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BENDING OF COMPOSITE SHELLS BASED ON NON-LINEAR 

DISTRIBUTION OF DISPLACEMENTS ACROSS THE THICKNESS OF 

FILLER 

Ua У роботі представлена методика розрахунку композитних шаруватих 

оболонок, яка заснована на варіаційно-сітковому підході формування необ-

хідних функціоналів з подальшою мінімізацією їх методом покоординатного 

спуску, який є методом нелінійного програмування. Побудовані алгоритми 

чисельного розрахунку відрізняються стійкістю і економічністю з точки зору 
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обчислювальних ресурсів. На прикладі чисельного експерименту була дослі-

джена збіжність рішень. 

Ru В работе представлена методика расчета композитных слоистых обо-

лочек, которая основана на вариационно-сеточном подходе формирования 

необходимых функционалов с последующей минимизацией их методом по-

координатного спуска, который является методом нелинейного программи-

рования.  Построенные алгоритмы численного расчета отличаются устойчи-

востью и экономичностью с точки зрения вычислительных ресурсов. На 

примере численного эксперимента была исследована сходимость решений. 

Introduction 

The problem of reliability of thin-walled structural elements brings to the 

fore the question of improving the accuracy of calculations. The fact is that the 

elements of the composite materials have a number of features, which are in-

clude the distinctly expressed anisotropic deformation properties, low resistance 

to transverse deformation and etc. Using the classical theory of shells is ignore 

these factors, in some cases, it leads to significant errors in the calculations. 

Therefore, a correct analysis of the problems of shell theory is requires the in-

volvement of refined theory of higher order. In building a refined theory of ap-

proaches is basing on the adoption of the hypotheses for each layer separately, 

or a system of assumptions which were made for a package of layers in general. 

Formulation of the problem 

The layered shells that are made of high-strength composite materials 

with different stacking layers are widely used in aviation technology as elements 

of bearing aircraft surfaces as well as in many other industries. Thus, the perfec-

tion of calculations methods of the heterogeneous stratified constructions is an 

actual task. Along with the methods of non-destructive control, fault detections 

of constructions by means of vehicle methods, the numeral researches methods 

are very actual and allow forecasting the possible destruction of construction. 

Denotations are taken from the classic theory of shells [ 1]. 

Displacements of points in bearing layers of shell we‘ll present in a next 

kind: 

( ) ( ) ( ) ( )

1 2 0 1 2 1 1 2( , , ) ( , ) ( , )n n n nu z u z          
( ) ( ) ( ) ( )

1 2 0 1 2 2 1 2( , , ) ( , ) ( , )n n n nv z v z          
( ) ( )

1 2 0 1 2( , , ) ( , ),     1,2n nw z w n         , 

(1) 

where ( )

1

n  and ( )

2 , 1,2n n   are the normal angles of rotation in the supporting 

layers in planes 1 2const, const    : 
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2 2 2

1
( , )

n n
n w v

A R


     


 

(2) 

( ) ( ) ( )

0 0 0, , , 1,2n n nu v w n   - are the components of point’s displacements of the middle 

bearing surface layers in the direction of the coordinate axes in the accepted sys-

tem of coordinates. 

For a filler we are accept a nonlinear distribution of displacements 
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1
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1
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v z v v z


         

3
( ) ( )

1 2 0 1 2 1 2

1

( , , ) ( , ) ( , )n n m

i

m

w z w w z


         

(3) 

The stresses in the load-bearing layers can be represented as [1] 
( ) ( ) ( ){ } [ ]{ },      1,2n n nG n     , (4) 

where are ( ) ( ) ( ) ( )

1 2 12{ } { , , }n n n n      - the components of the stress tensor; 

   ( ) ( ) ( ) ( )

1 2 12, ,n n n n      - are the components of the strain tensor;  

( ) (n) ( )

11 12 13

( ) (n) ( )

22 23

( )

33

  g   

[ ]  ...   g   

 ...    ...   

n n

n n

n

g g

G g

g

 
 

  
 
 

 is the matrix elastic coefficients.  

For an isotropic material bearing layers we have 

( ) ( )

11 22 ( )
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( ) ( ) ( )

12 332
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(5) 

For the filler components as vectors (3){ } and (3){ }  we are presented 

(3) (3) (3) (3)

13 23 3{ } { , , }     , 
(3) (3) (3) (3)

13 23 3{ } { , , }.      
(6) 

According to Hooke's law: 

(3) (3) (3){ } [ ]{ }.G    (7) 
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In the case of coincidence the axes of orthotropic with the coordinate lines 

the matrix (3)[ ]G  has a diagonal structure: 
(3) (3) (3) (3)

55 44 33[ ] [ , , ]G g g g , (8) 

where in for a homogeneous material thickness  

(3) (3) (3) (3) (3) (3)

55 13 44 23 33;      ;     .zg G g G g E    (9) 

The potential energy of deformation of the sandwich plate is equal to the 

sum of the potential energy of deformation of bearing layers and the filler: 

 

3
( ) ( )

( )
1

1 1
( , ) { } { }

2 2

і T i

i
V i

i

u a є dV


     , (10) 

where are 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ } { , , };{ } { , , }, 1,2n n n n n n n n

x y xy x y xyє є є n         

(3) (3) (3) (3) (3) (3) (3) (3){ } { , , };{ } { , , }.xx yx z xz yz zє є         

 

Methods of solution 

To approximate the flexure of n-th thin carrier layer within each subregion 

we‘re using the function [2] 
( ) ( ) ( ) ( ) ( ) 2 ( ) 2

0 1 1 2 2 3 3 1 1 2 2 1 3

( ) 2 ( ) 2 ( ) 2 ( ) 2 ( )

