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A plane axisymmetric dynamic problem of thermomechanics for a hollow bimetallic cylin-
der under a uniform non-stationary electromagnetic action is formulated. The numerical
analysis of the solution of this problem for a hollow bimetallic cylinder exposed to the
influence of electromagnetic pulse is carried out The graphs of changes in the time of pon-
deromotive force, temperature, components of the tensor of dynamic stresses and intensity
of stresses in the compound layers of a cylinder made of stainless steel and copper are pre-
sented. The dependences of the maximal values of the intensities of stresses in the layers
of the cylinder on the magnitudes of the intensity of the magnetic field for different pulse
durations are established, which allowed stating the permissible loads for the conductive
bimetallic hollow cylinder as a contact connector.

Keywords: the problem of thermomechanics, bimetallic cylinder, bearing capacity, con-
nector, electromagnetic pulse.
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1. Introduction

In modern machines, mechanisms and structures, composites and piecewise-homogeneous conductive
structural elements, in particular bimetallic solids of various geometric configurations, are widely
used [1]. Such elements of constructions are in conditions of multifactor loads, including those of
electromagnetic pulse character. Under the action of pulsed electromagnetic fields (PEMF), in these
solids the non-stationary temperature fields and stresses emerge which for the certain parameters of
EMF can reach critical values. In such conditions, the solid, as an element of the structure, loses its
operability and properties of the contact connector.

In [1,2], the technical means for creating strong and superstrong pulsed magnetic fields are consid-
ered. The physical processes that occur under the influence of such fields on the conducting materials
are described. The paper [4] deals with the issues related to the electromagnetic treatment of materi-
als. In [5,6], the thermo-stressed state of homogeneous conductive bodies of canonical form under the
action of electromagnetic pulses (EMP) is investigated. However, the literature does not sufficiently
cover the issue of behavior of bimetallic bodies under such actions.

This work reports the results of a study of thermomechanical behavior, operability and properties
of the contact connector of a bimetallic hollow cylinder under the effects of EMP. In the paper, a planar
axisymmetric dynamic problem of thermomechanics for the cylinder under consideration is formulated
for a homogeneous non-stationary electromagnetic action. On the basis of the general solution of this
problem, the thermomechanical behavior of the considered cylinder under the influence of EMP is
numerically analyzed.
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194 Musii R., Melnyk N., Dmytruk V.

2. Statement of the problem

Consider a long elastic hollow bimetallic cylinder with the inner » = rg and outer r» = ry surfaces, which
is referenced to a cylindrical system of coordinates (r, ¢, z) whose axis Oz coincides with the axis of the
cylinder. The materials of composite layers of a cylinder are homogeneous isotropic nonferromagnetic,
and their physical and mechanical characteristics are constant. The non-stationary EMF acting on the
cylinder is given by the values of the axial component H E") (r,t) of the magnetic field strength vector
H™ on the inner r = ry and outer r = ry surfaces of the cylinder.

The outer surfaces of the cylinder are insulated from the environment and free of the loading.
The conditions of ideal electromagnetic, thermal and mechanical contacts are fulfilled on the surface
r = r1 of the compound layers. The cylinder is under the condition of a flat deformation. Accordingly,
all the defining functions of the problem, which are the axial component H gn)(r,t) of the magnetic

field strength vector, the temperature 70 (r,t), and the nonzero radial component us«n) (r,t) of the
displacement vector w(™ (r,t) are functions of the radial coordinate r and time .

To study the thermomechanical behavior of the considered cylinder and its bearing capacity under

the pulsed electromagnetic actions by means of the determined component ufnn) (r,t) = u&n)Q(r,t) +

ugn)F(r,t) of the total displacements caused by the Joule heat Q(™(r,t) and ponderomotive force
Fr(") (r,t), we determine the components a](-?) (ryt), (j = r,p, z) of the tensor 6 = 5(MQ 1 5(MF of the

total dynamic stresses in the n-compound layer of the cylinder. On the basis of the obtained a](-?) (r,t),
(n)

we calculate the intensity o, (r,t) of the tensor of the total stresses according to the formula [7]

o = /(3L (6™) — I(60)) 2, (1)

where I; (c}(")), (j =1,2) is the j-th invariant of the stress tensor (™. In order to evaluate the
bearing capacity of a bimetallic cylinder in accordance with the well-known Guber—Mises criterion for
homogeneous bodies, we verify the fulfillment of the condition |[§]

(n)

maxo; "’ < ac(ln). (2)

The bimetallic cylinder loses its bearing capacity as a whole if at least one of the compound layers
loses it, i.e. the condition (2) is violated. Here Jén) is the limit of the elastic deformation of the
material of the n-th layer of the cylinder. The properties of a contact connector of the cylinder are
preserved if the values of the intensities of stresses o*i(n)* in each layer on the interface do not exceed
the strength oy of the contact connector, i.e., the condition [8]
(n)

maxo; " < oy (3)

According to the chosen solving model of the problem of thermomechanics under consideration,
the EMF, temperature, thermo-stressed state, and bearing capacity of the cylinder are determined
successively.

