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Abstract

An algorithm for solving problems of stability of plane bending of beams of rectangular section
(thin strips) with the help of numerical and analytical variant of the method of boundary elements.
The aim is to develop new solutions of differential equations of stability problems. Beams with
sections in the form of narrow strips have higher strength and stiffness, however, in case of the
transverse load; there is a risk of loss of plane bending stability. In this case, the beam is further bent
in another plane and twists. There emerge flexural-torsional buckling, in which large displacements
and structural failure may occur. The theory of solving such problems needs to be developed, as
current results are very difficult to extend to continuous beams and frames. The boundary element
method can greatly simplify the process of solution to improve the accuracy and reliability of the
results obtained and disseminate solutions to more complex structure than a beam. Calculations of
the critical forces in are conducted MATLAB medium.
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Introduction

Beams with sections in the form of narrow strips
have higher strength and stiffness. In this regard,
they are of great use in a variety of beam and frame
structures of engineering, construction, bridges, etc.
However, with a large ratio of height to width of
the section, there is a real danger of buckling plane
bending of such beams. It further obtains the troughs
in the other plane and the angles of twist. If the dis-
placement is too large, the structure collapses. There-
fore, it is important to have a reliable, accurate and
relatively simple theory of solving such problems of
sustainability.

Analysis of recent research and publications

The first solution of problems of stability of plane
bending beams with a cross section in the form of
narrow strips was obtained in the 19" century [1]. To
date, quite a lot of problems of this type are solved [2,
3]. In solving problems of stability of beams under
lateral load differential equation; and its solution can
be written for the angle of twist. The functions rep-
resenting an alternating infinite power series where
used in solution. In this case, accuracy of the result
depends on the number of terms that are not always
convenient. In addition, existing solutions are very
difficult to be used to solving problems of stability
of continuous beams and frames, as they are incom-
plete (does not include other options). If we apply the
algorithm of numerically-analytical boundary ele-
ment method (MBE) to these problems [4], it will
be possible to simplify the procedure solutions to
increase the accuracy and reliability of the results and
apply new solutions of differential equations in more
complex structures than simple beams.

Objective. The aim is to build new solutions of
differential equations of stability problems of plane
bending beams with a cross section in the form of a
narrow band, and the use of these solutions for speci-
fic problems.Statement of the base material.

The differential equation of the stability of the
I-beam was derived by S. P. Timoshenko [1]

EIw" (x)+ M, (x)8" (x) = 0; M
E1,0" (x)-GI,0" (x)+ M _(x)w" (x) =0,
where

w(x) — displacement of the rod axis in the direc-
tion of the axis Oz;

0(x) — the twist angle of the rod axis Ox;

EI, - the flexural rigidity of the rod in a plane
x0z;

EI - sectorial stiffness;

GI - torsional rigidity;

M ,(x) —bending moment in the cross section of
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the rod with respect to the axis Oz caused by a given
lateral load (Figurel)

M
0 ‘*}

X

Xu

Xk

vy

Figure 1. The core of constant cross section in a single-
rotor coordinate system

Since the rectangular section also has two axis
symmetry, the system of equations (1) can be used
for this case with a substantial simplification. Thin
rectangular torsion has a very small value and warp-
ing member EI,6" (x), which can be neglected. The
equations of the stability of rod with rectangular cross
section can be written as

EIw" (x)+ M ,(x)0" (x) = 0; 2
-GL,0" (x)+ M, (x)w" (x) =0,

From the last equation of the system (2) the re-
lationship between the angle of twist and deflection
rod is

-GI1,0(x)+ M, (x)w(x) = Ax+ B, (3)
where the constants of integration are determined
from the initial conditions

B=-GI,6(0)+ M _(0)-w(0);
A=-GI,0'(0)+ M ,(0)-w'(0).
From the second equation of (2), it follows that
M.x)_,
0 w(x), 5
Gl (%) ®)
Substituting (5) into the first equation (2), we

obtain the equation of stability of rod of rectangular
cross section

(4)

