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Abstract. We investigate the estimation problems of linear functi-
onals from solutions to systems of variational equations in Hilbert
spaces with unknown right-hand sides. The unknown right-hand si-
des and the unknown correlation operator of estimation error are
supposed to belong to the certain sets. It is shown that the linear
mean square estimates of the above-mentioned functionals and esti-
mation errors are expressed via solutions to the systems of variational
equations of the special type. We elaborate the numerical algorithms
for finding such estimates. The obtained results are applied to the
case when the system of variational equations is a stationary heat
equation with right-hand side satisfying to the linearized Navier-
Stokes equation.
Keywords: linear functional, variational equation, observation, mean
square estimate.

Резюме. В статтi дослiджуються задачi оцiнювання розв’язкiв
варiацiйних рiвнянь в спецiальних гiльбертових просторах з невi-
домими правими частинами та похибками спостережень. Припу-
скається, що в правi частини таких рiвнянь входять вектори, якi
в свою чергу, є розв’язками варiацiйних рiвнянь також iз невiдо-
мими правими частинами. При умовi, що невiдомi вектори нале-
жать правим частинам вивчаються спочатку питання про оцiнки
лiнiйних неперервних функцiоналiв вiд розв’язкiв та правих ча-
стин таких рiвнянь. Вводяться гарантованi середньоквадратичнi
лiнiйнi оцiнки та гарантованi середньоквадратичнi похибки таких
оцiнок. Показано, що такi оцiнки та похибки оцiнювання вира-
жаються через розв’язки систем варiацiйних рiвнянь. Показано
також, що гарантованi оцiнки лiнiйних функцiоналiв дають змо-
гу знайти гарантованi оцiнки розв’язкiвварiацiйних рiвнянь при
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спостереженнях з похибками. Для наближеного знаходження га-
рантованих оцiнок приводиться система лiнiйних алгебраїчних
рiвнянь, через яку виражають такi оцiнки. Доводиться, що на-
ближенi оцiнки збiгаються до гарантованих. Одержанi результа-
ти застосовуються у випадку, коли варiацiйне рiвняння породже-
не крайовою задачею для стацiонарнарного рiвняння переносу з
дифузiєю з правою частиною, що є розв’язком лiнеаризованого
стацiонарного рiвняння Нав’є-Стокса в умовах невизначеностi.
Ключовi слова: лiнiйний функцiонал, варiацiйне рiвняння, спо-
стереження, середньоквадратична оцiнка.

Introduction
The problems of optimal estimation of solutions to BVPs for partial di-

fferential equations with unknown parameters arise in geophysics, optics,
acoustics, etc.

In order to reduce the estimation errors, the observation of their soluti-
ons in certain points or domains are needed.

Depending on assumptions regarding unknown parameters and observati-
on errors, there is variety of approaches of solving such problems. In many
cases these approaches are reduced to the estimation of solutions of vari-
ational equations in certain Hilbert spaces.

In the present paper we apply the guaranteed approach for finding
linear mean square estimates of a solution to a system of variational
equations in Hilbert spaces.

1. Notations
If X is a separable Hilbert space over R with inner product (·, ·)X and

norm ∥ · ∥X , then by JX ∈ L(X,X ′) we will denote an operator, called
a canonical isomorphism from X onto dual space X ′, and defined by the
equality (v, u)X = < v, JXu >X×X′ ∀u, v ∈ X, where
< x, f >X×X′ := f(x) for x ∈ X, f ∈ X ′, and L(X,Y ) is the set of
bounded linear operators mapping X into a Hilbert space Y .

Let D be an open bounded set in Rn with Lipschitzian boundary Γ.
Let D(D) (or D(D̄)) be the space of infinitely differential functions wi-
th compact support contained in D (or D̄). A continuous linear form on
D(D) is called a distribution on D. We denote by D′(D) the set of di-
stributions on D. If T ∈ D′(D) we denote by < T, ϕ > its value on the
function ϕ ∈ D(D).

If T ∈ D′(D) the derivative DiT = ∂T
∂xi

which coincides with the
usual differentiation of continuously differentiable functions, is defined by
< DiT, ϕ >= − < T,Diϕ >.

We denote by L2(D) the space of the real functions defined on D
with the second power absolutely integrable for the Lebesgue measure
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dx1 . . . dxn. This is a Hilbert space with the norm

∥u∥L2(D) =

(∫
D

|u(x)|2 dx
)1/2

and inner product

(u, v)L2(D) =

∫
D

u(x)v(x) dx.

The Sobolev space H1(D) is the space of functions in L2(D) with deri-
vatives of order 1 also belonging to L2(D). This is a Hilbert space with
the norm

∥u∥H1(D) =

(
∥u∥2L2(D) +

n∑
j=1

∥Dju∥2L2(D)

)1/2

and inner product

(u, v)H1(D) = (u, v)L2(D) +
n∑
j=1

(Dju,Djv)L2(D).

The closure of D(D) in H1(D) is denoted by H1
0 (D).

Denote by γ0 a bounded linear operator, called the trace operator,
which maps the space H1(D) into the space L2(Γ) such that
γ0u(x) = u(x) for u ∈ D(D̄). It is known that H1

0 (D) is equal to the
kernal of γ0, i. e. H1

0 (D) = {u ∈ H1(D) : γ0u = 0}.
We will also use the notation L2(D)n, H1(D)n, H1

0 (D)n, D(D)n for the
spaces consisting of vector functions u = (u1, . . . , un) whose componets
belong to one of the spaces L2(D), H1(D), H1

0 (D), D(D), respectively,
with usual product norms and inner products (exept D(D)n or D(D̄)n

which are not normed spaces).
For every v ∈ D′(D) we put

grad v :=

(
∂v

∂x1
, . . . ,

∂v

∂xn

)
,

which defines the linear differential operator denoted by grad from D′(D)
to D′(D)n.

We define the linear differential operator denoted by div from D′(D)n

to D′(D) by

divv :=
n∑
i=1

∂vi
∂xi

∀v = (v1, . . . , vn) ∈ D′(D)n

and the Laplace operator ∆ from D′(D)n → D′(D)n by

∆v =

(
n∑
i=1

∂2v1
∂x2i

, . . . ,
n∑
i=1

∂2vn
∂x2i

)
.
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Set V = {u ∈ D(D)n, divu = 0}, V = closure of V in H1
0 (D)n.

The space V is a Hilbert space with inner product

((u,v)) =
n∑
i=1

(Diu, Div)L2(D)n .

In [1] it is shown that V = {u ∈ H1
0 (D)n, divu = 0}.

By L2(Ω, X) we denote the Bochner space composed of random1 vari-
ables ξ = ξ(ω) defined on a certain probability space (Ω,B, P ) with values

in X such that ∥ξ∥2L2(Ω,X) =

∫
Ω

∥ξ(ω)∥2XdP (ω) < ∞. In this case there

exists the Bochner integral

Eξ :=
∫
Ω

ξ(ω) dP (ω) ∈ X (1)

which is called the mathematical expectation or the mean value of random
element ξ(ω) and satisfies the condition

(h,Eξ)X =

∫
Ω

(h, ξ(ω))X dP (ω) ∀h ∈ X. (2)

Being applied to random variable ξ with values in R this expression leads
to a usual definition of its mathematical expectation because the Bochner
integral (1) reduces to a Lebesgue integral with probability measure dP (ω).

