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The electron-electron interaction in semi-infinite metal is considered. The influence of
local field approximation and the influence of external static electric field strength on
two-particle correlation function and effective potential of electron-electron interaction
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1. Introduction

Many-particle correlation functions effective potential of electron-electron interaction [1,2] are necessary
for constructing quantum-statistical theory of semi-bounded metal. In particular, these functions
are needed to calculate thermodynamic and structural characteristics of metal. Many authors [3–7]
investigated electron-electron interaction in metals, especially near the metal surface.

The task of the investigation of the influence of external static electric field on surface effects of
metals has actually been set in works [8–10]. Thus in [8], it was investigated for the influence of
electric field on anisotropy of surface energy of alkali metal alloy using the density function theory
(DFT). DFT [11] is an effective mathematical approach for description of the electron structure of
many-particle systems. However, it is a one-particle approach, so it cannot consider many-particle
correlations effects correctly.

An effective electron-electron interaction in semi-infinite metal in the presence of static electric
field applied perpendicular to the surface is investigated in present work. The spatial heterogeneity of
unperturbed electrons density and the local field approximations are considered during the investiga-
tion. A calculation of two-particle correlation function and pair effective potential of electron-electron
interaction for semi-bounded metal in the jellium model according to the approach proposed in [12,13]
is realized in present work. It allows us to use different forms of local field approximations proposed
by Hubbard [14], Ichimaru [15] and others, which were used for homogeneous electron gas.

2. Model

We consider the system of N electrons in the space

Ω =
{
(x, y, z) : −

√
S/2 6 x 6

√
S/2,−

√
S/2 6 y 6

√
S/2,−L/2 6 z 6 L/2

}

in the field of a positive inhomogeneously distributed charge ρ(R) = ρ(R||, Z), where R|| = (X,Y ). A
semi-bounded metal is described within framework of the jellium model. The division surface “metal–
vacuum” is plane and described by the equation Z = −d = const .
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For this model ρjell(R) = ρjell(Z) = ρ0θ(−d−Z), ρ0 = eN
SL/2 and the surface potential is a function

of only normal electron coordinate to the division surface V (r) ≡ V (z) .
The surface potential is modelled by the expression

V (z) =

{
W + eEz, z > 0,
0, z < 0,

(1)

where E is the strength of external electric field applied perpendicular to the division surface “metal–
vacuum” in the metal direction, W = ~

2s2/ (2m), W is the barrier height, e is the electron charge.
For E = 0, the surface potential (1) takes the form of the fixed height step. For E → ∞, the potential
V (z) → ∞. In this case, the external electric field does not let the electrons leave the metal. So, it
became the analog of the infinity height potential barrier model.

An effective potential of electron-electron interaction

g(r||, z1, z2) =
∑

q

eiqr||g(q|z1, z2).

The Fourier image g(q|z, z) of the effective potential is determined by the following expression [12]:

g(q|z1, z2) = V (q|z1 − z2) +
β

SL2

∫
dz

∫
dz′ V (q|z1 − z)M̃(q|z, z′)V (q|z′ − z2), (2)

where V (q|z1 − z2) =
2πe2

q e−q|z1−z2| is a two-dimensional Fourier image of Coulomb potential, z1, z2
are normal coordinates of electrons to the division surface, β is inverted thermodynamic temperature,
M̃(q|z, z′) is two-particle correlation function “density–density” that is the solution of second order
Fredholm integral equation [13]:

M̃(q|z1, z2) = M0(q|z1, z2) +
β

SL2

∫
dz

∫
dz′M0(q|z1, z)

{
v(q|z − z′)− v(q|z − z′)

}
M̃(q|z′, z2), (3)

where vk(q) = Gk(q)vk(q), v(q|z − z′) = 1
L

∑
k e

ik(z−z′)vk(q), M0(q|z1, z) is two-particle correlation
function “density–density” in random phases approximation (RPA) [13], Gk(q) is matrix of local field
approximation element. The calculation of two-particle correlation function (3) and pair effective
potential of electron-electron interaction (2) is conducted for different forms of local field approximation.

