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An axisymmetric problem for Gaussian-distributed heating of a lateral surface of an infi-
nite cylinder is solved in the framework of fractional thermoelasticity based on the time-
fractional heat conduction equation with the Caputo derivative. The representation of
stresses in terms of displacement potential and Love function is used to satisfy the bound-
ary conditions on a surface of a cylinder. The results of numerical calculation are presented
for different values of the order of fractional derivative and nondimensional time.
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1. Introduction

The standard thermoelasticity combines the elasticity theory and the classical heat conduction based
on the Fourier law for the heat flux

q = −k gradT (1)

and the parabolic heat conduction equation for temperature

∂T

∂t
= a∆T. (2)

However, many theoretical and experimental studies of transport phenomena testify that in media
with complex internal structure the classical Fourier law and parabolic heat conduction equation are
no longer accurate enough. Several nonclassical theories have been proposed, in which the Fourier
law and the parabolic heat conduction equation are replaced by more complicated equations. In the
theory of heat conduction proposed by Gurtin and Pipkin [1], the Fourier law was substituted by the
time-nonlocal dependence between the heat flux vector and the temperature gradient. The different
choice of the memory kernel results in the corresponding generalized theories of heat conduction. A
survey of such generalizations of the Fourier law can be found in [2–5].

Each generalization of the theory of heat conduction results in the corresponding generalization of
thermoelasticity. For example, Cattaneo theory [6] of heat conduction with the “short-tail” exponential
kernel leads to the telegraph equation for temperature

∂T

∂t
+ ζ

∂2T

∂t2
= a∆T (3)

and the generalized thermoelasticity of Lord and Shulman [7]. Heat conduction with “total” memory
is described by the wave equation for temperature [8, 9]

∂2T

∂t2
= a∆T (4)
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and creates the basis of thermoelasticity without energy dissipation developed by Green and Naghdi [9].
It was shown in [2, 3, 10, 11] that the “long-tail” memory with the power memory kernel

q = −kD1−α
RL gradT (t), 0 < α 6 1, (5)

q = −kIα−1 gradT (t), 1 < α 6 2, (6)

in combination with the energy equation results in the time-fractional heat conduction equation

∂αT

∂tα
= a∆T. (7)

Here Iαf(t) and Dα
RLf(t) are the Riemann-Liouville fractional integral and derivative of order α,

respectively, dαf(t)

dtα is the Caputo derivative [12–14]:

Iαf(t) =
1

Γ(α)

t∫

0

(t− τ)α−1f(τ) dτ, α > 0, (8)

Dα
RLf(t) =

dm

dtm


 1

Γ(m− α)

t∫

0

(t− τ)m−α−1f(τ) dτ


 , m− 1 < α < m, (9)

dαf(t)

dtα
=

1

Γ(m− α)

t∫

0

(t− τ)m−α−1 dmf(τ)

dτm
dτ, m− 1 < α < m, (10)

where Γ(α) is the gamma function.
The thermoelasticity theory based on equation (7) was proposed in [10]. This approach was devel-

oped in succeeding papers [2–5, 15–24] and was reviewed in the book [25].
The time-fractional heat conduction equation in cylindrical coordinates was studied in [26–37]. In

this paper we will investigate axisymmetric thermal stresses in an infinite cylinder with the Gaussian-
distributed boundary value of temperature on its lateral surface.

2. Statement of the problem

A quasi-static uncoupled theory of thermal stresses based on time-fractional heat conduction equation
is governed by the following system of equations [2, 10, 24, 25]:

• the equilibrium equation in terms of displacements

µ∆u + (λ+ µ) grad divu = βTKT gradT, (11)

• the stress-strain-temperature relation

σ = 2µe + (λ tr e− βTKTT ) I, (12)

• the time-fractional heat conduction equation

∂αT

∂tα
= a

(
∂2T

∂r2
+

1

r

∂T

∂r
+
∂2T

∂z2

)
, 0 6 r < R, −∞ < z <∞. (13)

Here σ is the stress tensor, e is the strain tensor, λ and µ are Lamé constants, KT = λ+ 2µ/3 is the
modulus of dilatation, βT is the thermal coefficient of volumetric expansion, a is the thermal diffusivity
coefficient, I denotes the unit tensor.
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We assume the zero initial conditions

t = 0 : T = 0, 0 < α 6 2, (14)

t = 0 :
∂T

∂t
= 0, 1 < α 6 2, (15)

and the Dirichlet boundary condition corresponding to the Gaussian-distributed heating of a surface

r = R : T =
w0

γ
√

2π
exp

(
− z2

2γ2

)
. (16)

The surface of a cylinder is traction free:

r = R : σrr = 0, σrz = 0. (17)

In a quasi-static statement of the thermoelasticity problem initial values of mechanical quantities are
not considered. The zero conditions at infinity

lim
z→±∞

u(r, z, t) = 0, lim
z→±∞

T (r, z, t) = 0 (18)

are also assumed.