In L2(Ω, X) one can introduce the inner product

(ξ, η)L2(Ω,X) :=

∫
Ω

(ξ(ω), η(ω))X dP (ω) ∀ξ, η ∈ L2(Ω, X). (3)

Applying the sign of the mathematical expectation, one can write relati-
onships (1)−(3) as

∥ξ∥2L2(Ω,X) = E∥ξ(ω)∥2X , (4)
(h,Eξ)X = E(h, ξ(ω))X ∀h ∈ X, (5)

(ξ, η)L2(Ω,X) := E(ξ(ω), η(ω))X ∀ξ, η ∈ L2(Ω, X). (6)
L2(Ω, X) equipped with norm (4) and inner product (6) is a Hilbert space.

2. Statement of estimation problem
Let V1, V2, H1, and H2 be Hilbert spaces such that the following inclusi-

ons hold V1 ⊂ H1 and V2 ⊂ H2 with

∥ · ∥H1 ≤ c1∥ · ∥V1 and ∥ · ∥H2 ≤ c2∥ · ∥V2 , (7)

where c1 and c2 are positive constants.
1Random variable ξ with values in Hilbert space X is considered as a function

ξ : Ω → X imaging random events E ∈ B to Borel sets in X (Borel σ-algebra in X is
generated by open sets in X).
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Consider the problem: given f1 ∈ H1, f2 ∈ H2, find φ1 ∈ V1, φ2 ∈ V2,
such that

a1(φ1, ψ1) = (Bφ2 + f1, ψ1)H1 ∀ψ1 ∈ V1, (8)
a2(φ2, ψ2) = (f2, ψ2)H2 ∀ψ2 ∈ V2, (9)

where B ∈ L(H2, H1).We make the following assumptions on the involved
bilinear forms a1 : V1 × V1 → R and a2 : V2 × V2 → R:

a1(·, ·) and a2(·, ·) are continuous, that is

∃M1 > 0 : ∀σ1, τ1 ∈ V1 a1(σ1, τ1) ≤M1∥σ1∥V1∥τ1∥V1 ,
∃M2 > 0 : ∀σ2, τ2 ∈ V2 a2(σ1, τ1) ≤M2∥σ2∥V2∥τ2∥V2 .

We also suppose that the following problems: given gi ∈ Hi, find φi ∈ Vi
such that

ai(φi, ψi) = (gi, ψi)Hi
∀ψi ∈ Vi, i = 1, 2, (10)

are well-posed. It follows from this assumptions that problem (8)–(9) is
also well-posed.

We suppose that functions f1 and f2 in the right hand sides of equations
(8) and (9) are not known exactly. The estimation problem consists in the
following: from the observations

y = Cφ1 + η, (11)

find optimal in a certain sense estimate of the functional

l(φ1) = (l0, φ1)H1 (12)

in the class of estimates linear w.r.t. observations (11),

l̂(φ1) = (y, u)H0 + c (13)

under the assumption that errors η = η(ω) in observations (11) are
realizations of random variables defined on a certain probability space
(Ω,B, P ) with values in a Hilbert space H0 over R belonging to the set
G0, and (f1, f2) ∈ G1. Here C ∈ L(H1, H0) is a linear continuous operator,
u ∈ H0, c ∈ R,

G1 := {(f̃1, f̃2) ∈ H1 ×H2 : (Q1(f̃1 − f 0
1 ), f̃1 − f 0

1 )H1

+ (Q2(f̃2 − f 0
2 ), f̃2 − f 0

2 )H2 ≤ 1}, (14)

G0 := {η̃ ∈ L2(Ω, H0) : Eη̃ = 0, E(Q0η̃, η̃)H0 ≤ 1}, (15)
l0, f

0
1 ∈ H1, and f 0

2 ∈ H2 are given elements, Q1, Q2, and Q0 are bounded
selfadjoint positive definite operators in H1, H2, and H0, respectively, for
which there exist bounded inverse operators Q−1

1 , Q−1
2 , and Q−1

0 .
Definition 1. An estimate

̂̂
l(φ1) = (y, û)H0 + ĉ (16)
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is called a minimax estimate of the l(φ1), if elements û ∈ H0 and a number
ĉ are determined from the condition

inf
u∈H0,c∈R

σ(u, c), (17)

where σ(u, c) := sup
f̃=(f1,f2)∈G1,η̃,∈G0

E[l(φ̃1) − l̂(φ1)]
2, φ̃1 is a solution to

problem (8),(9) when f1(x) = f̃1(x), f2(x) = f̃2(x),

l̂(φ̃1) = (ỹ, u)H0 + c, (18)

and ỹ = Cφ̃1 + η̃. The quantity

σ = [σ(û, ĉ)]1/2 (19)

is called the error of the minimax estimation of l(φ1).
Thus, the minimax estimate is an estimate minimizing the maximal

mean-square estimation error calculated for the “worst” implementation
of perturbations.

3. Representation of minimax estimates and estimation
errors

Introduce bilinear forms a∗i (φi, ψi) in Vi × Vi, adjoint of ai(φi, ψi), by

a∗i (φi, ψi) = ai(ψi, φi) ∀φi, ψi ∈ Vi × Vi, i = 1, 2. (20)

Let z1(u) ∈ V1 and z2(u) ∈ V2 be a unique solution of the problem

a∗1(z1(u), ψ1) = (l0 − C∗JH0u, ψ1)H1 ∀ψ1 ∈ V1, (21)

a∗2(z2(u), ψ2) = (B∗z1(u), ψ2)H2 ∀ψ2 ∈ V2 (22)
where C∗ : H ′

0 → H1 is an operator adjoint of C defined by

(p, C∗g)H1 =< Cp, g >H0×H′
0

∀p ∈ H1, g ∈ H ′
0

and B∗ ∈ L(H1, H2) is a linear operator adjoint of B.2
Then the following result holds.

Lemma 1. The problem of minimax estimation of the functional l(φ1)
(i.e. the determination of û and ĉ) is equivalent to the problem of opti-
mal control of the system described by equations (21) – (22) with a cost

2It is easy to see that, owing to our restrictions on the bilinear forms a1(·, ·) and
a2(·, ·), and on the operator B, problem (21)–(22) is well-posed and, in particular, the
following inequality holds

∥z̃1(u)∥V1 + ∥z̃2(u)∥V2 ≤ c3∥u∥H0 , (23)

where (z̃1(u), z̃2(u)) is a solution of problem (21)–(22) at l0 = 0, c3 = const > 0.
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function

I(u) = (Q−1
1 z1(u), z1(u))H1+

+ (Q−1
2 z2(u), z2(u))H2 + (Q−1

0 u, u)H0 → inf
u∈H0

. (24)

Proof. From (71), we have

l(φ̃1)− l̂(φ̃1) = (l0, φ̃1)H1 − (Cφ̃1 + η̃, u)H0 − c

= (l0, φ̃1)H1− < Cφ̃1, JH0u >H0×H′
0
−(η̃, u)H0 − c

= (l0 − C∗JH0u, φ̃1)H1 − (η̃, u)H0 − c. (25)

Transform the first term in the r.h.s. Make use of equalities (21)–(22) and
(8)–(9) at f1 = f̃1 and f2 = f̃2 to obtain

(l0 −C∗JH0u, φ̃1)H1 = a∗1(z1(u), φ̃1) = a1(φ̃1, z1(u)) = (Bφ̃2 + f1, z1(u))H1

(f1, z1(u))H1 + (Bφ̃2, z1(u))H1 = (f̃1, z1(u))H1 + (f̃2, z2(u))H2 .