3 2 1 4 2 3 5 3 1 6 3 2 7 1 2 32 ,

h n n n n n

h

n n n n n

w w L w L w L a L L a L L

a L L a L L a L L a L L a L L L

     

    
 (11) 

where are  

( ) ( ) ( ) ( ) ( )

1 1 2 3 1 3 1

n n n n na w w b c       

( ) ( ) ( ) ( ) ( )

2 1 3 2 1 2 1

n n n n na w w b c       

( ) ( ) ( ) ( ) ( )

3 2 1 3 2 3 2

n n n n na w w b c       

( ) ( ) ( ) ( ) ( )

4 21 3 1 2 1 2

n n n n na w w b c       

( ) ( ) ( ) ( ) ( )

5 3 1 2 3 2 3

n n n n na w w b c       

( ) ( ) ( ) ( ) ( )

6 3 2 1 3 1 3

n n n n na w w b c       

6
( ) ( )

7

1

1

4

n n

s

s

a a


  . 

 (12) 

Here Li, i = 1, 2, 3 - L - are the coordinates, determined by the ratio [3]: 

1
( )

2
i i i iL a b x c y  


, (13) 
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where is 

1 2 3 2 3a x y y x  ;     
1 2 3b y y  ;     

1 3 2c x x  . (14) 

Displacements of the middle surface of the base of layers and the filler are 

a linear polynomial 

( ) ( ) ( ) ( )

0 1 1 2 2 2 2

n n n n

hu u L u L u L   ; (15)                                                                                                    

( ) ( ) ( ) ( )

0 1 1 2 2 2 2

n n n n

hv v L v L v L   . 
(3)

1 1 2 2 3 3hw w L w L w L   . 
(16) 

Than the total potential energy of each triangle can be written in the local 

coordinate system in the form of: 

 
3 2 3

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1 1 1

ˆˆ ˆ ˆˆ ˆ ˆ ˆ( ) n n n n n n n n n n n

h h xi i yi i zi i i i i i

n n i

v U F u F v F w F F 

  

           (17) 

1
( ) ( ) ( , ) ( , ); ,

2
hv v Kv v f v v f R     , (18) 

where K- is a positive definite symmetric matrix of order N and f - is a vector 

of a nodal external load with dimension N. Then the problem of determining the 

stress-strain state of the structures can be represented as the minimization of a 

quadratic functional 

; ( ) inf ( )
N

n

v R
u R u v


    . (19) 

Minimization of the functional was provided by the method of coordinate 

descent [4] in which the vector of approximation is searched in the form  
1 ,      1, ... ,k k k i

i ie i N      , (20) 

where ie - is the unit vector in the direction 1,k k

i i

  - is the step. After substitut-

ing (20) in functional ( )Э   and taking into account that 1( )kЭ  is a quadratic 

function, we are obtain: 

2

2
1 1 1 21

( ) ( ) ( ) .
2

k k k k

i ik k
i i

Э Э
Э Э   
     

 
 (21) 

Then in the transition to “k+1”-st the functional approximation gets in-

crease 

2

2
1 1 2

1 1

1
( ) .

2

M M
k km m
i ik k

m mi i

Э Э
Э  

 

 
    

 
   (22) 

From a physical point of view Э  is a change of potential energy subdo-

mains that are surround the j node in which the component k

i  gets the increase 
1k k

i

   at the last regular displacements. 
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The magnitude 1k

i

  is determined from the conditions of maximum of 

functional decrease 

1
0

k

i

Э






 (23) 

Then step is defined as follows: 

2

2

11

1

m
k
i

m

k
i

M Э

mk

i M Э

m







 

  



 

To evaluate the effectiveness of this method, it was solved to test a large 

number of tasks. Some of them are shown in the tables 1, 2 

Table 1.  

The maximum deflection of a three-layered square plate. 

Comparison the coordinate-wise descent method (MCD) with experi-

mental data: a= 0,56m; h1=h2=0,8*10
-3

 m; for D16-Т: E1=E2=7*10
4
 МPа; 

1=2=0,33; for PCV-1: ; h3= 1,9*10
-2

 m Gxz=Gyz=41,06 МPа,q=20,3 КPа. 

Number of 

triangles 

wн.s*10
3
 

(m) 
1% 

Ws*10
3 

(m) 
1% 

Wе*10
3
 

(m), [1] 

40х40 0,8866 10,6 0,9012 9,3 

0,993 

60х60 0,9051 8,8 0,9191 7,4 

80х80 0,9172 7,6 0,9302 6,3 

100х100 0,9218 7,2 0,9358 5,8 

150х150 0,9269 6,7 0,9389 5,6 

Table 2.  
The values of the maximum deflection of a three-layer shallow shell  

with different grids 

b(m) R(m) 
number of 

elements 

Wmax*10
5
(m) 

1% 
МСD МFЕ[5] 

0,539 0,561 

60х60 7,548 

7,1 

6,3 

80х80 7,426 4,6 

100х100 7,328 3,2 

0,509 0,373 

60х60 3,535 

3,3 

7,1 

80х80 3,466 5,2 

100х100 3,429 3,9 
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Conclusions 

An efficient and economical method of calculating the layered shell struc-

ture with a filler was proposed in this work. As opposed to the normal straight 

line hypothesis, the nonlinear function was used for the displacement of the fill-

er. The procedure was based on the variational-grid approach of formation the 

functional with further minimization it’s by the method of coordinate-wise de-

scent. This approach avoids the well-known difficulties associated with the for-

mation, storage and operation with the global stiffness matrices and allows to 

solve tasks of large dimension with using only the PC random access memory. 
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