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ABSTRACT. At the paper the problem of exclusion of variables in
regression model is examined that arises in the selection of model.
More precisely the task of selecting regression model is examined
when the choice should be done between linear model and two-phase
linear regression model with unknown point switch. Two-phase li-
near regression model is represented by truncated power function,
i.e. truncated power function is one of the factors of the model.
Unknown parameter that corresponds to this factor is denoted by
c1. The unknown parameters of both models are estimated using the
method of least squares.

In the case of the uniform arrangement of observation points and
the location of point switch in the observation point theorem 1 is
proved, wherein the estimation of parameter c¢; is represented as
a known linear combination of the residues of linear model. Also
theorem 2 is proved, wherein the residual sum of squares model two-
phase linear regression is represented as the difference between the
residual sum of squares of linear model and a linear combination of
its residues. Thanks to Theorems 1 and 2 the residual sum of squares
of two-phase linear regression model and the estimation parameter
c1 in some cases can be found the formula without solving a system
of linear algebraic equations.

A modification the algorithm of checking for correctness of two-
phase nonlinear regression model is Proposed, using Theorem 2. The
algorithm is based on the general principles of statistical hypothesis
testing in regression analysis. Testing of hypothesis for equality of
the unknown parameter to zero is carried out by using the likelihood
ratio criterion, which determines to accept or reject the hypothesis
by the ratio of the sum of squared deviations caused this hypothesis
to the residual sum of squares of the two-phase regression model with
the unknown switch point. Thanks to Theorems 2 the procedure for
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acceptance of hypothesis for equality of the parameter ¢; to zero is
greatly simplified.

KEYWORDS: least square method, regression model, point switch.

PE3IOME. Posrnsmaernesa 3agata BuOOPy perpeciitnol Moaesni y Bu-
aJIKy, Koy BuOip Tpeba 3podbuTu MiK JIHITHOIO MOJIEJIIIO Ta MOJIEeJI-
JII0 1BOba3HOT JTHIAHOT perpecil 3 HEBIOMOIO TOYKOIO TEPEMUKAHHSI.
Y BUNAJKY PIBHOMIPDHOTO PO3TAIYBAHHS TOYOK CIIOCTEPEXKEHHS Ta,
PO3TAITyBAaHHI TOUYKH ITEPEMUKAHHS y TOUIl CIIOCTEPEXKEHHST JIOBEIe-
HO TEopeMy, y SKill 3aJUIKOBY CYMy KBaJpaTiB Mojesi JBO(a3HOl
JIIHIWHOI perpecii mpeJICTABIEHO K PISHUINIO MIXK 3aJIUIIKOBOIO CY-
MO0 KBa/JIpaTiB JIHIINHOT Mojiesi Ta JiiHifiHOI KOMOiHaIier 11 3aJm-
IKiB. 3aIpPOIOHOBAHO MOAUMIKAIIIO aJITOPUTMY [IEPEBIPKU Ha KOpe-
KTHICTB MOzesi nBoda3Hol JIiHIHHOT perpecii, ska BUKOPUCTOBYE ITI0
TeopeMmy.

K/IHOYOBI CJTOBA: MeTO/ HAMEHIIINX KBaJIPATiB, perpeciiina Mo-
JeJ1b, TOYKa IIepEMUKaHHSI.

Beryvin

Bagavua BUOOPY MOJIEJI € OJHIEI0 3 HallaKTYAIBHIIINX B perpeciiHoMy aHaJIi-
3i. Y maHuit 9ac moOya0BAHO BEIUKY KiJbKICTh KPUTEPIiB SKOCTI perpeciinmx
Mojesieil, OfHI JO03BOJISIIOThH OIIHIOBATH SIKICTh MOJEJI caMmol Mo cobi, iHImm 10-
3BOJISIFOTH TIOPIBHIOBATH MOJIeJI OJHY 3 os1HOMO [1]. fK1mo ogHa Mosesb BuxoauTh
3 IHIIOT BU/IAJIEHHSIM [IeBHOTO (hakTopa (abo KijabKox (akTopis), TO pu BUOOPI
OiBINT BiAIOBITHOT MOMEI 3 IUX ABOX CTABUTHLCSI MUTAHHS PO 3HAYUUMICTD J1a-
Horo pakTopa, TOOTO, MEPEBiPAETHCs TiltoTe3a PO PiBHICTL HYJIIO HEBiIOMOTO
mapamerpa, 1o BijgmoBinae mpomy daktopy. s mporo 3a3Buyail BAKOPUCTO-
BYIOTH Kpurepiit Pimepa.