= (z1(u), f̃1−f 0
1 )H1+(z2(u), f̃2−f 0

2 )H2+(z1(u), f
0
1 )H1+(z2(u), f

0
2 )H2 . (26)

From (25)–(26) it follows that

l(φ̃1)− l̂(φ̃1) = (z1(u), f̃1 − f 0
1 )H1

+(z2(u), f̃2 − f 0
2 )H2 + (z1(u), f

0
1 )H1 + (z2(u), f

0
2 )H2 − (η̃, u)H0 − c. (27)

Taking into consideration the relationship Dξ = E(ξ−Eξ)2 = Eξ2−(Eξ)2
that couples dispersion Dξ of the random variable ξ and its expectation
Eξ and equality (5), we obtain from the last formulas

E
∣∣∣l(φ̃1)− l̂(φ̃1)

∣∣∣2 = ∣∣∣(z1(u), f̃1 − f 0
1 )H1 + (z2(u), f̃2 − f 0

2 )H2

+(z1(u), f
0
1 )H1 + (z2(u), f

0
2 )H2 − (η̃, u)H − c

∣∣2 + E |(η̃, u)H0 |
2 . (28)

Therefore,

inf
c∈R

sup
f̃=(f1,f2)∈G1,η̃∈G0

E|l(φ̃1)− l̂(φ̃1)|2

= inf
c∈R

sup
f̃=(f1,f2)∈G1

∣∣∣(z1(u), f̃1 − f 0
1 )H1 + (z2(u), f̃2 − f 0

2 )H2

+ (z1(u), f
0
1 )H1 + (z2(u), f

0
2 )H2 − (η̃, u)H0 − c

∣∣∣2
+ sup

η̃∈G0

E |(η̃, u)H0 |
2 . (29)
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In order to calculate the first term on the right-hand side of (29) make use
of the generalized Cauchy−Bunyakovsky inequality and (14). We have

inf
c∈R

sup
f̃=(f1,f2)∈G1

∣∣∣(z1(u), f̃1 − f 0
1 )H1 + (z2(u), f̃2 − f 0

2 )H2

+ (z1(u), f
0
1 )H1 + (z2(u), f

0
2 )H2 − (η̃, u)H0 − c

∣∣∣2
≤ inf

c∈R
sup

f̃=(f1,f2)∈G1

[
(Q−1

1 z1(u), z1(u))H1 + (Q−1
2 z2(u), z2(u))H2

]
×
[
(Q1(f̃1 − f 0

1 ), f̃1 − f 0
1 )H1 + (Q2(f̃2 − f 0

2 ), f̃2 − f 0
2 )H2

]
≤ (Q−1

1 z1(u), z1(u))H1 + (Q−1
2 z2(u), z2(u))H2 . (30)

The direct substitution shows that that inequality (30) is transformed to
an equality on the element f̃ (0) = (f

(0)
1 , f

(0)
2 ), where

f̃
(0)
1 :=

1

d
Q−1

1 z1(x;u) + f 0
1 ,

f̃
(0)
2 :=

1

d
Q−1

2 z2(x;u) + f 0
2 ,

d =
[
(Q−1

1 z1(u), z1(u))H1 + (Q−1
2 z2(u), z2(u))H2

]1/2
Therefore

inf
c∈R

sup
f̃=(f1,f2)∈G1

∣∣∣(z1(u), f̃1 − f 0
1 )H1 + (z2(u), f̃2 − f 0

2 )H2

+ (z1(u), f
0
1 )H1 + (z2(u), f

0
2 )H2 − (η̃, u)H0 − c

∣∣∣2
= (Q−1

1 z1(u), z1(u))H1 + (Q−1
2 z2(u), z2(u))H2 (31)

with
c = (z1(u), f

0
1 )H1 + (z2(u), f

0
2 )H2 .

In order to calculate the second term on the right-hand side of (29), note
that the Cauchy−Bunyakovsky inequality and (15) yield

sup
η̃∈G0

E |(η̃1, u1)H0|
2 ≤ (Q−1

0 u, u)H0 . (32)

It is easy to see that (32) becomes an equality at

η̃(0) =
νQ−1u

{(Q−1
0 u, u)H0}1/2

and ν is random variable with Eν = 0 and E|ν|2 = 1. Therefore

sup
η̃∈G0

E |(η̃, u)H0 |
2 = (Q−1

0 u, u)H0 , (33)

which proves the required assertion. The validity of Lemma 2.2 follows
now from relationships (29), (31), and (33). �
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Theorem 1. The minimax estimate of the functional l(φ1) has the form

̂̂
l(φ1) = (y, û)H0 + ĉ, (34)

where
ĉ = (ẑ1, f

0
1 )H1 + (ẑ2, f

0
2 )H2 , û = Q0Cp1, (35)

and the elements ẑ1, p1 ∈ V1 and ẑ2 ∈ V2 are determined from solution of
the following uniquely solvable problem:

a∗1(ẑ1, ψ1) = (l0 − C∗JH0Q0Cp1, ψ1)H1 ∀ψ1 ∈ V1, (36)

a∗2(ẑ2, ψ2) = (B∗ẑ1, ψ2)H2 ∀ψ2 ∈ V2 (37)
a1(p1, ψ1) = (Q−1

1 ẑ1 +Bp2, ψ1)H1 ∀ψ1 ∈ V1, (38)
a2(p2, ψ2) = (Q−1

2 ẑ2, ψ2)H2 ∀ψ2 ∈ V2. (39)
Here p2 ∈ V2.

The error of estimation σ is given by an expression

σ = (l(p1))
1/2 . (40)

Proof. Taking into account the inequalities (7) and (23), one can easily
verify that I(u) is a strictly convex lower semicontinuous functional on
H0. Also

I(u) ≥ (Q−1
0 u, u)H0 ≥ c∥u∥2H0

∀u ∈ H0, c=const. (41)

Then, by Theorem 1.1 (see [2]), there exists one and only one element
û ∈ H0 such that I(û) = infu∈H0 I(u).

