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The Dirac equation with the hyperbolic Manning–Rosen potential including the combined
Coulomb-like and Hulthén-type tensor interactions is investigated. The approximate analytical
bound state solutions of the Dirac equation with the hyperbolic Manning–Rosen potential, en-
ergy equations and the corresponding unnormalized wave functions are obtained in a closed form
using the Nikiforov–Uvarov method. We have also reported the numerical results to show the effect
of tensor interaction.
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I. INTRODUCTION

The Manning–Rosen potential [1, 2] is an important
diatomic molecular potential model. Recently a number
of researchers have worked on the actual form of this po-
tential [3–7]. For instance, Taskın solved approximately
the Dirac equation with the form Manning–Rosen actual-
ly potential in Ref. [4]. Wei and Dong applied a Pekeris-
type approximation to the pseudo-centrifugal term the
pseudospin symmetry of a Dirac nucleon subjected to
scalar and vector Manning–Rosen potentials including
the spin-orbit coupling term in Ref. [5]. Chen et al. in
Ref. [7] solved approximately the Dirac equation with the
Manning–Rosen potential and calculated the bound state
energy eigenvalues and the associated two-component
spinors of the Dirac particle.

A number of other closely related potentials are al-
so of some interest though most often one is simply
revisiting the Eckart potential in disguise. Note that
the Manning–Rosen potential can be obtained from the
Eckart potential. In particular, Manning–Rosen can be
written the Eckart potential by appropriately choosing
the parameters. The search for the solutions of Dirac
equation with physically motivated potential models will
lead to the discovery of a new phenomena in addition
to the spin and pseudospin symmetry discovered many
years ago in the nuclei of atom in the Dirac theory [8–
10], in nuclear physics to explain the an experimental
observation of quasi-degeneracy in single-nucleon dou-
blets between normal parity orbitals

(
n, l, j = l + 1

2

)
and(

n− 1, l + 2, j = l + 3
2

)
, where n, l and j represent the

radial, orbital and total angular momentum quantum
numbers, respectively. These symmetries have been used
to form an effective nuclear shell model [11] and to elu-
cidate other different physical phenomena in the nu-
clear structure such as deformation, super-deformation,

magnetic moment and identical bands [12]. Pseudospin
and spin symmetries concept on a number of potentials
have been investigated by many researchers in the field.
These potentials include Woods–Saxon [13], Manning–
Rosen [1], Eckart potential [14], harmonic oscillator [15],
Hyllerass potential [16], Deng–Fan [17] and others [18].
The spin and pseudospin symmetries under various phe-
nomenological potentials have been investigated using
various methods such as asymptotic iteration method
(AIM) [19], Nikiforov–Uvarov (NU) method [20], su-
persymmetric quantum mechanics (SUSYQM) [21], and
others [22]. The spin and pseudospin symmetries of Dirac
equation have a significant role in nuclear and harmon-
ic spectroscopy [23–26]. In this formulation, the tensor
interaction has attracted a great attention as it removes
degeneracy between the doublets [27]. In most studies,
due to the mathematical structure of the problem, the
tensor interaction is considered as Coulomb-like [28] or
Cornell interaction. Hassanabadi et al. introduced the
Yukawa tensor interaction [29] in the Dirac theory. Re-
cently, Ikot et al. [30] introduced the generalized tensor
interaction in the Dirac theory and as a matter of fact re-
moved degeneracy from the spin and pseudospin doublet
as should be expected.

The Manning–Rosen potential has been one of the
most useful and elegant potential models for studying en-
ergy eigenvalues of diatomic molecules [31]. As an empir-
ical potential, the Manning–Rosen potential gives an ex-
cellent description of the interaction between two atoms
in a diatomic molecule, and it is very good for describing
such interactions close to the surface [32].