0"(x)=

1w M z2 (X) 4
w(x)+ GIEI, w'(x)=0. (6)

This equation is an ordinary differential equation
with variable coefficients. Its integration leads to sig-
nificant mathematical difficulties, especially when a
bending moment M , (x) has several laws of change,
the points of 1-order discontinuity and the break point.
All these difficulties are overcome, if the solution of
problems of stability of the algorithm MBE is applied
[4]. To this end, we represent the solution of the equa-
tion (6) in the case where the stiffness G/, LI, and
bending moment A _ are constant along the length of
the rod. It can be seen that equation (6) in the form of
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recording is different from the equation of longitudi-
nal-transverse bending the straight rod, in case when
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the longitudinal force is compressive [5]. Its matrix
solution is of the form

1 2 3 4
Ely w(x) 11 X Ay Ay E[y W(O)
ELo() | Al Al | EL(0) 7)
M, (x) 3 33 Ay M (0)
0. (x) 4 Ay Ay 0.(0)

where ELp(x), M (x), O,(x) _ options of
bending rod horizontal xOz. Orthogonal fundamental
functions are of the form

1—cosnx nx —sinnx.
A13 = 5 5 A14 = 3 5
n n
: - : 8
4 _Ssmnx A,; =cosnx; (8)

23 ]

n 2
. n= / M,
A, =-nsinnx; G]dE]y

From the presented solution, it follows that the
problems of stability of a rod with rectangular cross
section are described by the relatively simple trigo-
nometric functions. Options torsion in the solution
(7) is not involved, but there is a connection between
bending and torsion in the form of (3). When
forming the boundary value problems, the boun-
dary conditions of the beam in the horizontal plane
xOz are used. If M is a function of M'_ =M (x),
the moment diagram is divided into m parts, within
which M, = const and the solution (7) of the MBE
algorithm can be used for various tasks sustainabili-
ty. In case of sufficiently large m, the results close to
accurate are obtained. Let us consider some stability

problems of beams.

Results. Beams with constant section in which
M _ = const . These beams include constructions, in
which the boundary points have hinged support in the
vertical plane xOy loaded with concentrated moments
at the ends. The horizontal xOz may have different
support conditions. Transverse load is considered to
be applied to the longitudinal axis of the rods. The
bending moment is convenient to be represented by
the expression

M,=a,-M+a,-F+a,-q, Q)

where a,,,a,,a o bending moments caused by

an appropriate lateral load equal to unity; M, F, g —the

critical values of the lateral load. In order to deter-

mine the critical load values, it is necessary to make

the equation of boundary value problem and find the
roots of the transcendental equation MBE [4,5]

4, (M,F,q,1)| =0 (10)

where A*(M ,F,q,l) — the equation (7) matrix
converted by an algorithm MBE coefficient. Let form
the matrix for a number of tasks.

Object 1. The beam has a swivel bearing in two
planes. If the boundary value of x = / we have

1 2 3 -+
1 I Ay | [ELo(0)=0EL o) Elo()=0
[T [As| [ Beo | [ &0 i
3 Ay M (0)=0.0.(]) M_()=0 |=0
? -1 | As Q.(0) ™~ 0.0

From the initial parameters of the matrix X=|< , it
follows that the matrix 4, columns 1 and 3 must be
reset, as they are associated with zero parameters.
Non-zero parameters of the matrix Y are transferred
to their place, which leads to compensating elements
Ay (2)=-1; A4 (4,3) = -1 inmatrix 4, . Expansion

Y(I) = A()- X(0) = A()- X = Y(I)=0— A.(I)- X.(0,])=0
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elements are the coefficients of the portable options
and must be in the matrix 4, in place (i, j), where i —
old address (line number matrix Y), j — new address
(the number of rows of the matrix X ) of parameter.
In other words, the chain of elementary matrix trans-
formations is fulfilled

(12)
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The last equality implies BEM equation for deter-
mination of critical values of the lateral load (10). For
this task, the roots of (10) can be determined analyti-
cally. The determinant of the matrix 4, (M ,[) equals

A (M) =1-4,,+0-4, =0. (13)

If we substitute the values of the fundamental
function A into equation (13), we obtain the equa-
tion

: V4
sinnl =0—> M, =7 Gl,-EIl,, (14)

that is an exact solution [2, 3].