Therefore, for any τ ∈ R and v ∈ H0, the following relation is valid
d

dτ
I(û+ τv)

∣∣∣
τ=0

= 0, (42)

Since z1(û + τv) = z1(û) + τ z̃1(v), z2(û + τv) = z2(û) + τ z̃2(v), where
(z̃1(v), z̃2(v)) is the unique solution to (21)–(22) at u = v and l = 0, the
relation (42) yields

0 =
1

2

d

dτ
I(û+ τv)|τ=0

= lim
τ→0

1

2τ

{[
(Q−1

1 z1(û+ τv), z1(û+ τv))H1 − (Q−1
1 z1(û), z1(û))H1

]
[
(Q−1

2 z2(û+ τv), z2(û+ τv))H2 − (Q−1
2 z2(û), z2(û))H2

]
+

+
[
(Q−1

0 (û+ τv), û+ τv)H0 − (Q−1
0 û, û)H0

]}
= (Q−1

1 z1(û), z̃1(v))H1 + (Q−1
2 z2(û), z̃2(v))H2 + (Q−1

0 û, v)H0 . (43)
Introduce functions p1 ∈ V1 and p2 ∈ V2 as the unique solution of the
problem

a1(p1, ψ1) = (Q−1
1 z1(û) +Bp2, ψ1)H1 ∀ψ1 ∈ V1, (44)
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a2(p2, ψ2) = (Q−1
2 z2(û), ψ2)H2 ∀ψ2 ∈ V2. (45)

Then from (43) we obtain

(Q−1
1 z1(û), z̃1(v))H1 + (Q−1

2 z2(û), z̃2(v))H2 + (Q−1
0 û, v)H0

= a1(p1, z̃1(v))− (Bp2, z̃1(v)) + a2(p2, z̃2(v)) + (Q−1
0 û, v)H0

= a∗1(z̃1(v), p1)− (Bp2, z̃1(v))H1 + a∗2(z̃2(v), p2) + (Q−1
0 û, v)H0

= −(p1, C
∗JHv)H1 − (Bp2, z̃1(v))H1 + (p2, B

∗z̃1(v))H2 + (Q−1
0 û, v)H0

= −(Cp1, v)H1 + (Q−1
0 û, v)H0 = 0.

Hence û = Q0Cp1.
Now let us establish the validity of formula (40). From (24) at u = û

and (35), it follows

σ2 = I(û) = (Q−1
1 ẑ1, ẑ1)H1 + (Q−1

2 ẑ2, ẑ2)H2 + (Q−1
0 û, û)H0

= (Q−1
1 ẑ1, ẑ1)H1 + (Q−1

2 ẑ2, ẑ2)H2 + (Cp1, Q0Cp1)H0 .

Transform the sum of the first and the second terms in the r.h.s. of the
last relation. Make use of equality (38) to obtain

(Q−1
1 ẑ1, ẑ1)H1 + (Q−1

2 ẑ2, ẑ2)H2 = (A1p1 −Bp2, ẑ1)H1 + (A2p2, ẑ2)H2

= a1(p1, ẑ1)− (p2, B
∗ẑ1)H2 + a2(p2, ẑ2)

= (p1, l0 − C∗JH0Q0Cp1)H1 = (l0, p1)H1 − (Cp1, Q0Cp1)H0 .

From the latter relations it follows that σ2 = l(p1). �
Obtain now another representation for the minimax mean square esti-

mate of quantity l(φ1) which is independent of l. To this end, introduce
vector-functions p̂1, φ̂1 ∈ V1, p̂2, φ̂2 ∈ V2 as a solution to the problem

a∗1(p̂1, ψ1) = (C∗JH0Q0(y − Cφ̂1), ψ1)H1 ∀ψ1 ∈ V1, (46)

a∗2(p̂2, ψ2) = (B∗p̂1, ψ2)H2 ∀ψ2 ∈ V2, (47)
a1(φ̂1, ψ1) = (Q−1

1 p̂1 +Bφ̂2 + f 0
1 , ψ1)H1 ∀ψ1 ∈ V1, (48)

a2(φ̂2, ψ2) = (Q−1
2 p̂2 + f 0

2 , ψ2)H2 ∀ψ2 ∈ V2. (49)
at realizations y that belong with probability 1 to space H.

Note that unique solvability of problem (46)–(49) at every realizati-
on can be proved similarly to the case of (36)–(39). Namely, setting
d = C∗JH0Q0y, one can show that solutions to the problem of optimal
control of the system

a∗1(p̂1(v), ψ1) = (d− C∗JH0v, ψ1)H1 ∀ψ1 ∈ V1

a∗2(p̂2(v), ψ2) = (B∗p̂1(v), ψ2)H2 ∀ψ2 ∈ V2
with the cost function

Ĩ(v) = (Q−1
1 (p̂1(v)−Q1f

0
1 ), p̂1(v)−Q1f

0
1 )H1

+(Q−1
2 (p̂2(v)−Q2f

0
2 ), p̂2(v)−Q2f

0
2 )H2 + (Q−1

0 v, v)H0 → inf
v∈H0
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can be reduced to the solution of problem (46)–(49), where the optimal
control v̂ is expressed via solution to this problem as v = Q0Cφ̂1; the
unique solvability of the problem follows from the existence of the unique
minimum point v̂ of functional Ĩ(v).

Theorem 2. The minimax estimate
̂̂
l(φ1) of the functional l(φ1) has the

form
̂̂
l(φ1) = l(φ̂1), (50)

where element φ̂1 ∈ V1 is determined from the solution to the problem
(46)–(49). The random fields p̂1, φ̂1 and p̂2, φ̂2, whose realizations satisfy
problem (46)–(49), belong to the space L2(Ω,V1) and L2(Ω,V2), respectively.

Proof. By virtue of (35), (46)–(49), and (36)–(39),

̂̂
l(φ1) = (y, û)H0 + ĉ = (y,Q0Cp1)H0 + ĉ =

(C∗JH0Q0y, p1)H1 + ĉ = a∗1(p̂1, p1) + C∗JH0Q0Cφ̂1, p1)H1 + ĉ

= a1(p1, p̂1) + (C∗JH0Q0Cφ̂1, p1)H1 + ĉ

= (Q−1
1 ẑ1 +Bp2, p̂1)H1 + (Cφ̂1, Q0Cp1)H0 + ĉ

= (Q−1
1 p̂1, ẑ1)H1 + (B∗p̂1, p2)H2 + (Cφ̂1, Q0Cp1)H0 + ĉ

= a1(φ̂1, ẑ1)− (Bφ̂2, ẑ1)H1 − (f 0
1 , ẑ1)H1 + a∗2(p̂2, p2) + (Cφ̂1, Q0Cp1)H0 + ĉ

= a∗1(ẑ1, φ̂1)− (φ̂2, B
∗ẑ1)H2 − (f 0

1 , ẑ1)H1 + a2(p2, p̂2) + (Cφ̂1, Q0Cp1)H0 + ĉ

= (l0 − C∗JH0Q0Cp1, φ̂1)H1 − a∗2(ẑ2, φ̂2)

−(f 0
1 , ẑ1)H1 + a2(p2, p̂2) + (Cφ̂1, Q0Cp1)H0 + ĉ

= (l0, φ̂1)H1 − a2(φ̂2, ẑ2)− (f 0
1 , ẑ1)H1 + (Q−1

2 ẑ2, p̂2)H2 + ĉ

= (l0, φ̂1)H1 − (Q−1
2 p̂2, ẑ2)H2 − (f 0

2 , ẑ2)H2 − (f 0
1 , ẑ1)H1 + (Q−1

2 ẑ2, p̂2)H2 + ĉ

= (l0, φ̂1)H1 = l(φ̂1). �

4. Numerical aspects
Using the Galerkin method for solving the aforementioned equations,

we obtain approximate estimates via solutions of linear algebraic equati-
ons and show their convergence to the optimal estimates.

Introduce a sequence of finite-dimensional subspaces V h in V , defined
by an infinite set of parameters h1, h2, . . . with limk→0 hk = 0.