In the present paper, we consider hyperbolic Manning–
Rosen potentials including a novel Coulomb–Hulthén like
tensor interaction terms and proceed on an approximate
analytical manner. In the next section, we will introduce
the Nikiforov–Uvarov (NU) technique we will use to solve
our obtained differential equation.
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II. THE NIKIFOROV–UVAROV METHOD

The NU method can solve a second-order differential
equation of the form [20]

ψ′′n (s) +
τ̃ (s)
σ (s)

ψ′n (s) +
σ̃ (s)
σ2 (s)

ψn (s) = 0, (1)

where σ (s) and σ̃ (s) are polynomials, at most the second
degree, and τ̃ (s) is a first-degree polynomial. To make
the application of the NU method simpler and more di-
rect, we introduce a more compact presentation of the
idea. In order to do this, we rewrite Eq. (1) as follows [32]

ψ′′n (s) +
(

c1 − c2s

s (1− c3s)

)
ψ′n (s)

+

(
−ξ1s2 + ξ2s− ξ3

s2 (1− c3s)
2

)
ψn (s) = 0, (2)

in which

ψn(s) = φ(s)yn(s). (3)

Comparing Eq. (1) with Eq. (2), we obtain the following
identifications:

τ̃ (s) = c1 − c2s,

σ (s) = s (1− c3s) , (4)
σ̃ (s) = −ξ1s2 + ξ2s− ξ3,

Using the NU method [27, 28], we obtain the following
required parameters:
(I) the relevant constant:

c4 =
1
2

(1− c1) , c5 =
1
2

(c2 − 2c3) , (5)

c6 = c25 + ξ1, c7 = 2c4c5 − ξ2,

c8 = c24 + ξ3, c9 = c3c7 + c23c8 + c6.

c10 = c1 + 2c4 + 2
√
c8, c11 = c2− 2c5+ 2(

√
c9+ c3

√
c8)

c12 = c4 +
√
c8, c13 = c5 − (

√
c9 + c3

√
c8)

(II) the essential polynomial functions:

π (s) = c4 + c5s− [(
√
c9 + c3

√
c8) s−

√
c8] , (6)

k = − (c7 + 2c3c8)− 2
√
c8c9, (7)

τ (s) = c1 + 2c4 − (c2 − 2c5) s
− 2 [(

√
c9 + c3

√
c8) s−

√
c8] , (8)

τ ′ (s) = −2c3 − 2 (
√
c9 + c3

√
c8) < 0. (9)

(III) The energy equation:

c2n− (2n+ 1) c5 + (2n+ 1) (
√
c9 + c3

√
c8)

+n (n− 1) c3 + c7 + 2c3c8 + 2
√
c8c9 = 0. (10)

(IV) The wave functions

ρ (s) = sc10 (1− c3s)
c11 , (11)

φ (s) = sc12 (1− c3s)
c13 , c12 > 0, c13 > 0, (12)

yn(s) = P (c10,c11)
n (1− 2c3s), c10 > −1, c11 > −1, (13)

ψnκ (s) = Nnκs
c12 (1− c3s)

−c12− c13
c3

× P

“
c10−1,

c11
c3

−c10−1
”

n (1− 2c3s) (14)

where P (µ,ν)
n (x), µ > −1, ν > −1, and x ∈ [−1, 1] are

Jacobi polynomials with

P (α,β)
n (1−2s)=

(α+1)n

n! 2F1(−n, 1+α+β+n;α+1; s), (15)

and Nnκ is a normalization constant. Where c12 > 0,
c13 > 0 and s ∈ [0, 1/c3], c3 6= 0. This method has been
extensively used to solve various second-order differen-
tial equations in quantum mechanics such as Schredinger,
Klein–Gordon, Duffin–Kemmer–Petiau (DKP), spinless-
Salpeter and Dirac equations [16–18].