2.1. The EMF determination

The nonzero axial component H. ,§”) (r,t) of the magnetic field strength vector in each of n-th compound
layer of the cylinder is determined from the equation

o*u  1ou" - oH"
Or? r Or nhn =5
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under the boundary conditions

H{D(ro,t) = Ho (t), HP(ra,t) = HI(t) (5)
on the inner r = ry and outer r = ro surfaces of the cylinder, the conditions of an ideal electromagnetic

contact [9-11]
(1) (2)

on the surface r = ry of the interface of compound layers, as well as under the initial conditions

H™(r,0) = 0. (7)

Here, o, un are the coefficients of electrical conductivity and the magnetic permeability of the
compounds of the cylinder k, = o01/02. By means of the obtained function H §")(r, t), the specific
densities of the Joule heat Q™ (r,t), and the ponderomotive strength F = {F,gn) (r,t);0;0 } are
determined according to the formulas

2
1 (oH™ JiAR
) _ 1 : () _ _, pn)9Hz
Q On < or > — pntlz or

2.2. The temperature field determination

In the second stage, by means of the determined specific densities of the Joule heat Q" (r,t), the
distribution of the temperature field 7 (r,t) in each n-th compound layer of the cylinder is determined
from the heat equation

927 197" iaT(n) B QM

Or? +7’ or  ky, Ot A\ (8)

Eq. (8) is solved taking into account the boundary conditions of thermal insulation

OT(l)(ro, t)
or

8T(2) (T’Q,t)
=0, =5 =0 (©)

on the inner r = r¢ and outer r = ry surfaces of the cylinder, the conditions of ideal thermal contact 10,

11]

OT(l)(rl,t) _ oT® (r1,t)
or M or

on the surface r = 1 of the connection of the compound layers of the cylinder and the initial condition

T(l) (T17 t) = T(z) (Tlv t))

(10)

7™ (r,0) = 0. (11)

Here, k,, A, are the coefficients of temperature and heat conductivity of the material of the n-th
layer of the cylinder, k) = Aa/A1.

2.3. The thermo-stressed state determination

To determine the radial 07(,?), circular agfp) and axial aé’;) components of the tensor of dynamic stresses

&) (r,t) different from zero, in each n-th compounds of the cylinder we choose as a basic the system
of equations of a planar axisymmetric dynamic problem of thermoelasticity for cylinders in displace-
ments [10,11].
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(n)

The nonzero radial component u, " (r,t) of the displacement vector u(™ (r,t), in each n-th com-
pounds of the cylinder is determined from the equation [10,11]

or? r Or r2 2 o2 n_ v, Or E.(1—uwy) "
under the boundary conditions
au7(" )(T07 ) 141 u7(“1) (r()at) 1 + Vl (1)
or + -1y 1o TNy, T (ro, 1), (13)
2
8U£)(T27 )+ V2 ug)(ﬁ,t): 1+V2T(2)( )
or 1—19 79 1- 1)

on the inner r = rg and outer r = ry surfaces of the cylinder free of loading, under the conditions of
an ideal mechanical contact [9,10]

uD(ry,t) = ul? (r, 1), (14)

Guﬁl)(rl, t) n (1)(7‘1, t)

o T el ) T ) =

(2) (2)
Ouy (le ) T+ Uy (le t)
or 71

=kg |(1—1y) —a2(1+V2)T(2)(7’17t)

on the surface r = r; of the connection of the compound layers of the cylinder and under the initial

conditions

oul™ (r,0)
or

Here ¢, = \/En(1 — v3)/(pn(1 + v1)(1 — 214,)) is the velocity of the elastic wave of expansion; vy,
ay, are the Poisson coefficients and linear thermal expansion, E, is the Young modulus, p, is the

density of materials of the compound layers of the cylinder, kg = E1/(1 + v1)/(E2/(1 4 v2)).
(n)

By the radial component w, ’(r,t) of the vector of total displacements, the nonzero components

ol (

u (r,0) =0, = 0. (15)

j =r,¢,z) of the tensor of dynamic stresses in the n-layer are determined by the formulas

E I ou™ u™ ]
(n) _ n _ Zr - _ (n)
o AT o0 =2 (1 —wy) o + vy, . an(14+v,) T |, (16)
E [ u™ oul™ ]
(n) _ n R o (n)
P 0T o =20 (1—vp) + vy o an(14+v,)T , (17)
o) = vy (o) + 00 — @ BT, (18)

The components u&n)Q, UJ(;L)Q are determined from the relations (12)—(18), taking ™ = 0; and the

(m)F _(n)F (n)

components uy ", o5, taking 7™ = 0. By means of the determined total stresses ¥

i
(n) .

to the formula (1) we determine the intensity of the stresses o, in each of the cylinder compounds
and their values are verified for the fulfillment of the conditions (2), (3).