1. MOJE/Ib ABO®A3HOI PEIPECII. 3AJIAYA [IEPEBIPKU MOJEJII HA
KOPEKTHICTH

Posrnsimemo mozens Jtiniiinol perpecii
yi = at; + b+ cr(t; — t°) 4 + €, 1=0,1,...,n, (1)

Je €0, ..., €, — HE3AJIEXKHI y CYKYITHOCTI HOPMAJIbHO PO3UO/IiI€H] BUIIAJIKOBI Be-
guannu 3 Fe; = 0 ta De; = 02, a (t; — t*)4+ — 3pizana creneneBa QyHKITist
[2]. Brizmo 3 [3] Touka t* Ha3MBAETHCS TOUKOIO II€PEMHUKAHHS MOJesl. fKIno
BOHA BijioMa, Mozesib (1) € siniiiHo 3a mapaMerpamu a, b, ¢1, gKi MiIsIraioTh
oIiHIOBaHHIO. fKINO t* HeBiIOMa, MOJIEIb CTaE HEJHIIHOIO 3a MapaMeTpaMu, a
t* epeTBOPIOETHCS Ha HEBIIOMEI ITapaMeTp MOJIEI, SIKUil TaKoK Tpeba OIiHIO-
BaTH.
Kpim Toro, BucyBaeMo rinoresy

H : 6120.
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Slkio BoHA MiATBEPANTHCS 3 BEJIUKOIO fiMoBipHicTIO, hakTop (t —t*) 4 Bugass-
€mMo 3 perpecii, T06T0, Moziesh (1) mepeTBOPUTHCs HA TaKy MOJENb

y; = at; + b+ €, 1=0,1,...,n. (2)

[Mosnaunmo y = (Yo, Y1, ---, Yn ). KpuTepiit BiHOMEHHS TPABIOIOIGHOCTI T1e-
peBipku rinoresu H OPUBOAUTE JI0 MHOKUHY IIPUAHATTS rirore3u|4]
2 2
EH:{yER”H:SQiQS‘lggo},
S
ne S3 ta S3 — sammmKoBi cymm KBaspaTis Mozeseit (2) Ta (1) BigmosimHo.
SHadeHHs ¢ BU3HAYAETbCd Tak. lIpuirycTumo, 1o Moess JIiHIHHOT perpe-
cii Mmae m HeBiIOMHUX MMapaMeTpiB, a rimoresa H{ CKIamaeThCs 3 p JIHINHIX
PIBHSIHB. 3aJaMOCsI PiBHEM 3HAUYIIOCTI (v Ta 3HAMIEMO JJIsi HbOI'O BiJIOBiIHE
suavensst Fy(p,n + 1 — m) rak. [osuaunmo f(t,p,n + 1 — m) — miibHicTL
posnozaiy Pimepa 3 p ta n + 1 — m crynenamu cBoOOIM Ta 3HAKIEMO Take
Fy = Fy(p,n+1—m), mo f;j f(t,p,n+1—m)dt = «; 3nauenns F, 3Hax0-
I4Th 3 Tabymnnb. HacaMkinennb, MOKJIaIaeMo
p

— P2 R 1—m).
1= falpn+1-m)

SD:

Y pobori [5] mobymoBaHo ajropuT™ HepeBipKu Ha KOpeKTHicTb mMojesi (1) 3
HEBiJIOMOIO TOYKOIO II€PEMUKAHHS V BUIAIKY, KOJIU BHOIp Tpeba 3poduTy Mixk
mozesisimu (1) Ta (2). 3apiugku 1poMy asropurmy rimoresy H 6yze Biaxuie-
HO B IepeBaykKHOI OiIbITOCTI BUNAAKIB 0€3 3HAXOMKEHHS Sz, a JUIsI TOro, o0
rinoresy H TpuitHATH, TOBeJETCS 3HAXOMUTH S7.

2. TEOPEMA ITPO 3B’SI30K OLIHKU ¢ 13 3AJIMIIKAMM JITHIMHOT MOJEJII
YV BUITAJIKY BIJJOMOI TOUKU ITEPEMUKAHHSI

[Tozmnaammo
€ =Y — flti - b, (3)
ne @ ta b — oninkn MHK napamerpis a ta b Mmozesni (2) BigmosimHO.