III. THEORY OF DIRAC EQUATION

The Dirac equation for spin- 1
2 particles moving in an

attractive scalar potential S(r), a repulsive vector poten-
tial V (r) and a tensor potential U(r) in the relativistic
unit (~ = c = 1) is [8–11]

[α·p + β(M + S(r))− iβα·r̂ U(r)]ψ(r)
= [E − V (r)]ψ(r), (16)

where E is the relativistic energy of the system, p = −i∇
is the three dimensional momentum operator and M is
the mass of the fermionic particle. α, β are the 4 × 4
Dirac matrices given as

α =
(

0 σi

σi 0

)
, β =

(
I 0
0 −I

)
, (17)

where I is a 2×2 unit matrix and σi are the Pauli three-
vector matrices:

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (18)

The eigenvalues of the spin-orbit coupling operator are
κ =

(
j + 1

2

)
> 0, κ = −

(
j + 1

2

)
< 0 for the unaligned

j = l− 1
2 and aligned spin j = l+ 1

2 , respectively. The set(
H,K, J2, Jz

)
forms a complete set of conserved quanti-

ties. Thus, we can write the spinors as [8],

ψnκ(r) =
1
r

(
Fnκ(r)Y l

jm(θ, ϕ)

iGnκ(r)Y l̃
jm(θ, ϕ)

)
(19)

where Fnκ(r), Gnκ(r) represent the upper and lower com-
ponents of the Dirac spinors and ˜̀ is pseudo-orbital an-
gular momentum, which is defined as ˜̀ = ` + 1 for the
aligned spin j = ˜̀− 1/2 and ˜̀= `− 1 for the unaligned
spin j = ˜̀+ 1/2. Y l

jm(θ, ϕ), Y l̃
jm(θ, ϕ) are the spin and
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pseudospin spherical harmonics and m is the projection
on the z-axis. Using well-known identities [10],

(σ ·A) (σ ·B) = A·B + iσ ·(A×B) ,

σ ·p = σ ·r̂
(
r̂ ·p + i

σ ·L
r

)
(20)

as well as the relations

(σ ·L)Y l̃
jm(θ, ϕ) = (κ− 1)Y l̃

jm(θ, ϕ)

(σ ·L)Y l
jm(θ, ϕ) = −(κ+ 1)Y l

jm(θ, ϕ)

(σ ·r̂)Y l
jm(θ, ϕ) = −Y l̃

jm(θ, ϕ)

(σ ·r̂)Y l̃
jm(θ, ϕ) = −Y l

jm(θ, ϕ)

(21)

we find the following two coupled first-order Dirac equa-
tion [8–11],(

d

dr
+
κ

r
−U(r)

)
Fnκ(r) = (M+Enκ−∆(r))Gnκ(r), (22)

(
d

dr
− κ
r

+U(r)
)
Gnκ(r)=(M−Enκ+Σ(r))Fnκ(r), (23)

where

∆(r) = V (r)− S(r) (24)

Σ(r) = V (r) + S(r) (25)

Eliminating Fnκ(r) and Gnκ(r) in Eqs. (22) and (23), we obtain the second-order Schrödinger-like equation
d2

dr2
− κ(κ+ 1)

r2
+

2κU(r)
r

− dU(r)
dr

− U2(r)− (M + Enκ −∆(r)) (M − Enκ + Σ(r))

+
d∆(r)

dr

(
d
dr + κ

r − U(r)
)

(M + Enκ −∆(r))

Fnκ(r) = 0, (26)


d2

dr2
− κ(κ− 1)

r2
+

2κU(r)
r

+
dU(r)
dr

− U2(r)− (M + Enκ −∆(r)) (M − Enκ + Σ(r))

−
dΣ(r)

dr

(
d
dr −

κ
r + U(r)

)
(M − Enκ + Σ(r))

Gnκ(r) = 0, (27)

where κ(κ− 1) = l̃(l̃ + 1), κ(κ+ 1) = l(l + 1).

IV. PSEUDOSPIN AND SPIN SYMMETRY
LIMITS UNDER COULOMB-LIKE TENSOR

INTERACTION

In this section, we intend to investigate the Dirac equa-
tion with Manning–Rosen potential in the presence of
Coulomb–Hulthén tensor interactions.