3. Solution of the heat conduction equation

Application of the Laplace transform with respect to time t and the exponential Fourier transfom with
respect to the axial coordinate z to the fractional heat conduction equation (13) and the boundary
condition (16) give

sαT̃ ∗ = a

(
∂2T̃ ∗

∂r2
+

1

r

∂T̃ ∗

∂r
− η2T̃ ∗

)
, (19)

r = R : T̃ ∗ =
w0

s
√

2π
exp

(
−γ

2η2

2

)
, (20)

where the asterisk denotes the Laplace transform, the tilde marks the Fourier transform, s is the
Laplace transform variable, η is the Fourier transform variable. In (19) we have used the following
Laplace transform rule for the Caputo derivative [12–14]

L
{

df(t)

dtα

}
= sαf∗(s)−

m−1∑

k=0

f (k)(0+)sα−1−k, m− 1 < α < m. (21)

Next, we use the finite Hankel transform with respect to the radial coordinate r [38]. Recall that
for Dirichlet boundary condition this transform has the following form:

H{f(r)} = f̂(ξk) =

R∫

0

f(r)J0(rξk) r dr, (22)

H−1{f̂(ξk)} = f(r) =
2

R2

∞∑

k=1

f̂(ξk)
J0(rξk)

[J1(Rξk]2
(23)

with the sum over all positive roots of the zeroth-order Bessel function

J0(Rξk) = 0. (24)
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In this case

H
{

d2f(r)

dr2
+

1

r

df(r)

dr

}
= −ξ2

kf̂(ξk) +RξkJ1(Rξk)f(R). (25)

Taking into account (20) and (25), from (19) we obtain the solution in the transform domain:

̂̃
T ∗(ξk, η, s) =

aRw0 ξk√
2π

J1(Rξk) exp

(
−γ

2η2

2

)
1

s
[
sα + a(ξ2

k + η2)
] (26)

or
̂̃
T ∗(ξk, η, s) =

Rw0√
2π

ξk J1(Rξk)

ξ2
k + η2

exp

(
−γ

2η2

2

)[
1

s
− sα

sα + a(ξ2
k + η2)

]
. (27)

To inverse the Laplace transform the following formula [12–14]

L−1

{
sα−1

sα + b

}
= Eα(−btα) (28)

will be used. Here Eα(z) is the Mittag-Leffler function in one parameter α [12–14, 40]:

Eα(z) =
∞∑

n=0

zn

Γ(αn+ 1)
, α > 0, z ∈ C, (29)

being a generalization of the exponential function

ez =
∞∑

n=0

zn

Γ(n+ 1)
, z ∈ C. (30)

Inversion of the Laplace transform gives:

̂̃
T (ξk, η, t) =

Rw0√
2π

ξk J1(Rξk)

ξ2
k + η2

exp

(
−γ

2η2

2

){
1−Eα

[
−a
(
ξ2
k + η2

)
tα
] }
. (31)

Inversion of the Fourier and finite Hankel transforms allows us to arrive at the expression for the
temperature field in a cylinder

T (r, z, t) =
w0

Rπ

∞∫

−∞

∞∑

k=1

ξkJ0(rξk)(
ξ2
k + η2

)
J1(Rξk)

{
1− Eα

[
−a
(
ξ2
k + η2

)
tα
] }

× exp

(
−γ

2η2

2

)
cos(zη) dη. (32)

It is worth noting that the relation [38]

2

R

∞∑

k=1

ξkJ0(rξk)(
ξ2
k − β2

)
J1(Rξk)

=
J0(rβ)

J0(Rβ)
(33)

for β = iη can be rewritten as

2

R

∞∑

k=1

ξkJ0(rξk)(
ξ2
k + η2

)
J1(Rξk)

=
I0(rη)

I0(Rη)
, (34)

where In(r) is the modified Bessel function of order n.
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Hence (32) takes the form

T (r, z, t) =
w0

2π

∞∫

−∞

I0(rη)

I0(Rη)
exp

(
−γ

2η2

2

)
cos(zη) dη

− w0

Rπ

∞∫

−∞

∞∑

k=1

Eα
[
−a
(
ξ2
k + η2

)
tα
] ξkJ0(rξk)(

ξ2
k + η2

)
J1(Rξk)

exp

(
−γ

2η2

2

)
cos(zη) dη. (35)

At the boundary surface r = R, the first integral in (35) satisfies the boundary condition (16),
whereas the second one equals zero due to (24).