We say that sequence {V h} is complete in V , if for any φ ∈ V and ϵ > 0

there exists an ĥ = ĥ(φ, ϵ) > 0 such that infψ∈V h ∥φ − ψ∥V < ε for any
h < ĥ. In other words, the completeness of sequence {V h} means that
any element φ ∈ V may be approximated with any degree of accuracy by
elements of {V h}.
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Take an approximate minimax estimate of l(φ1) as

l̂h(φ1) = (y, ûh)H0 + ĉh,

where
ĉ = (ẑh1 , f

0
1 )H1 + (ẑh2 , f

0
2 )H2 , ûh = Q0Cp

h
1 ,

and elements ẑh1 , ph1 ∈ V h
1 , ẑ

h
2 ∈ V h

2 are determined from the following
uniquely solvable system of variational equalities

a∗1(ẑ
h
1 , ψ1) = (l0 − C∗JH0Q0Cp

h
1 , ψ1)H1 ∀ψ1 ∈ V h

1 , (51)

a∗2(ẑ
h
2 , ψ2) = (B∗ẑh1 , ψ2)H2 ∀ψ2 ∈ V h

2 (52)

a1(p
h
1 , ψ1) = (Q−1

1 ẑh1 +Bph2 , ψ1)H1 ∀ψ1 ∈ V h
1 , (53)

a2(p
h
2 , ψ2) = (Q−1

2 ẑh2 , ψ2)H2 ∀ψ2 ∈ V h
2 , (54)

where ph2 ∈ V h
2 . Then the following results hold.

Theorem 3. Approximate minimax estimate of l̂h(φ1) of l(φ1) tends to

a minimax estimate
̂̂
l(φ1) of this expression as h→ 0 in the sense that

lim
h→0

E|l̂h(φ1)−
̂̂
l(φ1)|2 = 0, (55)

and

lim
h→0

E|l̂h(φ1)− l(φ1)|2 = E|̂̂l(φ1)− l(φ1)|2. (56)

Let us formulate a similar result in the case when an estimate of the
state φ1 is directly determined from the solution to problem (46)–(49).

Theorem 4. Let φ̂h1 ∈ V h
1 and φ̂h2 ∈ V h

2 be an approximate estimates
of the functions φ̂1 and φ̂2, respectively, which are determined from the
solution to the variational problem

a∗1(p̂
h
1 , ψ1) = (C∗JH0Q0(y − Cφ̂h1), ψ1)H1 ∀ψ1 ∈ V h

1 , (57)

a∗2(p̂
h
2 , ψ2) = (B∗p̂h1 , ψ2)H2 ∀ψ2 ∈ V h

2 , (58)

a1(φ̂
h
1 , ψ1) = (Q−1

1 p̂h1 +Bφ̂h2 + f 0
1 , ψ1)H1 ∀ψ1 ∈ V h

1 , (59)

a2(φ̂
h
2 , ψ2) = (Q−1

2 p̂h2 + f 0
2 , ψ

h
2 )H2 ∀ψ2 ∈ V h

2 , (60)

where p̂h1 ∈ V h
1 and p̂h2 ∈ V h

2 .
Then

∥φ̂1 − φ̂h1∥V1 + ∥φ̂2 − φ̂h2∥V2 → 0 as h→ 0.
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The proofs of Theorem 3 and Theorem 4 are similary to the proof of
Theorem 1.3 from [4].

The problem of finding ẑh1 , p
h
1 ∈ V h

1 and ẑh2 , p
h
2 ∈ V h

2 from (51)–(54)
is equivalent to determination of coefficients in their expansions by basis
elements of the spaces V h

1 and V h
2 from the corresponding system of linear

algebraic equations.
Introducing the basises in the spaces V h

1 and V h
2 , problem (51)–(54)

can be rewritten as a system of liner algebraic equations. To do this, let
us denote the elements of the basis in V h

1 by ξ1i (i1 = 1, . . . , N1) and in V h
2

by ξ2i (i2 = 1, . . . , N2), where N1 = dimV h
1 , N2 = dimV h

2 . The fact that
ẑh1 , p

h
1 , and ẑh2 , p

h
2 , belong to the spaces V h

1 and V h
2 , respectively, means

the existence of constants ẑ1i1 , p
1
i1

and ẑ2i2 , p
2
i2

such that

ẑh1 =

N1∑
i1=1

ẑ1i1ξ
1
i1
, ph1 =

N1∑
i1=1

p1i1ξ
1
i1
, ẑh2 =

N2∑
i2=1

ẑ2i2ξ
2
i2
, ph2 =

N2∑
i2=1

p2i2ξ
2
i2
. (61)

Setting in (51)–(54) ψ1 = ξ1j1 (j1 = 1, . . . , N1) and ψ2 = ξ1j2
(j2 = 1, . . . , N2), we obtain that finding ẑh1 , p

h
1 , ẑ

h
2 , p

h
2 is equivalent to

solving the following system of linear algebraic equations with respect
to coefficients ẑ1i1 , p

1
i1
, ẑ2i2 , p

2
i2
(i1 = 1, . . . , N1, i2 = 1, . . . , N2) of expansi-

ons (61):
N1∑
i1=1

a1j1i1 ẑ
1
i1
+

N1∑
i1=1

bi1j1p
1
i1
= gj1 , j1 = 1, . . . , N1,

N2∑
i2=1

a2j2i2 ẑ
2
i2
+

N1∑
i1=1

ci1j1 ẑ
1
i1
= 0, j2 = 1, . . . , N2,

N1∑
i1=1

a1i1j1p
1
i1
+

N1∑
i1=1

di1j1 ẑ
2
i1
+

N2∑
i2=1

ei2j1p
2
i2
= 0, j1 = 1, . . . , N1,

N2∑
i2=1

a2i2j2p
2
i2
+

N2∑
i2=1

hi2j1 ẑ
2
i2
= 0, j2 = 1, . . . , N2,

where
a1i1j1 = a1(ξ

1
i1
, ξ1j1), i1, j1 = 1, . . . , N1,

a2i2j2 = a2(ξ
2
i2
, ξ2j2), i2, j2 = 1, . . . , N2,

bi1j1 = (C∗JH0Q0Cξ
1
i1
, ξ1j1)H1 , i1, j1 = 1, . . . , N1,

ci1j2 = −(B∗ξ1i1 , ξ
2
j2
)H2 , i1 = 1, . . . , N1, j2 = 1, . . . , N2,

di1j1 = −(Q−1
1 ξ1i1 , ξ

1
j1
)H1 , i1, j1 = 1, . . . , N1,

ei2j1 = −(Bξ2i2 , ξ
1
j1
)H1 , i2 = 1, . . . , N2, j1 = 1, . . . , N1,

hi2j2 = −(Q−1
2 ξ2i2 , ξ

2
j2
)H2 , i2, j2 = 1, . . . , N2,
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and
gj1 = (l0, ξ

1
j1
)H1 , j1 = 1, . . . , N1.