A. Pseudospin symmetry in the Dirac equation with
Coulomb–Hulthén-like tensor interaction

The pseudospin symmetry occurs in the Dirac equa-
tion when dΣ(r)

dr = 0 or equivalently Σ(r) = Cps = const
[8–11]. To investigate the approximate analytical solu-
tion of the Manning–Rosen potential, we consider the
sum of the scalar and vector potential as [33–34],

∆(r) = αr

cosh2( r
2b )

sinh2( r
2b )

+ βr

cosh( r
2b )

sinh( r
2b )

+ γr

= αr

(
1 + e−δr

1− e−δr

)2

+ βr

(
1 + e−δr

1− e−δr

)
+ γr, (28)

δ =
1
b
, αr =

α(α− 1)
4b2

,

βr =
1

2b2
[α(α− 1)−A] ,

γr = αr +
A

2b2
,

where the parameters α,A and b are independent poten-
tial parameters and in addition to our newly proposed
novel Coulomb–Hulthén tensor interactions term defined
as,

U(r) = −
(
Hc

r
+ VH

e−δr

1− e−δr

)
r ≥ Rc, (29)

with

Hc =
zazbe

2

4πε0
, (30)

where Rc is the Coulomb radius, za and zb denote the
charges of the projectile and target nuclei b and VH is
the Hulthén parameter respectively [35,36].
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Substituting the above equations into Eq. (27) yields{ d2

dr2
− κ(κ− 1)

r2
− 2κHc

r2
− H2

c

r2
+
Hc

r2
−
(
M + Eps

n,κ

) (
M − Eps

n,κ + Cps

)
− 2κVHe

−δr

r (1− e−δr)

− 2HcVHe
−δr

r (1− e−δr)
− V 2

He
−2δr

(1− e−δr)2
+

δVHe
−δr

(1− e−δr)2
+ (M − Eps

nκ + Cps)αr

(
1 + e−δr

1− e−δr

)2

(31)

+(M − Eps
nκ + Cps)βr

(
1 + e−δr

1− e−δr

)
+ (M − Eps

nκ + Cps) γr

}
Gps

n,κ(r) = 0.

It is well known that the above equation cannot be solved exactly due to the centrifugal term r−2. In order to get
rid of the centrifugal term, we make use of the Greene–Aldrich [37] conventional approximation

1
r
≈ δ

e−δr

(1− e−δr)
, (32)

Substituting Eq. (32) into Eq. (31) and applying the transformation, s = e−δr yields

d2Gps
n,κ

ds2
+

1
s

dGps
n,κ

ds
+

1
s2 (1− s)2

[
−Lpss2 +Kpss−Qps

]
Gps

n,κ = 0, (33)

where,

Lps = ηκ(ηκ − 1) +
(

2κ
δ

+
2Hc

δ
+
VH

δ2

)
VH −

Mαr

δ2
+
Eps

nκαr

δ2
− Cpsαr

δ2
+
Mβr

δ2
− Eps

nκβr

δ2
+
Cpsβr

δ2

− Mγr

δ2
+
Eps

nκγr

δ2
− Cpsγr

δ2
+
M2

δ2
− (Eps

nκ)2

δ2
+
MCps

δ2
+
CpsE

ps
nκ

δ2
, (34)

Kps =
VH

δ
+

2M2

δ2
− 2(Eps

nκ)2

δ2
+

2MCps

δ2
+

2CpsE
ps
nκ

δ2
+

2Mαr

δ2
− 2Eps

nκαr

δ2
+

2Cpsαr

δ2
− 2Mγr

δ2

+
2Eps

nκγr

δ2
− 2Cpsγr

δ2
, (35)

Qps =
M2

δ2
− (Eps

nκ)2

δ2
+
MCps

δ2
+
CpsE

ps
nκ

δ2
− Mαr

δ2
+
Eps

nκαr

δ2
− Cpsαr

δ2
− Mβr

δ2
+
Eps

nκβr

δ2
− Cpsβr

δ2

− Mγr

δ2
+
Eps

nκγr

δ2
− Cpsγr

δ2
, (36)

where ηκ = κ+Hc.