3. Numerical results

The research was performed for different strength of electric field (in particular for the cases E = 0
and E → ∞) for the following local field approximations:

1) Hubbard approximation [14] Gk(q) =
1
2

q2+k2

q2+k2+ p2
F

, and also modified Hubbard approximation:

Gk(q) =
1

2

q2 + k2

q2 + k2 + ξ p2F
, (4)

where pF =
√
2mµ
~

, µ is the chemical potential of electron subsystem, m is the electron mass, ξ is the
parameter, the values of which are: at ξ = 0, the approximation (4) is Hartri approximation, at ξ = 1
is Hubbard approximation, at ξ = 2 is Geldart and Vosko approximation, at ξ = 1+ 2

πpFaB
is Animalu

approximation, at ξ = 1 + 4
πpFaB

is Sham approximation for homogeneous electron gas.
2) Ichimaru approximation [15]

Gk(q) = AQ4 +BQ2 + C +
4−Q2

4Q
·
[
AQ4 +

(
B +

8

3
A

)
Q2 − C

]
· ln
∣∣∣∣
2 +Q

2−Q

∣∣∣∣ .
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Here Q =

√
q2+k2

pF
; A = 0.029, B = 9

16γ0 − 3
16 [1− g(0)] − 16

15A, C = −3
4γ0 + 9

16 [1− g(0)] − 16
5 A;

g (0) = 1
8

[
z

I1(z)

]2
, I1(z) is modified Bessel function of the first kind;

γ0 =
1

4
− πα

24
r5s

d

drs

(
b0
r3s

· 1 + b1
√
rs

1 + b1
√
rs + b2rs + b3r

3/2
s

)
;

α =
(

4
9π

)1/3
, pF = (9π/4)1/3 /rs, rs is Bruckner’s parameter; b0 = 0.06218, b1 = 9.81379, b2 = 2.82224,

b3 = 0.73641.
The research is performed for potassium (the Brueckner parameter rs = 4.86 [16], the lattice period

5.225 Å or 9.87aB [17]).

4. Numerical results of two-particle correlator M̃(q|z1, z2)

Two-particle correlation function M̃(q|z1, z2) is a solution of the equation (3). In Figs. 1–3, the de-
pendencies of the two-particle “density–density” correlation function M̃(q|z1, z2) on coordinate of one
electron (z2) normal to the surface is depicted. The corresponding coordinate of the other electron
(z1), the values q and E are fixed. The investigation was carried out for different values of E and q
and also for different forms of local field approximation.
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Fig. 1. E = 10V/nm, z1 = −1.37 aB, q = 0.0185 a−1

B
. Fig. 2. E = 20V/nm, z1 = −1.37 aB, q = 0.0185 a−1

B
.
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Fig. 3. E = 10V/nm , z1 = −5.34 aB, q = 0.0185 a−1

B
. Fig. 4. M̃(q|z1, z2) for Ichimaru approximation for
the fixed coordinates z1 and q and different values of
strength. z1 = −1.37 aB, q = 0.0185 a−1
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Figs. 1–3 demonstrate that extremums of the function M̃(q|z1, z2) are slightly shifted. It is observed
for different values of strength and also for different coordinates.
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Fig. 5. Ditto for z1 = −5.34 aB, q = 0.0185 a−1

B
. Fig. 6. M̃(q|z1, z2) for the Ichimaru approximation at

z1 = −9.52 aB, q = 0.0185 a−1

B
and different values of

strength.

Figs. 4, 5 show us the dependencies of the two-particle “density–density” correlation function
M̃(q|z1, z2) on the coordinate of one electron (z2) normal to the surface, whereas the correspond-
ing coordinate of the second electron (z1 ) and the value q are fixed. These dependencies are obtained
for Ichimaru approximation and different values of E . Fig. 4 demonstrates that the increase in the
intensity leads to the decrease of the maximum of the function M̃(q|z1, z2) and the extremums of func-
tion M̃(q|z1, z2) are slightly different for different values of E. The influence of external electric field
on electrons correlation is significant near the surface (in distances from the surface 1−2aB). Obtained
dependencies for the distances from the surface equal approximately a half of period of lattice (5 aB)
are only little shifted (see Fig. 5). So, the influence of external electric field on M̃(q|z1, z2) is minor.
The dependencies for different E are matched in Fig. 3. It occurred at z1 = −9.52 aB , i.e. for the
distances from the surface equal approximately one period of lattice of potassium ( 9.87aB).