Object 2. The beam has a tight seal in the horizon-
tal plane. The determinant of the equation (10) in this
case is of the form

A M) =A% — A, - A, =0. (15
The root of this equation must be sought through

a computer. To solve this and other problems, the fol-
lowing inputs are accepted:

E=210°H /m*; G=08-10"«H | m*;
b=0,01m; h=01m;
1,=hb*112=8333-10"ur*;
I,=pBhb*=0313-0,1-0,01" =31,3-107 n";
ElL = 1,666 kHum™; GI, =2,504xHy’; [ =1,0 m.

After setting the data in the program, the first root
(critical value) of the equation (15) is
M, =12.841 xH;

or in the dimensionless form

_272'

My ===[Gl, - FI,, (16)

which is also the exact solution [2,3].

Object 3. The beam has tough termination and
swivel bearing in the horizontal plane. The determi-
nant of the equation (10) is of the form

A, M,l) ==A;- Ay + 4, - A5 =0. a7
The first root is equal to
4.491
M, =9175kHm —> M, = GI,-EI, (18)

this result is not presented in the reference data [2,3].
Object 4. Cantilever beam is loaded by concent-
rated moment at the end. In this case

A, (M 1) = 45— Ay - 4, =0. (19)

If we substitute the values of the fundamental
functions into this equation, we obtain the unsatis-
fiable equality

(20)

This suggests that an incompletely stability equa-
tion (7) does not allow determining the critical load.
It is necessary to supplement it with the parameters
torsion. The differential equation of stability for the
angle of twist is of the form [2]

M:(x)
Gl,-EI,
According to the notation, equation does not dif-
ferent from the equation of torsional vibrations of the
prismatic core. Therefore, its matrix solution can be
written as [5]

cos’nx+sin“nx=1=0.

0" + 6(x) = 0. (1)

sin nx
GI,0(x) oS nx GI,6(0)
— n (22)
M, (x) -nsinnx | cos nx M, (0)
If we apply the quasi diagonalization operation, tangular cross section will be as follows:
the complete solution of the stability of the rod of rec-
1 2 3 4 5 6
1 1 AL | -A
E]y w(x) X 13 14 EIy CO(O)
ElLg(x) 2 Lo -Ay | -A EIp(0)
M,(x) | =3 Ay | Ay M, (0) (23)
0. | ¢ s | A 0.(0)
G1,0(x) 3 Ay | Ay G1,6(0)
My | ° Ao | A | | M, 0

Let us apply this equation to this problem and take
into account the boundary conditions.
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The matrix coefficients A,(M,[) takes the form
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—0 (24

O @ 3 4 (O ¢
L -1 -Aps | ~Ays EI w(0) = 0, EI w() EI w(l)
. -1 [-Ay|-Ay ET (0) = 0, EI o(]) EI o(l)
3 Ay | Ay M, (0) M (=0
4 Ag | Az Q.0 Q.(n=0
3 -1 | Ay | | GIL,&0)=0GL&I) GI,6()
6 Az .-IIYP(O) Mxp(f} =0
The equation of the beam stability very difficult to be integrated. It is suggested to solve
A,(M,]) =(4 323 — A, -Ay) A, =0 (25 bf)undary task for the equatlon' with variable coe?fﬁ-
cient using fundamental functions of the equation,
has the first root but with a constant factor. To this end, the beam is
M, = ;T] Gl EI,, (26) sampled into m parts. In each of the calculated opti-

that is the exact result [2,3].