Analogously, representing the elements p̂h1 , φ̂h1 , p̂h2 , φ̂h2 as

p̂h1 =

N1∑
i1=1

p̂1i1ξ
1
i1
, φ̂h1 =

N1∑
i1=1

φ̂1
i1
ξ1i1 , p̂

h
2 =

N2∑
i2=1

p̂2i2ξ
2
i2
, φ̂h2 =

N2∑
i2=1

φ̂2
i2
ξ2i2 , (62)

we rewrite problem (57)–(60) as the following system of liner algebraic
equations with respect to the coefficients p̂1i1 , φ̂

1
i1
, p̂2i2 , φ̂

2
i2

of the expansions
(62):

N1∑
i1=1

a1j1i1 p̂
1
i1
+

N1∑
i1=1

bi1j1φ̂
1
i1
= g̃j1 , j1 = 1, . . . , N1,

N2∑
i2=1

a2j2i2 p̂
2
i2
+

N1∑
i1=1

ci1j1 p̂
1
i1
= 0, j2 = 1, . . . , N2,

N1∑
i1=1

a1i1j1φ̂
1
i1
+

N1∑
i1=1

di1j1 p̂
2
i1
+

N2∑
i2=1

ei2j1φ̂
2
i2
= q1j1 , j1 = 1, . . . , N1,

N2∑
i2=1

a2i2j2φ̂
2
i2
+

N2∑
i2=1

hi2j1 p̂
2
i2
= q2j2 , j2 = 1, . . . , N2,

where

q1j1 = (f 0
1 , ξ

1
j1
)H1 , j1 = 1, . . . , N1, q1j2 = (f 0

2 , ξ
2
j2
)H2 , j2 = 1, . . . , N2,

g̃j1 = (C∗JH0Q0y, ξ
1
j1
)H1 , j1 = 1, . . . , N1.

5. Corollary from the obtained results
Setting in (8)–(9) H1 = L2(D), V1 = H1

0 (D), H2 = L2(D)n, V2 = V,
φ1 = T, ψ1 = ψ ∈ H1

0 (D), φ2 = v = (v1, . . . , vn), ψ2 = u = (u1, . . . , un) ∈
V, f1 = f ∈ L2(D), f2 = f ∈ L2(D)n,

a1(φ1, ψ1) = a1(T, ψ)

=

∫
D

(
n∑
i=1

∂T

∂xi

∂ψ

∂xi
+

n∑
i=1

v̄i(x)
∂T

∂xi
ψ + ρ(x)Tψ

)
dx ∀ψ ∈ H1

0 (D),

a2(φ2, ψ2) = a2(v,u) = ν((v,u)) ∀u ∈ V,

B : L2(D)n → L2(D), Bφ2 = Bv =
n∑
i=1

vi(x)gi(x),
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where ρ(x), g1(x), . . . , gn(x), and v̄ = (v̄1(x), . . . , v̄n(x)) are given bounded
measurable functions in D, ν = const > 0,3 we arrive at the estimation
problem of the form: given

(f, f) ∈ G1, y = CT + η, (64)

where observation error η in (64) is a realization of stochastic prosess
belonging to G0, find the minimax estimate of the quantity

l(T ) =

∫
D

l0(x)T (x) dx, (65)

where function T ∈ H1
0 (D) satisfies to the following uniquely solvable

variational problem:∫
D

(
n∑
i=1

∂T

∂xi

∂ψ

∂xi
+

n∑
i=1

v̄i(x)
∂T

∂xi
ψ + ρ(x)Tψ

)
dx

=

∫
D

(
f(x) +

n∑
i=1

vi(x)gi(x)

)
ψ(x) dx ∀ψ ∈ H1

0 (D), (66)

ν((v,u)) =
(
f ,u
)
L2(D)n

∀u ∈ V. (67)

Here l0 ∈ L2(D) is a prescribed function, v ∈ V ,

G1 := {(f̃ , f̃) : f̃ ∈ L2(D), f̃ ∈ L2(D)n,

(Q1(f̃ − f0), f̃ − f0)L2(D) + (Q2(f̃ − f0), f̃ − f0)L2(D)n ≤ 1} (68)

f0 ∈ L2(D) and f0 = (f01, . . . , f0n) ∈ L2(D)n are given functions, Q1

and Q2 are bounded selfadjoint positive definite operators in L2(D)n and
L2(D), respectively, for which there exist bounded inverse operators Q−1

1

and Q−1
2 .

Definition 1 of the the minimax estimate transforms in the considered
case as follows:

3the bilinear form a1(T, ψ) is supposed to be such that homogeneous variational
problem ∫

D

(
n∑

i=1

∂T

∂xi

∂ψ

∂xi
+

n∑
i=1

v̄i(x)
∂T

∂xi
ψ + ρ(x)Tψ

)
dx = 0 ∀ψ ∈ H1

0 (D)

has only the trivial solution T = 0. From this suggestion it follows (see [1]) that
nonhomogeneous variational problem∫

D

(
n∑

i=1

∂T

∂xi

∂ψ

∂xi
+

n∑
i=1

v̄i(x)
∂T

∂xi
ψ + ρ(x)Tψ

)
dx =

∫
D

gψ dx ∀ψ ∈ H1
0 (D) (63)

has a unique solution T ∈ H1
0 (D) for any function g ∈ L2(D). Sufficient conditions for

uniqueness, and hence solvability, of the problem (63) are given by Theorem 2.1 in [3].

99



O. G. NAKONECHNYI, Yu. K. PODLIPENKO

An estimate ̂̂
l(T ) = (y, û)H0 + ĉ (69)

is called a minimax estimate of the l(T ), if elements û ∈ H0 and a number
ĉ are determined from the condition

inf
u∈H0,c∈R

σ(u, c), (70)

where
σ(u, c) := sup

f̃=(f,f)∈G1,η̃,∈G0

E[l(T̃ )− l̂(T̃ )]2,

T̃ is a solution to problem (3)–(67) when f(x) = f̃(x), f(x) = f̃(x),

l̂(T̃ ) = (ỹ, u)H0 + c, (71)

and
ỹ = CT̃ + η̃.

The quantity
σ = [σ(û, ĉ)]1/2 (72)

is called the error of the minimax estimation of l(T ).
Reasoning as in the proof of Lemma 2.1 from [1], we can prove that

problem (66)–(67) is equivalent to the following system of heat and Stokes
equations: 4

−∆T +
n∑
i=1

v̄i(x)
∂T

∂xi
+ ρ(x)T = (v(x),g(x))Rn + f(x) в D, (73)

T = 0 on Γ, (74)

−ν∆v + grad p = f in D, (75)

divv = 0 in D, (76)

v = 0 on Γ (77)
in the sense that if T and v satisfy (3)–(67) then they satisfy (73)–(77)
and vice versa. Here by a solution of the system of equations (73)–
(77) we mean a pair of functions (T,v) ∈ H1

0 (D) × H1
0 (D)n satisfy-

ing these equations in the following weak sense: there exists a unique
(up to a constant) function p ∈ L2(D) such that −ν∆v+grad p= f
in the distributive sense inD; functions T and v satisfy (73) and (76)
in the distributive sense in D; boundary conditions (74) and (77) are
understood as γ0T = 0 and γ0v = 0.

4From physical point of view scalar functions T, p and vector-function v represent
the temperature, the pressure, and the velosity of fluid, respectively, which are defined
in the domain D and the positive constant ν is the coefficient of kinematic viscosity.
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Taking into account the notations mentioned above, one can easely
verify that the following assertions are direct consequences of the previous
theorems.

