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RAYLEIGH WAVES ARISING IN THE COLLISION OF ELASTIC
BODIES, AND GENERALIZATION OF THE THEORY OF HERTZ
IMPACT

Ua Mertoro 1i€i poOOTH € pO3BUTOK Ta JEsSKE y3araJbHEHHs JIOKaJbHOI Teopii
nedopMyBaHHS MPYXKHHX TiT HOpH IX MPSIMOMY LIEHTPAIbHOMY CIHIBYJapi.
Po3rnsimaeTscsi BIUIMB TOBEPXHEBUX XBWIJIb, IIO CIPHYMHSIOTHCS YAApoM, Ha
npouec yxaapy. Sk Bigomo, mie Peneil Big3HauaB, mo neil BIUIMB MOXe OyTu
cyrTeBUM. E po0OTI po3risgaroTbess CHUIIM 1HEpIil, Ha pa3i BHUKOPHCTAHHS
iHTerpanpHOro mneperBopenHs Jlamnaca-Kapcona 1o piBHSHb €1acTOAMHAMUKH, Y
pe3yabpTaTi 4oro IUHAMIiYHA 3ajJada Teopii MPYXKHOCTI TEepPETBOPIOETHCS Ha
KBa3MCTATUUHY 3a/1a4y 11010 300paKeHb IIYKAHUX BEJIUYUH.

JlocipkeHHsT MiHIMAITBHUX BJIACTUBOCTEH KOHTAKTHOTO THUCKY BHSIBHIIO, IIIO
miJl 4ac ygapy BHUHHKA€ CIEKTP YacTOT MOBEPXHEBUX XBWJIb, Ta HAWOUIBIIMWIA
BIUIMB Ha TPOIEC yJaapy HAAalTh XBWII HaiHWk4oi yactotH. KoedimieHT
BIJTHOBJICHHS y IIbOMY BHUIAJKy HaOJIMKAETHCSA 10 KIIACUYHOTO.

Ru Lenpto 9T0M pabOTHI SABISETCS Pa3BUTHE U HEKOTOPOE 0000IIEHNE JTOKATHHOM
Teopun edOPMUPOBAHUSA YIOPYTUX TN TMPH HUX TMPSIMOM IIEHTPATHHOM
coymapeHuu. PaccMmarpuBaeTcsi BIHMSHHE TOBEPXHOCTHBIX BOJH, BBI3BaHHBIX
yaapom, Ha mpouecc yaapa. Kak n3sectHo, emie Peneit ormedal, 4to BIUSHHUE 3TO
MOXKET OBITh CYIIECTBEHHBIM. B paboTe paccmaTpuBalOTCS CHUIIBI HHEPIUH,
IMOCpECACTBOM IMPUMCHCHUA K YPABHCHHAM JJIACTOAMHAMHUKHN HWHTCIPAJIBHOTO
npeoOpazoBanusa Jlammaca-KapcoHa, B pe3ynbTare KOTOPOTO JTUHAMHYECKas
3aja4ya TEOPUH YIPYTOCTH CBOAUTCS K KBAa3HCTATHUECKOW 3aj1a4e OTHOCHUTEIIHHO
M300paKEHUI NCKOMBIX BEIHYHH.

I/ICCJ’IG)IOBaHI/Ie MHUHHUMAaJIBLHBIX CBOMCTB KOHTAKTHOI'O JaBJICHUS ITOKa3aj1o, 4TO
MpH yAape BO3HUKAET CIEKTP YacTOT MOBEPXHOCTHBIX BOJH, M HaHWOOIbIIEe
BIIUSTHUE Ha TIPOIECC yJaapa OKa3bIBAIOT BOJHBI CAaMOH HHU3KOW YacCTOTHI.
KoaddurmeHT BoccTaHOBIIGHUS B 3TOM CIIy4ae OJIM30K K KJIaCCUYECKOMY.

Introduction

The purpose of this work is the development and some generalization of
the local theory of deformation of elastic bodies in their direct central collision.
There is considered an issue of influence of surface waves caused by impact on
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the impact process. As is known, Rayleigh also noted that this influence could
be significant.

Problem statement and method solutions

Let us turn to the theory of collisions of solids and consider the theory of
H. Hertz of local deformation of bodies under impact (1). In the theory of Hertz
only local deformations are taken into account, the rest deformations are
ignored. Meanwhile, it is far from obvious that the transverse and longitudinal
oscillations that occur when the bodies collide do not significantly affect the
propagation of local stresses and deformations. Hertz proceeded from a
simplified mechanical model of a system consisting of undeformed solids
separated by a deformable "gasket." Compression "gasket" o determines the
convergence of the centers of inertia of colliding bodies. The function o satisfies
equation
mo=-P; m=_"
m, +m,
where P — contact force, m. — solids’ masses.