, according
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3. Method of construction of solutions of the initial-boundary value problems

For the construction of solutions of the initial-boundary value problems of electrodynamics (4)—(7),
of thermal conductivity (8)—(11) and of thermoelasticity (12)—(15), the distribution of all defining

functions ®™(r,t) = {Hén) (r,t), T (1, 1), u™ (r,t)} in the thickness of each compound layer of the

cylinder is approximated by quadratic polynomials of the form

2

o™ (r,t) =Y af ™ (1), (19)

=0

The coefficients a?(") (t) of the polynomials (19) are determined through the integral (total in a
two-layer package) characteristics ®,(t) of the defining functions & (r, )

2 Tn
HOESY / M (1 t)rsdr, s=1,2 (20)

n=1""Tn-1

and through the given boundary conditions on the outer surfaces and on the interfaces of the cylinder
layers.

To find the integral characteristics ®,(t) of the desired functions ®((r,t), the initial equations
(4), (8) and (12) are integrated according to Eq. (20) taking into account the expressions (19). As
a result, the initial-boundary value problems for the defining functions & (r,t) are reduced to the
corresponding Cauchy problems for the integral characteristics ®4(¢) of these functions. The solutions
of the Cauchy problem for a homogeneous electromagnetic action are found using Laplace transform
with respect to the time. Correspondingly, the expressions of the defining functions are obtained in
the form:

H™ (r,t) [Zaw Z/ s1( (1) + Asg(k)H;_(T)> PRt dr 4 agL)Hj_ (t) + al(-Z)H;r(t)] rt,
=0 Ls=1 (21)
2
T (rt) =) "> [b(” Z/ By (m)WE(7) + By (m)WE (7 )) ePm(t= T)dTI r (22)
k=0 s=1

2

ul(rt) = Z;czs Z / (7) + Ri(B)YW3 (1)) P2 dr | 1. (23)

=0

Here, WE(t), WX(t) are the expressions of the integrated in accordance with the relation (2) right-hand
sides of Eqs. (8) and (12); Ag;(k), Bsj(m), Ry;(8) (s,5 = 1,2) are the expressions that depend on
the roots py, pm, pg of the corresponding characteristic equations of the problems for determining the

(n) p(n) (n)
Ais™s Ops» Cis
depending on the geometrical and physico-mechanical parameters of the cylinder layers.

integral characteristics of the functions H. 5"), T and uﬁ”); are numerical coefficients

4. Numerical analysis of the problem for uniform EMP
The action of EMP mathematically can be described by the function [6]:
H.(ro,t) = H,(rs,t) = kHo <e—ﬁ1t - e‘ﬁQt) . (24)

Here Hj is the maximal value of the intensity of the magnetic field in the pulse, &k is the normalization
factor, 81 and By are the parameters characterizing the times of the fronts of growth and decrease

Mathematical Modeling and Computing, Vol. 5, No. 2, pp. 193-200 (2018)



198 Musii R., Melnyk N., Dmytruk V.

of the pulse. Substituting the expression (24) into relations (21)-(23), the solution of the problem
of thermomechanics for the bimetallic cylinder under consideration is described. On the basis of

F™ . 10%/H2, Nm?2/A2 T . 1013/H2, K m?/A2
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Fig.1. Change in time ¢ of ponderomotive force FT(") (a), temperature 7" (b), components ogﬁ)F, oﬁf)Q of
radial stresses 07(‘?) (¢), components ogfp)F, Ug;)Q of circular stresses Ug;) (d), components UEZ)F, ng)Q of axial

stresses oin) (e), and intensity Ufn) of total stresses ogn) (f) on the interface of compound layers. Curves 1, 2