Theorem 5. The minimax estimate of the functional l(T ) has the form̂̂
l(T ) = (y, û)H0 + ĉ, (78)

where

ĉ =

∫
D

ẑ1(x)f0(x) dx+

∫
D

(ẑ2(x), f0(x))Rn dx, û = Q0Cp1, (79)

and the functions ẑ1, p1 ∈ H1
0 (D), and ẑ2 = (ẑ

(2)
1 , . . . , ẑ

(2)
n ) ∈ V are

determined from solution of the following uniquely solvable variational
problem:∫

D

(
n∑
i=1

∂ẑ1
∂xi

∂ψ1

∂xi
+

n∑
i=1

v̄iẑ1
∂ψ1

∂xi
+ ρẑ1ψ1

)
dx

=

∫
D

(l0 − C∗JH0Q0Cp1)ψ1 dx ∀ψ1 ∈ H1
0 (D), (80)

ν

n∑
i=1

∫
D

(
∂ẑ

(2)
1

∂xi

∂ψ
(2)
1

∂xi
+
∂ẑ

(2)
2

∂xi

∂ψ
(2)
2

∂xi
+ · · ·+ ∂ẑ

(2)
n

∂xi

∂ψ
(2)
n

∂xi

)
dx

=
n∑
i=1

∫
D

ẑ1giψ
(2)
i dx ∀ψ2 = (ψ

(2)
1 , ψ

(2)
2 , . . . , ψ(2)

n ) ∈ V, (81)

∫
D

(
n∑
i=1

∂p1
∂xi

∂ψ1

∂xi
+

n∑
i=1

v̄i
∂p1
∂xi

ψ1 + ρp1ψ1

)
dx

=

∫
D

(
Q−1

1 ẑ1 +
n∑
i=1

p
(2)
i gi

)
ψ1 dx ∀ψ1 ∈ H1

0 (D), (82)

ν
n∑
i=1

∫
D

(
∂p

(2)
1

∂xi

∂ψ
(2)
1

∂xi
+
∂p

(2)
2

∂xi

∂ψ
(2)
2

∂xi
+ · · ·+ ∂p

(2)
n

∂xi

∂ψ
(2)
n

∂xi

)
dx

=
n∑
i=1

∫
D

(Q−1
2 ẑ2)iψ

(2)
i dx ∀ψ2 = (ψ

(2)
1 , ψ

(2)
2 , . . . , ψ(2)

n ) ∈ V. (83)

Here p2 = (p
(2)
1 , . . . , p

(2)
n ) ∈ V.
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Theorem 6. The minimax estimate
̂̂
l(T ) of l(T ) has the form̂̂

l(T ) = l(T̂ ), (84)

where function T̂ ∈ H1
0 (D) is determined from the solution to the problem∫

D

(
n∑
i=1

∂p̂1
∂xi

∂ψ1

∂xi
+

n∑
i=1

v̄ip̂1
∂ψ1

∂xi
+ ρp̂1ψ1

)
dx

=

∫
D

C∗JHQ(y − CT̂ )ψ1 dx ∀ψ1 ∈ H1
0 (D), (85)

ν
n∑
i=1

∫
D

(
∂p̂

(2)
1

∂xi

∂ψ
(2)
1

∂xi
+
∂p̂

(2)
2

∂xi

∂ψ
(2)
2

∂xi
+ · · ·+ ∂p̂

(2)
n

∂xi

∂ψ
(2)
n

∂xi

)
dx

=
n∑
i=1

∫
D

p̂1giψ
(2)
i dx ∀ψ2 = (ψ

(2)
1 , ψ

(2)
2 , . . . , ψ(2)

n ) ∈ V, (86)

∫
D

(
n∑
i=1

∂T̂

∂xi

∂ψ1

∂xi
+

n∑
i=1

v̄i
∂T̂

∂xi
ψ1 + ρT̂ψ1

)
dx

=

∫
D

(
Q−1

1 p̂1 +
n∑
i=1

v̂
(2)
i gi + f0

)
ψ1 dx ∀ψ1 ∈ H1

0 (D), (87)

ν
n∑
i=1

∫
D

(
∂v̂1
∂xi

∂ψ
(2)
1

∂xi
+
∂v̂2
∂xi

∂ψ
(2)
2

∂xi
+ · · ·+ ∂v̂n

∂xi

∂ψ
(2)
n

∂xi

)
dx

=
n∑
i=1

∫
D

(
(Q−1

2 p̂2)i + f0i
)
ψ

(2)
i dx ∀ψ2 = (ψ

(2)
1 , ψ

(2)
2 , . . . , ψ(2)

n ) ∈ V.

(88)

Here p̂1 ∈ H1
0 (D) p̂2 = (p̂

(2)
1 , . . . , p̂

(2)
n ) ∈ V, v̂ = (v̂1, . . . , v̂n) ∈ V.

If we put approximate minimax estimate of l(T ) as

l̂h(T ) = (y, ûh)H0 + ĉh,

where

ĉ =

∫
D

ẑh1f0 dx+
n∑
i=1

∫
D

ẑh2,if0i dx, ûh = QCph1 ,
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and elements ẑh1 , ph1 ∈ {H1
0 (D)}h, ẑh2 =

(
ẑh2,1, . . . , ẑ

h
2,n

)
∈ V h are determi-

ned from the following uniquely solvable system of variational equalities:∫
D

(
n∑
i=1

∂ẑh1
∂xi

∂ψ1

∂xi
+

n∑
i=1

v̄iẑ
h
1

∂ψ1

∂xi
+ ρẑh1ψ1

)
dx

=

∫
D

(l0 − C∗JHQCp
h
1)ψ1 dx ∀ψ1 ∈ {H1

0 (D)}h, (89)

ν
n∑
i=1

∫
D

(
∂ẑh2,1
∂xi

∂ψ
(2)
1

∂xi
+
∂ẑh2,2
∂xi

∂ψ
(2)
2

∂xi
+ · · ·+

∂ẑh2,n
∂xi

∂ψ
(2)
n

∂xi

)
dx

=
n∑
i=1

∫
D

ẑh1giψ
(2)
i dx ∀ψ2 = (ψ

(2)
1 , ψ

(2)
2 , . . . , ψ(2)

n ) ∈ V h, (90)

∫
D

(
n∑
i=1

∂ph1
∂xi

∂ψ1

∂xi
+

n∑
i=1

v̄i
∂ph1
∂xi

ψ1 + ρph1ψ1

)
dx

=

∫
D

(
Q−1

1 ẑh1 +
n∑
i=1

p
(2)h
i gi

)
ψ1 dx ∀ψ1 ∈ {H1

0 (D)}h, (91)

ν
n∑
i=1

∫
D

(
∂ph2,1
∂xi

∂ψ
(2)
1

∂xi
+
∂ph2,2
∂xi

∂ψ
(2)
2

∂xi
+ · · ·+

∂ph2,n
∂xi

∂ψ
(2)
n

∂xi

)
dx

=
n∑
i=1

∫
D

(Q−1
2 ẑh2 )iψ

(2)
i dx ∀ψ2 = (ψ

(2)
1 , ψ

(2)
2 , . . . , ψ(2)

n ) ∈ V h. (92)

where ph2 =
(
ph2,1, . . . , p

h
2,n

)
∈ V h then the following result is valid.