4. Investigation of thermal stresses

As in the classical thermoelasticity [40, 41] we can use the representation of the stress tensor in terms
of the displacement potential Φ. The part of stresses due to the displacement potential describes the
influence of the temperature field and satisfies the equation

∆Φ = mT, m =
1 + ν

1− ν
βT
3
. (36)

In cylindrical coordinates in the axisymmetric case

∂2Φ

∂r2
+

1

r

∂Φ

∂r
+
∂2Φ

∂z2
= mT (37)

and

σ(1)
rr = 2µ

(
∂2Φ

∂r2
−∆Φ

)
, (38)

σ
(1)
θθ = 2µ

(
1

r

∂Φ

∂r
−∆Φ

)
, (39)

σ(1)
zz = 2µ

(
∂2Φ

∂z2
−∆Φ

)
, (40)

σ(1)
rz = 2µ

∂2Φ

∂r∂z
. (41)

After applying the Fourier and finite Hankel transforms to equation (36) it assumes the form

̂̃
Φ = − m

ξ2
k + η2

̂̃
T (42)

or taking into account (31)

̂̃
Φ = −mRw0√

2π

ξk J1(Rξk)

(ξ2
k + η2)2

exp

(
−γ

2η2

2

){
1− Eα

[
−a
(
ξ2
k + η2

)
tα
] }
, (43)

which gives

Φ̃ = −C exp

(
−γ

2η2

2

) ∞∑

k=1

Pk
J0(rξk)

J1(Rξk)
, (44)
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where

C =

√
2mw0

R
√
π
, (45)

Pk =
ξk(

ξ2
k + η2

)2
{

1− Eα
[
−a
(
ξ2
k + η2

)
tα
] }
. (46)

The components of the stress tensor σ
(1) (38)–(41) in the Fourier transform domain are expressed

as

σ̃(1)
rr = −2µC exp

(
−γ

2η2

2

) ∞∑

k=1

Pk
ξkJ1(rξk) + rη2J0(rξk)

rJ1(Rξk)
, (47)

σ̃
(1)
θθ = 2µC exp

(
−γ

2η2

2

) ∞∑

k=1

Pk
ξkJ1(rξk)− r

(
ξ2
k + η2

)
J0(rξk)

rJ1(Rξk)
, (48)

σ̃(1)
zz = −2µC exp

(
−γ

2η2

2

) ∞∑

k=1

Pk
ξ2
kJ0(rξk)

J1(Rξk)
, (49)

σ̃(1)
rz = −2µiCη exp

(
−γ

2η2

2

) ∞∑

k=1

Pk
ξkJ1(rξk)

J1(Rξk)
. (50)

The stress tensor σ
(1) does not satisfy the traction free condition (17). The part of the stress field

expressed in terms of the biharmonic Love function L [41]:

σ(2)
rr = 2µ

∂

∂z

[
ν∆L− ∂2L

∂r2

]
, (51)

σ
(2)
θθ = 2µ

∂

∂z

[
ν∆L− 1

r

∂L

∂r

]
, (52)

σ(2)
zz = 2µ

∂

∂z

[
(2− ν)∆L− ∂2L

∂z2

]
, (53)

σ(2)
rz = 2µ

∂

∂r

[
(1− ν)∆L− ∂2L

∂z2

]
. (54)

allows us to satisfy the prescribed boundary conditions for the components of the total stress tensor
σ = σ

(1) + σ
(2):

r = R : σ(1)
rr + σ(2)

rr = 0, (55)

r = R : σ(1)
rz + σ(2)

rz = 0. (56)

The biharmonic equation for the Love function

(
∂2

∂r2
+

1

r

∂

∂r
+

∂2

∂z2

)2

L = 0, 0 6 r < R, −∞ < z <∞, (57)

in the Fourier transform domain is rewritten as

(
∂2

∂r2
+

1

r

∂

∂r
− η2

)2

L̃ = 0 (58)

and has the following solution finite at r = 0 [38]:

L̃ = A(η)I0(rη) +B(η)rηI1(rη) (59)
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with A(η) and B(η) being the integration coefficients.
From (51)–(54) and (59) we get

σ̃(2)
rr = 2µi

{
η3A(η)

[
I0(rη)− (rη)−1I1(rη)

]
+ η3B(η) [(1− 2ν)I0(rη) + rηI1(rη)]

}
, (60)

σ̃
(2)
θθ = 2µi

[
η2A(η)r−1I1(rη) + (1− 2ν)η3B(η)I0(rη)

]
, (61)