B. Spin symmetry in the Dirac equation with Coulomb–Hulthén tensor interaction

In the spin symmetry limit case, we use the following scalar, vector and tensor potentials:

Σ(r) = αr

cosh2( r
2b )

sinh2( r
2b )

+ βr

cosh( r
2b )

sinh( r
2b )

+ γr = αr

(
1 + e−δr

1− e−δr

)2

+ βr

(
1 + e−δr

1− e−δr

)
+ γr, ∆(r) = Cs, (37)

U(r) = −
(
Hc

r
+ VH

e−δr

1− e−δr

)
(38)

Substituting Eqs. (37–38) into Eq. (26) yields{ d2

dr2
− κ(κ+ 1)

r2
− 2κHc

r2
− 2κVHe

−δr

r(1− e−δr)
− Hc

r2
− VHδe

−δr

(1− e−δr)2
− H2

c

r2
− 2HcVHe

−δr

r(1− e−δr)

− V 2
He

−2δr

(1− e−δr)2
−
(
M − Es

n,k

) (
M + Es

n,k − Cs

)
− (M + Eps

nκ − Cps)αr

(
1 + e−δr

1− e−δr

)2

−(M + Eps
nκ − Cps)βr

(
1 + e−δr

1− e−δr

)
− (M + Eps

nκ − Cps)γr

}
F s

n,k(r) = 0 (39)
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using the approximation of Eq. (32) for the centrifugal term in Eq. (39), then Eq. (39) leads to the following second
order differential equation in view of the change of a variable similar with that in the previous section

d2F s
n,k

ds2
+

1
s

dF s
n,k

ds
+

1
s2(1− s)2

[
−ρss2 + ςss− fs

]
F s

n,k(s) = 0, (40)

where

ρs =
M2

δ2
− (Es

nκ)2

δ2
− MCs

δ2
+
Es

nκCs

δ2
+
Mαr

δ2
+
Es

nκαr

δ2
− Csαr

δ2
+
Mγr

δ2
+
Es

nκγr

δ2
− Csγr

δ2
− Mβr

δ2

− Es
nκβr

δ2
+
Csβr

δ2
+ Λκ(Λκ − 1) +

(
2κ
δ

+
2Hc

δ
+
VH

δ2

)
VH, (41)

ςs = −VH

δ
+

2M2

δ2
− 2(Es

nκ)2

δ2
− 2MCs

δ2
+

2Es
nκCs

δ2
− 2Mαr

δ2
− 2Es

nκαr

δ2
+

2Csαr

δ2
+

2Mγr

δ2

+
2Es

nκγr

δ2
− 2Csγr

δ2
(42)

fs =
M2

δ2
− (Es

nκ)2

δ2
− MCs

δ2
+
Es

nκCs

δ2
+
Mαr

δ2
+
Es

nκαr

δ2
− Csαr

δ2
+
Mγr

δ2
+
Es

nκγr

δ2
− Csγr

δ2

+
Mβr

δ2
+
Es

nκβr

δ2
− Csβr

δ2
. (43)

where Λκ = κ+Hc + 1.

C. Pseudospin and spin symmetry solutions with Coulomb interaction

In this section, we will solve the solutions of Eqs. (33) and (40) by using the parametric generalization of the NU
method [20, 32].