Theorem 7. Approximate minimax estimate of l̂h(T ) of l(T ) tends to a

minimax estimate
̂̂
l(T ) of this expression as h→ 0 in the sense that

lim
h→0

E|l̂h(T )− ̂̂
l(T )|2 = 0, (93)

and

lim
h→0

E|l̂h(T )− l(T )|2 = E|̂̂l(T )− l(T )|2. (94)

Let us formulate a similar result in the case when an estimate of the
state (T,v) is directly determined from the solution to problem (85)–(88).
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Theorem 8. Let T̂ h ∈ {H1
0 (D)}h and v̂h = (v̂h1 , . . . , v̂

h
n) ∈ V h be an

approximate estimates of the functions T̂ ∈ H1
0 (D) and v̂ ∈ V determined

from the solution to the variational problem∫
D

(
n∑
i=1

∂p̂h1
∂xi

∂ψ1

∂xi
+

n∑
i=1

v̄ip̂
h
1

∂ψ1

∂xi
+ ρp̂h1ψ1

)
dx

=

∫
D

C∗JHQ(y − CT̂ h)ψ1 dx ∀ψ1 ∈ {H1
0 (D)}h, (95)

ν

n∑
i=1

∫
D

(
∂p̂h2,1
∂xi

∂ψ
(2)
1

∂xi
+
∂p̂h2,2
∂xi

∂ψ
(2)
2

∂xi
+ · · ·+

∂p̂h2,n
∂xi

∂ψ
(2)
n

∂xi

)
dx

=
n∑
i=1

∫
D

p̂h1giψ
(2)
i dx ∀ψ2 = (ψ

(2)
1 , ψ

(2)
2 , . . . , ψ(2)

n ) ∈ V h, (96)

∫
D

(
n∑
i=1

∂T̂ h

∂xi

∂ψ1

∂xi
+

n∑
i=1

v̄i
∂T̂ h

∂xi
ψ1 + ρT̂ hψ1

)
dx

=

∫
D

(
Q−1

1 p̂h1 +
n∑
i=1

v̂hi gi + f0

)
ψ1 dx ∀ψ1 ∈ {H1

0 (D)}h, (97)

ν

n∑
i=1

∫
D

(
∂v̂h1
∂xi

∂ψ
(2)
1

∂xi
+
∂v̂h2
∂xi

∂ψ
(2)
2

∂xi
+ · · ·+ ∂v̂hn

∂xi

∂ψ
(2)
n

∂xi

)
dx

=
n∑
i=1

∫
D

(
(Q−1

2 p̂h2)i+f0,i
)
ψ

(2)
i dx ∀ψ2=(ψ

(2)
1 ,ψ

(2)
2 , . . . ,ψ(2)

n )∈ V h. (98)

where p̂h1 ∈ {H1
0 (D)}h and p̂h2 = (p̂h2,1, . . . , p̂

h
2,n). Then

∥T̂ − T̂ h∥H1
0 (D) + ∥v̂ − v̂h∥V → 0 as h→ 0.

Denoting the elements of the basis in {H1
0 (D)}h by and V h by ξ1i1

(i1 = 1, . . . , N1) and in V h by ξ2i2 = (ξ2i2,1, . . . , ξ
2
i2,n

) (i2 = 1, . . . , N2),

N1 = dim {H1
0 (D)}h, N2 = dimV h, respectively, we obtain the following

expansions

ẑh1 =

N1∑
i1=1

ẑ1i1ξ
1
i1
, ph1 =

N1∑
i1=1

p1i1ξ
1
i1
, ẑh2 =

N2∑
i2=1

ẑ2i2ξ
2
i2
, ph2 =

N2∑
i2=1

p2i2ξ
2
i2
.

and

p̂h1 =

N1∑
i1=1

p̂1i1ξ
1
i1
, T̂ h =

N1∑
i1=1

T̂ 1
i1
ξ1i1 , p̂h2 =

N2∑
i2=1

p̂2i2ξ
2
i2
, v̂h =

N2∑
i2=1

v̂i2ξ
2
i2
.
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for solutions of problems (89)–(92) and (95)–(98) in which constants ẑ1i1 ,
p1i1 , ẑ

2
i2
, p2i2 and p̂1i1 , T̂

1
i1
, p̂2i2 , v̂i2 are found from systems of linear algebraic

equations
N1∑
i1=1

a1j1i1 ẑ
1
i1
+

N1∑
i1=1

bi1j1p
1
i1
= gj1 , j1 = 1, . . . , N1,

N2∑
i2=1

a2j2i2 ẑ
2
i2
+

N1∑
i1=1

ci1j1 ẑ
1
i1
= 0, j2 = 1, . . . , N2,

N1∑
i1=1

a1i1j1p
1
i1
+

N1∑
i1=1

di1j1 ẑ
2
i1
+

N2∑
i2=1

ei2j1p
2
i2
= 0, j1 = 1, . . . , N1,

N2∑
i2=1

a2i2j2p
2
i2
+

N2∑
i2=1

hi2j1 ẑ
2
i2
= 0, j2 = 1, . . . , N2,

and
N1∑
i1=1

a1j1i1 p̂
1
i1
+

N1∑
i1=1

bi1j1T̂
1
i1
= g̃j1 , j1 = 1, . . . , N1,

N2∑
i2=1

a2j2i2 p̂
2
i2
+

N1∑
i1=1

ci1j1 p̂
1
i1
= 0, j2 = 1, . . . , N2,

N1∑
i1=1

a1i1j1T̂
1
i1
+

N1∑
i1=1

di1j1 p̂
2
i1
+

N2∑
i2=1

ei2j1 v̂
2
i2
= q1j1 , j1 = 1, . . . , N1,

N2∑
i2=1

a2i2j2 v̂
2
i2
+

N2∑
i2=1

hi2j1 p̂
2
i2
= q2j2 , j2 = 1, . . . , N2,

respectively, where

a1i1j1 =

∫
D

(
n∑
i=1

∂ξ1i1
∂xi

∂ξ1j1
∂xi

+
n∑
i=1

v̄i
∂ξ1i1
∂xi

ξ1j1 + ρξ1i1ξ
1
j1

)
dx, i1, j1 = 1, . . . , N1,

a2i2j2=ν
n∑
i=1

∫
D

(
∂ξ2i2,1
∂xi

∂ξ2j2,1
∂xi

+
∂ξ2i2,2
∂xi

∂ξ2j2,2
∂xi

+...+
∂ξ2i2,n
∂xi

∂ξ2j2,n
∂xi

)
dx, i2,j2 =1,...,N2,

bi1j1 =

∫
D

C∗JHQCξ
1
i1
(x)ξ1j1(x) dx, i1, j1 = 1, . . . , N1,

ci1j2 = −
n∑
i=1

∫
D

giξ
1
i1
ξ2j2,i dx, i1 = 1, . . . , N1, j2 = 1, . . . , N2,

di1j1 = −
∫
D

Q−1
1 ξ1i1(x)ξ

1
j1
(x) dx, i1, j1 = 1, . . . , N1,
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ei2j1 = −
n∑
i=1

∫
D

ξ2j2,igiξ
1
j1
dx, i2 = 1, . . . , N2, j1 = 1, . . . , N1,

hi2j2 = −
n∑
i=1

∫
D

(Q−1
2 ξ2i2)iξ

2
j2,i

dx, i2, j2 = 1, . . . , N2,

and
gj1 =

∫
D

l0ξ
1
j1
dx, j1 = 1, . . . , N1,

q1j1 =

∫
D

f0ξ
1
j1
dx, j1 = 1, . . . , N1,

q1j2 =
n∑
i=1

∫
D

f0,iξ
2
j2,i

dx, j2 = 1, . . . , N2,

g̃j1 =

∫
D

C∗JHQy(x)ξ
1
j1
(x) dx, j1 = 1, . . . , N1.
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