(k)

Teopema 1. Hexat ¢, — ouinka MHK napamempa ¢; modeni (1) y eunadry,
Koau t* = ty.
Toos égk) MOIHCHA NPEICMABUMU Y 6ULAAD]

égk) _ Dk;(ke() + (k — 1)@1 + ...+ 2e,_9+ ek—1)7 (4)
n—1
k=1,2,.., [ . ]
égk) = Dy ((n—k)en + (n =k = D)ep—1 + ... + 2e12 + €x11), (5)
-1
k:n—l,n—Q,...,n—[nz :|7

oe
6n%(n +1)(n +2)

(Ck+1)n—2(k>=1)k(k+1)(n—k)(n—k+1)

Dy, =

(6)
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Hrwo n — napre, mo

" 1
650.5 = §D0.5n<(0.5n —1)(eo +en) + (0.5n — 2)(e1 + en—1) + ... +

+(€0.5n—1 + €0.5n+1) — 60.571)- (7)

Jlosedenma. Y pobori [5] orpumano

12n " i 1
i=— (= ==); 8
“ (n+1)(n+2)gy(n 2) (8)
. - 1.
b—nH;yiQa, (9)

(k) _ 6n 1 | i ,

1 . :
T kD) izk;rlyi[(k—Qn—2)n—z(2k—3n—2)]>, (10)

k=1,2,....n—1.
[Tigcrasumo B (4) dopmyan (3) i (9). Orpumyemo

k—1 n k-1 .
(k) ) k(k+1) 1 R 1 )
=D i)y — : : - DYyk—j)). a1
4 k@(k = g S TG )k )) (1
Hauni, nigcrasumo (8) B (11). ITics HU3KK HEPETBOPEHD OTPUMYEMO
. k—1
65)—Dk<z<k—z Zyz
i=0
2%(k +1)(1.5n — k + 1
(n+1)(n+2) Z Vil > B

S (kn—k)(n—k+1)  (n—k)(n—k+1)(n+2k+2)
D’“<Z“< (ntDn+2) n(n +1)(n+2) )*

(12)

- k(k+1)(2n—k+2)  k(k+1)(3n—2k+2)
*Zyl( mtDn+2) ' amt D12 ))

i=k
Hacamkiners, nigcrasumo (6) 8 (12), orpumyemo (10) mist k = 1,2, ..., ["T_l} .
®opmynu  (5) Ta (7) MOXKHA JOBECTH AaHAJOIIIHO. 3ayBasKUMO, IO
Dy=Dy i k=12, ... [“T*l}
Teopemy 1 mosemero. O
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Hacnimok 1. Hacaidox Maromov micue nepishocms

Dy >Dy > ...> D[nT—l] (13)

Jlosedenns. Tominomu Bix k apyroro Ta derseproro nopsanky (2k-+1)n—2(k? —
1) ra k(k+1)(n — k)(n — k + 1) BianosigHo 3pocTaiorh Ha iHTEpBAJ <0, %) iB

TOUIl k = 5 JI0cATAlOTh MaKCHMAJILHOTO 3HaYeHHs, ix J00yTok — Takox. [

3. TEOPEMA IIPO 3B’sI30K 3AJIMIIKOBOI CYMU KBAJIPATIB JIBO®A3HOI
MOJIEJI I3 3AJTUIIKAMU JITHIMHOT MOJEJII ¥V BUIIAIKY BIZTOMOT
TOYKU IIEPEMUKAHHSA

Teopema 2. Hezxatii T'(k) — 3aauwxrosa cyma xkeadpamis modeai (4) y sunadxy,
Koau t* = ty. Todi T'(k) moorcha npedcmasumu y 6uzandi

Dy,

T(k) =55 — 7(].geo +(k—1)e1 + ... + 2e,_2 + ek_l)Q, (14)
n—1
k=12, ..., [ . ]
2 Dy, 2
T(k) = 55— 7((71 —klen+(n—k—1)ep—1 + ... + 2642 + 6k+1) ,  (15)
-1
k:n—l,n—Q,...,n—{n };
2
AKWO M - napHe, Mo
Do sn
T(0.5n) = S2 — %((0.571 —1)(eo + en) + (0.5n — 2)(e1 + en1) + .. +
2
+(e0.5n-1 + €0.5n41) — 60.5n> : (16)