1. Pseudospin symmetry solution with Coulomb interaction

Now comparing Eq. (2) with Eq. (34),we obtain

c1 = 1, c2 = 1, c3 = 1,
ξ1 = Lps, ξ2 = Kps, ξ3 = Qps (44)

Other parameters can be obtained from Eq. (5) as

c4 = 0, c5 = −1
2
, c6 =

1
4

+ Lps, c7 = −Kps, c8 = Qps, c9 =
1
4

+ Lps +Qps −Kps,

c10 = 1 + 2
√
Qps, c11 = 2 + 2

[√
1
4

+ Lps +Qps −Kps +
√
Qps

]
,

c12 =
√
Qps, c13 = −1

2
−

(√
1
4

+ Lps +Qps −Kps +
√
Qps

)
(45)

Substituting Eqs. (44) and (45) into Eq.(10) yields

n2 + (n+
1
2
) + (2n+ 1)

[√
1
4

+ Lps +Qps −Kps +
√
Qps

]

−Kps + 2Qps + 2

√
Qps

(
1
4

+ Lps +Qps −Kps

)
= 0. (46)

From Eqs. (14) and (15) the lower component of the wave functions are abtained as,

Gps
n,κ(r) = Nps

n,κe
−δ

√
Qpsr

(
1− e−δr

) 1
2+
√

1
4+Lps+Qps−Kps

P

“
2
√

Qps,2
√

1
4+Lps+Qps−Kps

”
n (1− 2e−δr) (47)
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and the other component of the wave function can be obtained as,

F ps
n,κ(r) =

1
M − Eps

n,κ + Cps

(
d

dr
− κ

r
− (

Hc

r
+ VH

e−δr

1− e−δr
)
)
Gps

n,κ(r), (48)

where Nps
n,κ is the normalization constant and Eps

n,κ 6= M + Cps

2. Spin symmetry solution

Again comparing Eqs. (40) and (2) we obtained

c1 = 1, c2 = 1, c3 = 1,
ξ1 = ρs, ξ2 = ςs, ξ3 = fs (49)

From Eq. (5) other parameters are obtained as follows:

c4 = 0, c5 = −1
2
, c6 =

1
4

+ ρs, c7 = −ςs,

c8 = fs, c9 =
1
4

+ ρs + fs − ςs, c10 = 1 + 2
√
fs,

c11 = 2 + 2

[√
1
4

+ ρs + fs − ςs +
√
fs

]
, c12 =

√
fs,

c13 = −1
2
−

[√
1
4

+ ρs + fs − ςs +
√
fs

]
. (50)

Substituting Eqs. (49) and (50) into Eq. (10) gives the
energy eigenvalues as

n2 + n+
1
2

+ (2n+ 1)

(√
1
4

+ ρs + fs − ςs +
√
fs

)

−ς + 2fs + 2

√
fs

(
1
4

+ ρs + fs − ςs
)

= 0. (51)

Finally, we obtain the upper and lower wave function as

F s
n,κ(r) = Ns

n,κe
−
√

fsδr
(
1− e−δr

) 1
2+
√

1
4+ρs+fs−ςs

× P
(2
√

fs,2
√

1
4+ρs+fs−ςs)

n (1− 2e−δr) (52)

Gs
n,κ(r) =

1
M + Es

n,κ − Cs
(53)

×
(
d

dr
+
κ

r
+
(
Hc

r
+ VH

e−δr

1− e−δr

))
F s

n,κ(r)

V. NUMERICAL RESULTS

We have obtained the energy eigenvalues and corre-
sponding lower and upper wave functions in terms of
the Jacobi polynomials. Moreover, the results obtained
in this work are comparable with the previous work. If
we set αr = Hc = 0, we can exactly obtain the results of
the solution of the Dirac equation under the Manning–
Rosen potential with considering value of C = 0 [38]. In
Tables 1 and 2, we have shown the effect of tensor in-
teractions on energy eigenvalues under pseudospin and
spin symmetry limits. Fig. 1 shows energy versus δ for
pseudospin and spin symmetry limits. Figures 2, 3 and
4 represent energy versus potential parameters of αr, βr

and γr for pseudospin and spin symmetry limits, respec-
tively. Figs. 5 represent the energy for different the values
of Cps and Cs for both symmetry limits.