If one of electrons is in the metal bulk, the function M̃(q|z1, z2) is symmetric (see Fig. 6) with
respect to the coordinate of the fixed electron and has a sharp peak, when coordinates of two electrons
coincide (z2 = z1), i.e. the electrons correlate with each other and are not influenced by the surface.

5. Numerical results of effective potential of electron-electron interaction g(r||, z1, z2)

After inverse Fourier transform of the effective potential (2), we obtain the expression for calculation
of effective potential:

g(r||, z1, z2) =
1

2π

∞∫

0

qJ0(qr||) g(q|z1, z2)dq, (5)

where J0(x) is Bessel function of zero kind.
The dependence of g(r||, z1, z2) on the distance between the electrons along the surface is depicted

in Figs. 7–9. The electron coordinates z1 and z2 normal to the surface are identical and fixed near the
surface (for the distances from the surface that not exceed a half of period of lattice). The investigation
was carried out for different values of E and also for different forms of local field approximation.
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Fig. 7. E = 10V/nm, z1 = z2 = −1 aB. Fig. 8. E = 10V/nm, z1 = z2 = −5 aB.
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Fig. 9. g(r||, z1, z2) for the Animalu approximation at
z1 = z2 = −1 aB and different values of strength.

Figs. 7, 8 demonstrate that obtained depen-
dencies are rather different for different ap-
proximations, particular the value of potential
hole (see Fig. 8). In Fig. 9, the dependence of
g(r||, z1, z2) on r|| for Animalu approximation
and different values of E is depicted. The calcu-
lations are also carried out for cases of E → ∞
(infinity potential barrier) and E → 0 (with-
out external static electric field). Fig. 9 shows
us that the increase in the intensity leads to the
decrease of the value of potential hole.

In Figs. 10, 11, the dependence of g(r||, z1, z2)
on normal coordinate of one of the electrons z2
is shown. The other electron coordinate z1, the
distance between the electrons along the surface
(r||) and E are fixed for the different local field
approximations.
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Fig. 10. E = 10V/nm, z1 = −1 aB, r|| = 0. Fig. 11. E = 10V/nm, z1 = −5 aB, r|| = 0.

Figs. 10, 11 as well as Figs. 7, 8 demonstrate that obtained dependencies are different for different
approximations.
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6. Conclusions

The influence of the local field approximation and external static electric field on density distribution
function and on pair effective potential of electron-electron interaction are investigated. It is shown
that the choice of form of local field approximation leads to different results of these functions. That
is why it is needed to choose accurately the local field approximation for the correct description of the
system.

The numerical results shows us that near the surface (in the distances from the surface equal
approximately one period of lattice) the value of effective potential is different for the different values
of the external static electric field strength. In the metal depth (for the distances from the surface
equal more than one period of lattice) the influence of the electric field strength does not appear.
That is why the external electric field does not permeate on such distances from the surface. These
results in the metal depth are also identical to the results obtained in [12] (effective potential) and [13]
(two-particle correlator).
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Ефективна взаємодiя мiж електронами в напiвобмеженому металi
при наявностi зовнiшнього електричного поля з врахуванням

поправки на локальне поле

МарковичБ.М., Задворняк I.М.

Нацiональний унiверситет «Львiвська полiтехнiка»
вул. С. Бандери, 12, 79013, Львiв, Україна

Розглянуто мiжелектронну взаємодiю в напiвобмеженому металi бiля поверхнi по-
дiлу. Дослiджено вплив поправки на локальне поле та напруженостi прикладеного
зовнiшнього електричного поля на двочастинкову кореляцiйну функцiю електронiв
та ефективний потенцiал мiжелектронної взаємодiї.

Ключовi слова: двочастинкова кореляцiйна функцiя, ефективний потенцiал мiж-
електронної взаємодiї, напруженiсть зовнiшнього статичного електричного поля,
модель желе
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