σ̃(2)
zz = −2µi

{
η3A(η)I0(rη) + η3B(η)

[
2(2 − ν)I0(rη) + rηI1(rη)

]}
, (62)

σ̃(2)
rz = 2µ

{
η3A(η)I1(rη) + η3B(η)

[
2(1 − ν)I1(rη) + rηI0(rη)

]}
, (63)

which allows us to determine the integration constants

A(η) =
iC

η2D(η)
exp

(
−γ

2η2

2

){ [
R2η2 + 2(1− ν)

]
I1(Rη) + 2(1− ν)RηI0(Rη)

} ∞∑

k=1

ξkPk, (64)

B(η) = − iC

η2D(η)
exp

(
−γ

2η2

2

)
RηI0(Rη)

∞∑

k=1

ξkPk, (65)

where
D(η) =

[
R2η2 + 2(1− ν)

]
I2

1 (Rη)−R2η2I2
0 (Rη). (66)
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Fig. 1. Dependence of temperature on distance for
z̄ = 0, κ = 0.5, γ̄ = 1 and different values of α.

Fig. 2. Dependence of the stress component σrr on
distance for z̄ = 0, κ = 0.5, γ̄ = 1 and different values
of α.

The results of numerical calculations are shown in Figs. 1–6. The following nondimensional quan-
tities

T =
RT

w0
, σ̄ij =

Rσij
2µmw0

, r̄ =
r

R
, z̄ =

z

R
, κ =

√
atα/2

R
, γ̄ =

γ

R
(67)

have been introduced; in calculations we have assumed ν = 0.25. To evaluate the Mittag-Leffler func-
tion Eα(z) we have used the algorithm suggested in [42]. Figures 1 and 2 show the dependence of
temperature and the stress component σrr on distance for various values of order of the fractional
derivative. Figures 3 and 4 present the dependence of the solution on distance for various values of the
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Fig. 4. Dependence of the stress component σrr on
distance for z̄ = 0, α = 1, γ̄ = 1 and different values
of κ.
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Fig. 5. Dependence of temperature on distance for
z̄ = 0, α = 1.75, γ̄ = 1 and different values of κ.

Fig. 6. Dependence of the stress component σrr on
distance for z̄ = 0, α = 1.75, γ̄ = 1 and different
values of κ.

parameter κ obtained in the framework of the classical thermoelasticity, whereas Figs. 5 and 6 depict
the corresponding results for fractional thermoelasticity with α = 1.75.

5. Conclusions

In the case 0 < α < 1, the time-fractional heat conduction equation with the Caputo derivative of
order α interpolates the elliptic Helmholtz equation for temperature (α = 0) and the parabolic heat
conduction equation (α = 1). The associated fractional thermoelasticity interpolates the so-called
“localized thermoelasticity” [25] and the classical thermoelasticity. In the case 1 < α < 2, the time-
fractional heat conduction equation interpolates the standard heat conduction equation (α = 1) and
the hyperbolic wave equation (α = 2); the considered theory interpolates the classical theory of thermal
stresses and thermoelasticity without energy dissipation introduced by Green and Naghdi [9]. Figure 1
shows how the wave front appearing in the case of the wave equation is approximated by the solution of
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the fractional heat conduction equation with α approaching 2. In the case of classical thermoelasticity
both temperature and the stress component σrr change with nondimensional time κ monotonically
(see Figs. 3 and 4). The nonmonotonic character of such a dependence of the stress component σrr for
α = 1.75 is evident from Fig. 6. Fractional thermoelasticity offers considerable possibilities for better
describing thermal stresses in porous materials, random and disordered media, fractals, and other
solids with complicated internal structure.
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Тепловi напруження в довгому цилiндрi пiд час нагрiвання його
бокової поверхнi за гауссовим розподiлом у межах дробової

термопружностi

ПовстенкоЮ.1,2

1Академiя iм.Яна Длугоша
вул. Армiї Крайовей, 13/15, 42-200, Ченстохова, Польща
2Європейський унiверситет iнформатики i економiки

вул. Бялостоцька, 22, 03-741, Варшава, Польща

Осесиметрична задача про гауссiв нагрiв бiчної поверхнi нескiнченного цилiндра
розв’язується в межах дробової термопружностi, що базується на рiвняннi теплопро-
вiдностi з дробовою похiдною Капуто по часу. Подання напружень через потенцiал
перемiщення i функцiю Лява використано для задоволення граничних умов на по-
верхнi цилiндра. Результати обчислень поданi для рiзних значень порядку дробової
похiдної i безвимiрного часу.

Ключовi слова: дробова термопружнiсть, похiдна Капуто, тепловi напруження,
функцiя Мiттаг-Леффлера
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