 

Fig. 1. PSS: Energy vs. δ for the pseudospin symmetry limit for VH = 0.5, Hc = 0.5, M = 5 fm−1, αr = 0.6, βr = 0.5,
γr = 0.4, Cps = −5. SS: Energy vs. δ for the spin symmetry limit for VH = 0.5, Hc = 0.5, M = 5 fm−1, αr = −0.6, βr = −0.5,
γr = −0.4, Cs = 5.
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Fig. 2. PSS: Energy vs. αr for the pseudospin symmetry limit for VH = 0.5, Hc = 0.5, δ = 0.01, M = 5 fm−1, βr = 0.5,
γr = 0.4, Cps = −5. SS: Energy vs. αr for spin symmetry limit for VH = 0.5, Hc = 0.5, δ = 0.01, M = 5 fm−1, βr = −0.5,
γr = −0.4, Cs = 5.

 

Fig. 3. PSS: Energy vs. βr for the pseudospin symmetry limit for VH = 0.5, Hc = 0.5, δ = 0.01, M = 5 fm−1, αr = 0.6,
γr = 0.4, Cps = −5. SS: Energy vs. βr for the spin symmetry limit for VH = 0.5, Hc = 0.5, δ = 0.01, M = 5 fm−1, αr = −0.6,
γr = −0.4, Cs = 5.

 

Fig. 4. PSS: Energy vs. γr for the pseudospin symmetry limit for VH = 0.5, Hc = 0.5, δ = 0.01, M = 5 fm−1, αr = 0.6,
βr = 0.5, Cps = −5. SS: Energy vs. γr for the spin symmetry limit for VH = 0.5, Hc = 0.5, δ = 0.01, M = 5 fm−1, αr = −0.6,
βr = −0.5, Cs = 5.
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Eps
nκ( fm−1) Eps

nκ( fm−1) Eps
nκ( fm−1) Eps

nκ( fm−1)

˜̀ n, κ (`, j) VH = 0.5 VH = 0.5 VH = 1 VH = 0.5

Hc = 1 Hc = 0.5 Hc = 0 Hc = 0

1 1, 2 0d 3
2

−0.087755186 −0.086121054 −0.317143611 −0.08450185

2 1, 3 0f 5
2

−0.09106819 −0.089404235 −0.323220125 −0.087755186

3 1, 4 0g 7
2

−0.094440765 −0.092747037 −0.329348801 −0.09106819

4 1, 5 0h 9
2

−0.097872814 −0.096149362 −0.335529423 −0.094440765

1 2, 2 1d 3
2

−0.090014085 −0.088356754 −0.321749995 −0.086714365

2 2, 3 1d 3
2

−0.093373527 −0.091686347 −0.327874664 −0.090014085

3 2, 4 1g 7
2

−0.096792593 −0.095075613 −0.334051527 −0.093373527

4 2, 5 1h 9
2

− 0.100271184 −0.098524454 −0.340280369 −0.096792593

Table 1. Energies in the pseudospin symmetry limit for δ = 0.01, M = 5 fm−1, αr = 0.6, βr = 0.5, γr = 0.4, Cps = −5.

Es
nκ( fm−1) Es

nκ( fm−1) Es
nκ( fm−1) Es

nκ( fm−1)