The dependence between o and P is established from the solution of the
static contact problem, i.e. with the use of the Lame equations with excluded
inertia forces. We have:

: 1)

2
a=kP3, ()
Hertz did not take into account the inertia forces of the elements of the
deformed bodies. However, there are sufficiently convincing proofs of the need
to consider the local forces of inertia that arise when colliding elastic bodies (2).
We consider the inertia forces by applying the Laplace-Carson integral
transformation to the equations of elastodynamics, as a result of which the
dynamic problem of the theory of elasticity reduces to a quasistatic problem
with respect to the images of the unknown quantities.
According to the hypothesis of Hertz in the Lame equation

g
w20 + (Oh + ) graddivy + pF = p‘; Y. 3)
-
the forces of inertia pat2 and mass forces pF are not taken into account. In
the image space, this equation corresponds to
nVU" + (A +p)graddivu™ =0. (4)

The mechanism of integral transformation makes it possible to find a
different meaning in this transition. We transform the equation (3) into the
image space

uV2* + (& + p) graddivl’ + p(F* + pU, + pJ, — pU*) =0. 5)
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From the equation (5), we can obtain the equation (4) by setting
F + pLjO +p’U, - pU”"=0. (6)

In the space of originals, this corresponds to the introduction of fictitious
s

forces F =p g

e These forces are an additional "source of energy". This

becomes clear when determining the recovery factor: in this case it exceeds
unity (3), which is obviously impossible.

Equation (4) is identical in form to the Lamé elastostatic equation.
Applying the integral transformation to the kinematic contact condition and
solving the equations of the quasi-static contact problem in the image space, we

get the correlation
2

o =kP3, (7)

It should be emphasized that the equation (7) is not the result of the
Laplace-Carson transformation of the nonlinear correlation (2), but is a
nonlinear consequence of the linear equations of the theory of elasticity in image
space.

It is necessary to clarify the analytical formulation of the problem. For
this, a well-known method of integrating the equations of the theory of
elasticity, indicated by Somilyan (the theorem on the reciprocity of work) can be
applied.

The first or real state of the body is defined by the equation

VA * + (L + p) graddivV/ — ppV " =0, (8)
obtained on the basis of (4) under the assumption
F'=0, U,=0, U*:%UO—V*. ©)
The second or auxiliary state is determined by the equation
UVAW* + (L + p) graddivWW* =0 (10)

with excluded forces of inertia, as well as boundary and initial conditions.
The integral equations obtained on the basis of the reciprocity theorem are
as follows

Vi (M, p) =W, (M.p) ~pp* [[[ 3Gy, @MV @P)AVG, k=1,23. (49
(v) ]

An approximate solution of this system allows us to find the local
compression image o, in the form.
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9, % P 9 %P’ )|
1- A4 +—2—|1-22 +
(04 (p) \9 8‘ ( (1% p2 \] \91 4 92 ( (2% ) ao(p)

n“+ n“+p (12)
+ (08 +0g),
Let us put the dimensionless parameters
1
VE Q) @) V5
p:q—203; n=v > 3 (13)
m5k5 mok5

In the space of originals, this corresponds to the introduction of
dimensionless time

1
5
T=t V2° =.
msk s
Then
2 V2 2
o’ (0) =k" ()P +k(—2 )5 (14)
where
* 2
k*(q) — k 1_ 81 qu 82 X2q . (15)

O @)
+3 8 +9,
LT V224 g° vi+ g’

The function k'(g) contains two undefined functions 7 and the

oscillation frequencies that occur upon impact. These indefinite elements show
that formula (15) covers a significant part of the consequences of the Lame

equations. To find one of the possible choices of the function k™(q), let us turn

to the theory of surface waves caused by the collision of elastic bodies (4).
For bodies bounded by surfaces of revolution, the kinematic condition for
contact of bodies has the form

\x}(Mt)+W(Mt) a(t) — { 2(82\/] }rz. (16)

or?
V — the vertical component of the displacement vector is determined by the
equation

cosmt

_ & —nz
V =(Mee ™ + Nie ™ )l {Sinwt , (17)

containing unknown parameters M, N, &, n, x, o (amplitude and frequency

characteristics arising from the impact of Rayleigh waves). From the conditions
for the absence of additional stresses on the surfaces of bodies, the correlations
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between these parameters follow (4). Solving the equation (16) in the space of
images, we find

al(q)=kj1-———-=_4 = (18)

Here

2 2
(o) =k|1-> A 21| (19)
AOT  A@T
Q +q Q +q
Identifying the indefinite elements in the equations (15) and (19)
(2)

$ . .. B 0 )2 .
S IS x; With N and v with Q , we find
1+ 2
2
o (q)=KksP?, (20)
where
* _ b Qg b qQ 21
(@) =kI1- L A (27 ' ey

Q +q° Q+q°
Here the index R shows the presence of Rayleigh waves caused by impact.

If this identification is not made, then we get
2

o (q) =K (q)P2, (22)
where

L (23)
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Conclusions

The research of the minimum properties of the contact pressure showed
(4) that upon impact a spectrum of surface wave frequencies arises, and waves
of the lowest frequency have the greatest impact on the impact process. The
recovery coefficient in this case is close to the classical one, £ 0,68 (5).
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