Zosedennn. Tloznaanmo depes zp, k= 1,2,...,n — 1, ocTanHiil giaroHaJIbLHUI
enement marpuni (T77%) 71,

e

0 1 0
1
L1 0

T,=| & 1 0
k1 1 1
n n
L1 e

Hai, micass HU3KU IepeTBOPEHb MAEMO
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6n%(n+1)(n + 2)

= = nDy. 18
T @k ) — 2R — 1))k + D(n—k)n—k+1) (18)
[TigcraBumo (4) i (18) B (17), orpumyemo (14).
@opmynu (15) Ta (16) MoXKHA JIOBECTH AHAJIOTITHO.
Teopemy 2 moBeneHO. ]

IToznaunmo

n—1
wk:‘keo—i-(k‘—1)61+...+2€k,2+€k,1‘,k:1,2,...,[ 5 :|,

n—1
wi = |(n—k)ep+(n—k—1)ep—1+...4+2ep10+€k 1],k = n—1,n—2, ...,n—{ };
SIKITIO M — MApHe, TO

1
Wo.5n = 5)(0-5n—1)(€o+€n)—|—(0.5n—2)(e1+€n—1)—|— .. +(e0.5n—1+€0.5n+1)—€0.5n |-

Ouesumpo T(k), k = 1,2, ..., [251], npuiivae naiimenie sHauenHs Toxi, Ko/u

BEJIMUNHA, G = Wi % npuiiMae HaiblIbIIIe 3HAUEHHS.

4. AJIPOPUTM IIPUMHATTSA ABO BIAXWJIEHHS T'IIIOTE3U H.

Y mociamoBHOCTI

w]_, w2, ,w[ngl}

BUILJINMO CTPOrO 3POCTAIOYY I AIIOC/Ti0BHICTL. Bona mae Burism
W) <W2 < oo < Why < Why < Whgt1 < oo < Whg < Why < Whyt1 < oev

[PU I[HOMY
wi < W, , k=K +1,..k —1, (19)
Wi < Wiy, k=ks+1,.. k4—1,

SHaxoouMo ¢1; AKINO ¢1 > S2. 1o rinoresy H Bigxuisiemo, iHaKIe
I 29 )

_P_
p+1
mnsg k = 2,3, ..., k1, ko, ko + 1,..., ks, kg, kg + 1, ... 3HAXOOUMO @) Ta Biapasy
IIepPEeBIpsIEMO HEPIBHICTH

_P S2.
p+1
dxmo mepiBHiCTL BipHa, rimoredy H Bimgxmisemo, iHakime jist HACTYIHOTO Kk
3HAXOJNUMO gi, 1 Tak maJii. O4eBUIHO, HAWOLIbIIE gy BXOAUTD Y IiAIOC/IIOBHICTD

gk > (20)

91,925 -5 k15 Gkos Gko+15 -++5 Gkzs ks Gg+15 -+- 5 (21)
ToMmy 10 3 ypaxysanusm (13) ta (19)

|5

gk = Wk n <wk1 kl = 9k k:k1+1aak2_17
Dy,
gy = Wk - < Wi =Gky, k=Fk3+1,..., ks —1;
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ko y nocainosrocti (21) He 3HafiIOC g, IKE 3aJI0BUIbHSIE HEPIBHICTH
(20), To y mocimosHocTi

wnfl, wn72, ceey wn_[ngl]

BULJINMO CTPOrO 3POCTaiody IIiIIOC/IIIOBHICTh Ta aHaJoridHo g k=n—1,
n —2, ... MyKaeMo g, sike Oye 3aj10BlibHsaTH HepiBHicTh (20). Ko i y mocri-

JIOBHOCTI Gr—1, §r—2, ... HE BHARIIIIIOCS TAKOTO gi, Tinmore3y H mpuitMaemo (SIKITo
n — napHe, To Tpeba Oyze nepesipury mie HepiBaicTsb (20) s k = 0.5n).

Saysastcenns 1. Baypaxkenus dAkmo n Besmke (n > 20), BUmagok, Koau t*
He 30ira€ThbCsl 3 TOYKOIO CIIOCTEPEXKEHHSI, MOKHA He PO3IVISJIATH, SZ Maltke He
3MIHUTBCs (y 6araThoX BUIAJKAX B3araji He 3MIHUTHCH).

