI0 MaTpuIi P = (pij); j—Tm-

TBepakenHsa 6. MaioTh miciie piBHOCTI
EP(Y)=P, (10)

Ta

/ Esp (P(Y) - P)2 dp = i (D - ug?))_l SNCY

e
+

W _ [P () P
i :/_ pu(dp), ;5 =/_ p~u(dp).
p. p

Josedena. Piuicrs (10) BummBae i3 He3MIIIEHOT OIIHKH Pj; , & TAKOXK
i5 Toro, mo EP(Y) = (Epij); j—17- Hani saypaxmmo, mo

ot = ESp* (P(Y) ~ P) = R
=4 (ZP%J Z’Yz aj — szg Zu %] ) .

~1
k)y2
N 1% )
TaKHK,uk—QB{k)(Ekl —— ) , TO

B
N [ m (k) 2 N B2\ 2
_ (k) 2 2 Vij (Vi)
P=3 (35 (i -t) () ) (S %)
=1 \4,j=1 ij k=1 5@‘
Bpaxosyiotm, mo B = w1y — pa(v{)? onepmmuo, mo
m N
/UQ(P)u(dp) =3O i =)™
ij=1 k=1
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Hacaigmok. Aximmo V(k) =1, 10

ij

/ | Esp(P(Y) = P)uldp) = % (Z () — um>> :

t,j=1

Hexait P{ygf) =1} = %(f)p. Hexait npu 7 < j, P{nl-(j = y” } = v )

1pu yz-(f) =1il-— 'yz-(f) 1pu yz(jk) = —1, 4,5 = 1, m. 3uaiiaemo JiHiiHY

ycepeIHeHY OIIHKY P 110 CIlocTepeyKeHHAM y(k)

i &< J. Hokmanemo

N
Zzwzf)yff = Z(uk7yk)7 (12)
k=1 i<j k=1

k k
e yﬁj)—yfj) + 1.

o . k . . — =
TBepmkennst 7. Hexail BunajkoBi BeIuInHMA ngj), 1< 7J, k=1N
HEKOPEJILOBaHI, TPUIOMY BUKOHYIOTHCS yMOBI/I

iy = (13)
1<J

Toni orinka (12) € HeaMimeHOIo PUIOMY

k= lz<]

Zosedenns. Yepes te 110 EY(k) = 2%-(]’-“ )p , TO i3 BpaxyBaHuam (13) omep-

KAMO HE3MIITEH] OIiHKMN. [Lam Ma€eMo, 110

E(p B G - B =

k=1 1<j
N
k ok 7k 7"
=3 WE@, - BRy)? E@y) - Egy)? =
k

k k k k k
= By —Ey)) = 1-(By")? = 1-(27p—1)* = —4(7)p* +47Pp.

Takum auHOM,

ZZ (v p — 4052,

k=1 i<j
0 1 TOTPIOHO OYJI0 TOKA3ATH. 0
[MTpunycrumo maJi, mo Bigomi uncaa p~ i pt raxi, mo p~ < p < pt.
[Toznauumo vepes o} (u) ycepeHenuit KpHTepiH 10 po3no;;iﬂy () auist
SIKOT'O iCHYIOTH TIepIIli 9u JPYTi MOMEHTH 073 (U f A 2u(dp).
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Teepmxkenus: 8. OnruMaibHa ycepejaHeHa OIiHKa [2]|, s sikol

U € Argminoi(u) Ta BEKOHyeThCs ymOBa Y, > ﬂgf)yff) = 1 € He
3Mimienolo. [Ipu mpomy MaioTh Miciie piBHOCTI
(k) (k)
o 1 Pij g _ Y
ij i R
25 ey (B o)
(14)

o- (529

Jlosedenmna. Uepes te mo, o3 (u)=4 3N | ij(uij))zégf),ge Sij = ’71‘(]]?)/11_
+ . .

—(’YZ-(?) pa, fh fp pu(dp), pe = [ p*u(dp), o smaiizemo mininym

byukiit Jf(u) Ipu  yMOBi (13) Beenemo dyuxkiio Jlarpamxa [3]

o3(u) = o?(u) + 223", ZZ<]U ’yz(]) Toui i3 ymoBu 810,\( ) =0, ozep-
JKIMO, 1110 u(k = —/\%(b MuoxkHUK A 3HAXOAUMO 13 yMoBH (13), TO6TO
w

(k)y2 (k)
1 (i )% \\—1 ~(k) _ 1 Bij
=322k ZKJ( 5 ))~". Taxnm uunom, Uiy = Iy (B(k))26(k)
1<j\ig
-2

Taxmu mmon, o3(@) = (3, 3, (B0)260) 72 - 2, 30, (B)261,

(5 )25 ((75%‘))) dij (5 )2513 , 3BiaKH® omepzkuMmo (14). O

Hacaigok. Hexait icmytors wunmcia ¢ (N) ma co(N) raki, mo

c(N) < ’yz(]k ) < ¢3(N). Toni MatoTh Micie HepiBHOCTI
—1 -1
N) — 2 N) —
2<M162 ( ) IUQ) < O_%(a) < (:Ulcl ( ) N2> )
NCmim=1) Nm(m — 1)
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