` n, κ (`, j) VH = 0.5 VH = 1 VH = 0.5 VH = 0.5

Hc = 0 Hc = 0 Hc = 0.5 Hc = 1

1 0, 1 0P 1
2

0.083647822 0.315514212 0.085244597 0.086856283

2 0, 2 0d 3
2

0.086856283 0.321545567 0.088482868 0.090124340

3 0, 3 0f 5
2

0.090124340 0.327629060 0.091780689 0.093451901

4 0, 4 0g 7
2

0.093451901 0.333764479 0.095137965 0.096838869

1 1, 1 1P 1
2

0.085893701 0.320150103 0.087514446 0.089150100

2 1, 2 1d 3
2

0.089150100 0.326230398 0.090800653 0.092466093

3 1, 3 1f 5
2

0.092466093 0.332362848 0.094146410 0.095841590

4 1, 4 1g 7
2

0.095841590 0.338547239 0.097551623 0.099276497

1 2, 1 2P 1
2

0.088025193 0.324670403 0.089669820 0.091329359

2 2, 2 2d 3
2

0.091329359 0.330799675 0.093003799 0.094693129

3 2, 3 2f 5
2

0.094693129 0.336981121 0.096397336 0.098116410

4 2, 4 2g 7
2

0.098116410 0.343214526 0.099850339 0.101599111

Table 2. Energies in the spin symmetry limit for δ = 0.01, M = 5 fm−1, αr = −0.6, βr = −0.5, γr = −0.4, Cs = 5.

In Fig. 6, the wave functions are plotted for pseudospin
and spin symmetry limits in presence of tensor interac-
tion. It is seen in Fig. 6 that tensor interaction affects

only the shape of the wave functions and does not change
the node structures of the radial upper and lower com-
ponents of the Dirac spinors.
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Fig. 5. PSS: Energy vs. Cps for the pseudospin symmetry limit for VH = 0.5, Hc = 0.5, δ = 0.01, M = 5 fm−1, αr = 0.6,
βr = 0.5, γr = 0.4. SS: Energy vs. Cs for the spin symmetry limit for VH = 0.5, Hc = 0.5, δ = 0.01, M = 5 fm−1, αr = −0.6,
βr = −0.5, γr = −0.4.

 

Fig. 6. PSS: Wavefunction of the pseudospin symmetry limit for δ = 0.01, M = 5 fm−1, αr = 0.6, βr = 0.5, γr = 0.4,
Cps = −5. SS: Wavefunction of the spin symmetry limit for δ = 0.01, M = 5 fm−1, αr = −0.6, βr = −0.5, γr = −0.4, Cs = 5.
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VI. CONCLUSIONS

In this paper,we investigated the Dirac equation with
a hyperbolic Manning–Rosen potential under spin and
pseudospin symmetry limits. We have calculated the
expressions for the energy eigenvalues and unnormal-
ized wave functions by using the parametric Nikiforov–
Uvarov method. The motivation of the present work was
to investigate the spin and pseudospin symmetry limits

of the relativistic Dirac equation which play significant
roles in Hadron and nuclear spectroscopy. We obtained
the approximate bound states of the Dirac particles for
the hyperbolic potential in the presence of spin and pseu-
dospin symmetries including combined Coulomb-like and
Hulthen-like tensor interactions using the parametric
generalization of the NU method. Our results is a general
case of other potential models [39–40].
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ГIПЕРБОЛIЧНИЙ ПОТЕНЦIАЛ МЕННIНҐА–РОЗЕНА ЗI СПIНОВОЮ
I ПСЕВДОСПIНОВОЮ СИМЕТРIЯМИ РIВНЯННЯ ДIРАКА З ТЕНЗОРНИМИ

ВЗАЄМОДIЯМИ ТИПУ КУЛОНА–ГЮЛЬТЕНА

Акпан Н. Iкот1, Е. Магсудi2, С. Заррiнкамар3, Г. Гассанабадi2
1Унiверситет Порт-Гаркорта, Порт-Гаркорт, Нiґерiя

2Iсламський унiверситет Азад, Шагруд, Iран
3Iсламський унiверситет Азад, Ґармсар, Iран

Розглянуто рiвняння Дiрака з гiперболiчним потенцiалом Меннiнґа–Розена, який включає комбiнованi
тензорнi взаємодiї типу кулона та Гюльтена. За допомогою методу Нiкiфорова–Уварова в замкненiй формi
отримано наближенi розв’язки для енерґiй зв’язаних станiв рiвняння Дiрака з гiперболiчним потенцiалом
Меннiнґа–Розена та вiдповiднi ненормованi хвильовi функцiї. Наведено результати чисельних розрахункiв
для демонстрацiї впливу тензорної взаємодiї.
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