5. TIPUKJIAOU

Posrisaemo mpukiiajin Ha 3aCTOCYBAHHS [[bOTO AJTOPUTMY.
ITpuknan 1.

k t y e W zZ g
0 0 ]0.25| 0.204

1 10.05]0.33| 0.146 | 0.204 | 486.3157 | 0.225
2 1 0.1 1047 0.147 | 0.554 | 114.9683 | 0.297
3 10.15(0.54| 0.079 | 1.051 | 48.7034 | 0.367
4102|061 0.1 |1.627| 27.1765 |0.424
5 10.250.72]-0.018 | 2.213 | 17.907 | 0.468
6 | 0.3 [0.83]-0.047 | 2.781 | 13.2331 | 0.506
7 10.350,95 | -0.065 | 3.302 | 10.6658 | 0.539
8 | 0.4 |1.07]-0.083 | 3.758 | 9.226 | 0.571
9 10.45|1.18 | -0.111 | 4.131 | 7.7778 | 0.576

10| 0.5 | 1.25| -0.18 | 4.403 | 8,2555 | 0.633
11 10.55 | 1.36 | -0.209 | 4.495 | 7.7778 | 0.653
121 0.6 | 1.44|-0.264 | 4.366 | 9.226 | 0.663
13 10.65 | 1.68 | -0.166 | 3.97 | 10.6658 | 0.648
141 0.7 | 1.89|-0.094 | 3.408 | 13.2331 | 0.62
1510.7512.09|-0.033 | 2.752 | 17.907 | 0.582
16 | 0.8 | 2.25|-0.011 | 2.063 | 27.1765 | 0.538
17 10.85|2.48| 0.08 |1.363 | 48.7034 | 0.476
181 0.9 [2.69 | 0.132 | 0.743 | 114.9683 | 0.398
1910.95 | 2.87| 0.193 | 0.275 | 486.3157 | 0.303
200 1 |3.09| 0.275

Maemo Taky miHifiny perpeciiiny Momerb

y = 2.770t + 0.046; S5 = 0.445.
Hexait o = 0.001. Toni ,/ﬁS% = 0.284. Maemo g1 < 0.284, go > 0.284.

lNimoresy H Bimxuiisiemo.
ko Tpeba BUsHAYUTH S2, 3HAXOAUMO BCIO IinocinosuicTs (21). Maemo
49
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=ty 1P =2011; S2=T(12) = 0.00676.
IIpuknan 2.

k t |y e w Z g
0| 0 |0|-0.476
1 100511 0.524 |0.476 | 486.3157 | 0.525
2101 [0(-0476|0.428 | 114.9683
3 10.15|1] 0.524 | 0.856 | 48.7034 | 0.299
4102 ]0|-0476| 0.76 | 27.1765
51025110524 | 1.14 17.907 | 0.241
6 | 0.3 |0]-0476]0.996 | 13.2331
7 1035]1] 0.524 | 1.328 | 10.6658 | 0.217
8 104 |0]|-0476|1.136| 9.226
9 1045 |1 0.524 | 1.42 7.7778 1 0.198
10| 0.5 | 0]-0.476 | 1.182 | 8,2555
111055 | 1| 0.524 | 1.42 7.7778 1 0.198
121 0.6 | 0|-0.476 | 1.136 9.226
1310.65| 1] 0.524 | 1.328 | 10.6658 | 0.217
14| 0.7 | 0]-0.476 | 0.996 | 13.2331
1510751 0524 | 1.14 17.907 | 0.241
16| 0.8 |0]-0.476 | 0.76 | 27.1765
171085 1] 0.524 | 0.856 | 48.7034 | 0.299
181 09 | 0]-0.476 | 0.428 | 114.9683
191095 1] 0.524 | 0.476 | 486.3157 | 0.525
200 1 |0]-0.476

Maemo Taky miHiliny perpeciiiny Momuesrb

y=0xt+0476; S32=5.238.

Hexait o = 0.2. Toxi , /ﬁS% = 0.601. Baunmo, 1o Bei g < 0.601. T'inoresy
H npuitmaemo.

Kpim Toro,

#r=ty; oM =—11579; 82 =T(1) = 4.96241.
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YV asropuT™mi 3HAYHO CIPOINEHO IMPOIEAYPY MPUHAHATTS TillOTe3W MPO PiB-
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