(a, b, d, e, f) correspond to the values of variables under consideration in the first and second layers of the
cylinder.
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the obtained solution, a numerical analysis of the thermo-stressed state and bearing capacity of a

bimetallic cylinder made of stainless steel and copper with radii of surfaces ro = 8 mm, r; = 9mm and

ro = 10 mm. There were chosen equal parameters of EMP, the durations ¢t; = 100 us, 1000 us, k = 2.5,

b1 = —Ine/t;, B = 2P1, € = 0.001. The results of numerical studies of the thermo-stressed state and

the bearing capacity of the cylinder for the specified time parameters of the EMP and the geometric

parameters of the cylinder and the chosen materials of the compound layers are presented in Figs. 1, 2.
Fig. 1 illustrates the change in the time ¢ of the pon-

deromotive force F." (@), the temperature T (b), the ot MPa

components 0'7(«:})17, 0'7(«?)Q of the radial stresses 0&?) (¢), 300 | K
the components agf,)F, J&QQ of the circular stresses agf,) | t1=10"*s ///
(d), the components JEZ)F, aéZ’Q of the axial stresses 022) N ] I - P
(e), and the intensities of total stresses o*i(n) (f) on the 200 ,
interfaces of the compound layers of the cylinder for the I o
duration of EMP t¢; = 1000us. ///

The curves 1, 2 in Fig.1 (a, b, d, e, f) correspond 100 -
to the values of the considered quantities in the first and  o(¥ F----]-----|- P L e
second layers of the cylinder. In Fig. 2, the dependences of I . /
the maximal stress intensity 02-(71) values agﬁzax on the mag- 0 e L

nitude of Hy under the EMP actions (Hpmax = 107A/m) 0.0 0.2 04 0.6 08 . L0
in the compound layers of the cylinder on their interfaces Ho - 107, A/m
for the durations t; = 100 us, 1000 us are given. The solid
curves correspond to steel layer, and dashed curves — to

) ) ) ] of stress intensity o; ' on the Hy values
copper layers. The point of crossing the horizontal lines  ;; gteel (solid curves) and copper (dashed
(2

corresponding to the values o, and o) with constructed  curves) layers of the cylinder on their inter-
curves of dependencies, allows us to determine the critical ~ faces for the actions of EMP of durations
parameters of the EMP action, for which the considered ti = 100 s, 1000 ps.

cylinder loses its bearing capacity and the properties of

the contact connector.

Fig. 2. Dependence of maximal values agzl)ax
(n)

5. Conclusions

The values of the components a](-?)Q and O'J(»;L)F and stresses a](-?) are the magnitudes of the same order,

and the effect of stresses O'Z-(;-L)F on the dynamic nature of the change in the time of total stresses
is significant during the time of growth %;,.. of the pulse. With decreasing the EMP duration t;,
the maximal values of FT(n), T | stresses O'](-;-L)F and O'](-?)Q, and their intensities o*i(n) increase. It is
established that the bearing capacity and properties of the contact connector of the cylinder for the

duration of the EMP actions t; = 1000 us are preserved, but for ¢; = 100 us are lost.
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Jocnig>xeHHs1 BNacTUBOCTEN KOHTAKTHOro 3'€gHaHHA bimeTaneBoro
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ChopMyIIbOBAHO TIOCKY OCECUMETPUIHY JAMHAMIUHY 33/1a9y TEPMOMEXAHIKHU JIJIs IIOPOXK-
HHUCTOTO OGiMeTaIeBOr0 MUIIHIPA 38 OHOPIIHOT HECTAIIIOHAPHOI eJleKTpOMaruiTol mil. Yu-
CeJIbHO MTPOAHAJI30BAHO PO3B’A30K 3a/1ati JIJIsI IIOPOKHUCTOrO OiMEeTaJIeBOTO IUIiHIpa 33,
il Ha HBOTO eJIeKTpOMAarHiTHOrO iMmysbey. HaBeneno rpadiku 3MiHu B 9aci mOHIEPOMO-
TOPHOI CHJIA, TEMIIEPATYPH, KOMIIOHEHT T€H30Pa AMHAMIYHUX HAIPYKEHb Ta IHTEHCUBHO-
CTi HaIIpy?KeHb Yy CKJIaJI0BUX IIapax ITWIHJIPA, BUTOTOBJIEHUX 3 HEPYKABHOI CTAJI Ta MiJIi.
BceranosiieHo 3a1€2KHOCTI MAKCUMAJIBHUX 3HAYEHb IHTEHCHBHOCTEH HAIIPYXKEHb Y IIapax
UJIIHPA BiJ| BEJIMYUHU HAIIPY2KEHOCTI MATHITHOT'O TIOJI 33 PI3HUX TPUBAJIOCTEN IMITYJIbCY,
110 J1aJ10 3MOTY BCTAHOBUTH JIOIYCTUMI HABAHTAXKEHHSI Ha, €JIEKTPOIPOBiiHMI GiMeTaeBuit
MMOPOYKHUCTUN TUJHHAP K KOHTAKTHE 3’€THAHHSI.

Kntouosi cnosa: sadauwa mepmomexanixu, bimemanesull yurindp, necyya 30amuicms,
Konmaxmme 3’ €OHaAHHA, eACKMPOMAZHIMMHULT IMNYALC.
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