Beams

with a constant

cross-section and

M _ =M _(x). This case is widespread in practice.
However, the differential equation (6) in this case is

10

11

12

0-1 _ . 23
Wo, =05 9,

0-1
Po)

Mg, =0,07(1)

0.7 (0)

1-2
@)

1-2
Do)

M1—2

»(0)

M 2-3

»(0)

2-3
QZ(O)

From matrix X, it follows that the matrix 4. the
columns 1 and 3 must be reset, and the compensating
elements A(10,1)=-1; A (12,3) =-1must be introduced.

mum constant value M_ . Next to their sites M, joined
by the rules of the MBE. For example, when braking
down of beams with pivot bearing into 3 parts will be

of the form
0-1 _ 12
1 Way = Wo)
0-1 _ 12
2 Py = P

0-1 1-2
3 My ()= M(O)

4| 07 (D=0:"(0)

12 _ 23
5 Wiy = Wo)

-2 23
6 Gy =Py

1-2 2-3
70 M, ()=M,

8| 07(D=0y

9 w, =0
10 ¢2—3 (l)
11 -
M) =
PL0r0

@7

Other compensation elements related to the equa-
tions of kinematic and static parameters in the interior
of the beam form a diagonal from (-1) in the appro-
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priate place. In this case, the matrix equation for the

critical load (10) takes the form

1 2 3 4 5 ) 8 g 10 11 12
1 {o-1 — A, -1
forg
2 1 - / 1
EJ’_‘
3 Az
4 Az -1

A= 6 S =R - 28)

7 Az A -1
8 Ays Az -1
9

10[ -1 T |- / - /

EI_‘ ET
11 Asa Aas
12 -1 Ay Az

To simplify the equations docking sites (see the
matrix Y (27)), stiffness Ely is introduced to the ma-
trix A,. A small number of sections of the beam re-
sults in rough approximation of the function M _(x)
and the critical values are inaccurate. In case of
increasing the number of sections m, its boundary
value at which the critical forces are not specified, can
be determined. At that, matrix A, is of corresponding
size. Let us consider a test case.

Object 5. The beam loaded with lumped force
F with simple support in two planes. The matrix
A, (28) at m = 50 is used. Results of the solution are
summarized in Table 1.

Table 1. Critical power when changing coordinates of
forces F

ces show that at m > 30 their specifications are almost
finished. The results of this task at m = 50 and com-
plete solution (23) are summarized in Table 2

Table 2. The critical force of task 6

Coordinate of | 0,1/ 0,2/ 0,3/ 0,41 0,51
force F
MBE 88,45 (45,96 |33,21 |28,20 |26,79
Date [2] 177 53,2 35,2 28,5 26,7
Measure of 2440 (13,60 (566 |[1,07 (0,32
inaccuracy,%

Object 7. The beam loaded with uniformly dis-
tributed load and under various boundary conditions.
Applying the proposed algorithm, the results of the
solution are summarized in Table 3.

Coordinat
o fo t?;r:;l?:e 0,1/ 0,2/ |03 |04/ 0,5/ Table 3. Critical force under the effect of uniformly
distributed load
MBE 56,03 29,12 21,01 |17,83 [16,95
Data [2] 56,01 (29,11 |21,01 |17,82 |16,94 Boundary conditions The error
Measureof | 00 1003 [0 [0.06 |0.06 of support i I RN
inaccuracy,% | ’ ’ ’ ’ Hinged support in
1 28,32 28,31 0,03
Object 6. The beam loaded with concentrated o th P anesrt ,
force F with simple support in the vertical plane xOy Hged suppo _m
and seals in horizontal plane xOz. Columns 1, 2 and the plane xOy; l'“ng.e 39,77 39,6 0,44
5 must be reset in matrix A, (28), and the offsetting | Support and sealing in
items must be introduced. Calculations of critical for- the plane xOz
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Hinged support in the

plane xOy; seal in the | 44,79 48,6 7,84

plane xOz

Object 8. The beam loaded with concentrated mo-
ment with various boundary conditions. The results
of solving the task of stability of beams covering the
possible support conditions under the action of dis-
tributed load along the length and concentrated forces
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are presented in reference data [2, 3]. There are no
tasks when the concentrated time is in the beams span.
It is necessary to take into account the gap of 1-order
function of the bending moment M _(x) . Apparent-
ly, considering this factor, the difficulties influenced
the absence of these solutions. These difficulties are
removed in the algorithm MBE. In the Table 4, the
results for critical values of concentrated moments at
m = 50 are presented.

Table 4. Critical moments of the beams loaded with concentrated moments

o Coordinate of concentrated moment M
Boundary conditions of
support 0,0/ | 0,1/ | 0,2/ | 0,3/ | 0,4/ | 0,5/ | 0,6/ | 0,7/ | 0,8/ | 0,9/
Hinged support in two
5,56 | 5,65 | 6,09 | 6,88 | 7,91 | 8,49 | 791 | 6,88 | 6,09 | 5,65
planes
Hinged support in the plane
x0Oy; hinge support and 6,51 | 6,83 | 7,51 | 8,88 |10,70| 11,72 110,99 {10,21| 9,57 | 8,93
sealing in the plane xOz
Hinged support in the plane
xOy; 8,79 | 8,93 | 9,57 110,84 |12,46| 13,39 | 12,46 |10,84| 9,57 | 8,93
seal in the plane xOz

We should make a point that the data in Table 4
approximately reflect the critical value of moments.
This is due to the fact that the differential equations
(2) and their solutions (7), (22), (23) are insensitive to
the sign of the bending moment M (x) Therefore,
the problem8 is solved for positive bending moment
M _. The exact solution can be obtained by using the
differential equation (1) and the corresponding fun-
damental orthonormal functions system [4], which
takes into account just sign M _(x).

Object 9. The cantilever beam has a section height

Table 5. Critical loads cantilever beam with variable height

changing according to the law
h=h,(1-x/1)"* (29)
The beam is also sampled into m parts. For each
part, bending moment M_ is calculated when distri-
buted load ¢ at coordinate x = x;, / /3, where xX; —
the length of the i-th section of the beam in case of
concentrated force x = x, /2 [4]. Flexural rigidity El,
and torsion G/, were calculated in the middle of each
section. The rest of the algorithm remains unchanged.
Results of the solution at m = 0 are shown in Table 5.

. K
The method of loading n 2 1333 1
MBE 18,14 15,81 13,68 11,43
. Data
Uniform 12,8 11,2 10,4 9,6
load (2]
oadgq Measure of
) 41,72 41,16 31,54 19,06
inaccuracy, %
MBE 5,26 4,13 3,01 1,93
Data
concentrated force F' 2] 3,61 3,21 2,81 2,40
at the end Measure of
) 45,71 28,66 7,12 19,58
inaccuracy, %

By way of illustration and comparison with the
data of the Table 5, Table 6 shows critical loads of
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similar beam according to hinged support in two
planes.
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Table 6. Critical loads of supported beam of variable height

. K
The method of loading 4 3 1333 1

Uniformly distributed load ¢ 23,32 18,82 12,12 6,34

Concentrated force F'in the middle of span 14,07 11,48 8,40 4,92

Conclusions
Presented problems of stability of plane bending
beams with a cross section in the form of a narrow
strip show that the model (7), (23) and an algorithm
for the numerical-analytic variant MBE provides
accurate and reliable results in the constant and va-
riable values of bending moment A/ and rigidities
El .G, Arbitrary external load, a lot of laws of the
time change M _, break points and 1-order discon-
tinuity may be considered. There are no difficulties
when applying the suggested approach for solving of
stability tasks of more complex constructions such as
continuous beams and frames [4].
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