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The problem of construction and research of solutions’ multitude (if they are) or root-mean-square 
approximations to them for the system of linear algebraic equations is set and solved. Obtained mathematical 
results on pseudo-inversion of these classically known algebraic systems are spread on linear integral and 
functionally transformed systems. The evalution of accuracy of the obtained in this paper pseudo-inversions’ 
analytical dependencies of these three practically important discrete and discretely-continuous transformers 
is conducted. Conditions of uniquiness of pseudo-solutions, constructed in this way, are formulated. The form 
of the considered problems’ solutions is quite simple and convenient for practical implementation.
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Introduction. It is well known that functioning 
of many classically known processes and 

phenomena is described by mathematical models, 
the dependence of output characteristics from 
input ones is linear. Such models are constructed 
without difficulties and are easier to be researched. 
However, being mathematically correct in relation to  
the physical and technical merits of specific processes 
and phenomena, such models can’t be definitely 
solved or do not have solutions at all. This means, 
that to set and solve math problems by investigating 
the status of this process (the phenomenon), 
by classically known methods of analytic or 
computational mathematics is impossible. Here you 
need non-standard approaches to the solution of the 
problem, especially in cases, when the formulations 
of mathematical problems are practically oriented. 

The given research is based on three classes 
of transformers, which by linear mathematical 
model combine discrete-continuous inputs-outputs 
and are described by systems of linear algebraic, 
integrated and functional equations. For each 
of them for previously published [1; 2] authors’ 
scientific achievements will be constructed and 
researched for accuracy and uniqueness sets of root-
mean-square approximations to the exact solution.  
The peculiarities of the mentioned above approach 
to pseudo-inverse approximation problems of these 
three common mathematical models are their 
simplicity in computer - practical implementation.

1. PSEUDO-INVERSIONS  
OF LINEAR ALGEBRAIC SYSTEMS

1.1. Optimization definition of pseudo-inverse 
matrix. Consider linear algebraic system 

Cx = y,                         (1)
in which C∈Rp×m and y∈Rp – are known matrix 

and vector, and x∈Rm is searched vector.
There are many approaches to solving system 

(1), which may have a solution (one or multiple) 
and may not have. In the study of system (1)  
we will consider the proposed and developed 

research methods in M. F. Kyrychenko’s works  
[2; 3]. Thus, let’s construct and research solution of 
system (1), if it exists. In the absence of the latter, 
let’s construct the best root-mean-square (single 
or multiple) approximation to it. Found in this way 
x let’s call the general solution of system (1).

For construction of general solution of system 
(1) we introduce for consideration matrix C+, 
pseudo-inversion to C, such as 
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Let’s research the properties of vector û=C+y, 
which we name later pseudo-solution of system (1).

For the beginning let’s consider, that matrix C+ 
exists and can be constructed singularly.

For this purpose define in matrix C r linearly 
independent columns. Determine via C

1
 = (c

1
,...,c

r
) 

matrix, formed by these columns. Taking into 
consideration the fact, that each column of matrix 
C can be decomposed via vectors c

1
,...,c

r
 as a basis, 

matrix C is represented as follows:

 

 

 

 

 

 

. 

; 

 

. 

 

 

, 

. 

, 

. 

,      

 

2arg min ,
xx

C y x+

∈Ω
=

m

2

R
rg min .x x

A Cx y
∈

Ω = −

1 1 1( )mC C Cα α=   

2 1( ).mC α α=   

2
1arg min ;

rz R
z C z y

∈
= −^

2C x z= ^

2
1 1 1( ) ( )TС z y C z y C z y− = − − = 1 1 12T T T T Tz C C z z C y y y− +

2
1 1 1 1grad 2 2 0T T

z C z y C C z C y− = − =

1
1 1 1( )T Tz C C C y−=^

2
2( )Tx C x zλΦ = + − ^

2
T T T Tx x x C zλ λΦ = + − ^

22 0T
xgrad x C λΦ = + =

2
1
2

Tx C λ= −

2 2 2 0TC C zλ + =^

1
2 22( )TC C zλ −= − ^

1
2 2 2( )T Tx C C C z−= ^

x C y+=

1 1
2 2 2 1 1 1( ) ( )T T T TC C C C C C C+ − −=

,

where α
i
∈R

r 
⋅ (i=1,m) - is vector of coefficients 

of decomposition i-th column of matrix C for basis 
c

1
,...,c

r
. Thus C = C

1
C

2
, where
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Taking into account this, let’s construct solution 

of problem (1)-(3) in two stages:
1) we solve the problem of finding vector ẑ∈Rr, 

such as
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2) we find the minimum according to the norm 
of vector x, such as
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These problems have a single solution:  

the first – as problem of decomposition of vector 
y∈Rp according to the system of vectors c

1
,...,c

r 
⋅
 
(i=1,r); 
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the second is that for system (6) rank of the major 
matrix equals to the rank of expanded one.

When solving problem (5) let’s come from  
the fact, that 
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We get the solution to the second problem by 

minimizing of Lagrange’s function
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where r is the rank of matrix С. Consequently

, 

 

 

 

.    (11) 

 .    (12) 

, 

 

 

. 

.  

; 

. 

(1)(2)

1 2 1(1) (1)

( )(2)

( ... )

T

r
T
r

c
C C C c c

c

 
 

= =  
 
 

  

(1) ( )(2)
1

r
T

i i
i

C c c
=

= ∑

1

r
T

i i i
i

C y x λ
=

= ∑

{ }1,...,T
sCC y s r∀ ∈

2 2

1 1 1

r r r
T T T T

s i i i j j j s i i i s s s
i j i

CC y y x x y y y y y yλ λ λ λ
= = =

= = =∑ ∑ ∑

2T
s s sC Cx xλ= { }1,...,s r∀ ∈

1

1 1( ... ) ...

T

r r
T
r

x
C y y

x
λ λ

 
 

=  
 
 

 

1( )rC x x+ =   

1

1

1( )

T

r
T
r

x
x x

x

−
  
  

×  
  
  

   

1

1 1 1 1

1 1( )

T T

y r
T T
r r r r

y y
y y

y y

λ λ
λ λ

λ λ

−
    
    

× =    
    
    

    

2
1 1 1

1
1

11

0 0
( )

0 0

T
r

T
r j j j

jT
r r r

y
x x x y

y

λ λ
λ

λ λ

−

−

=−

  
  

= =  
  
  

∑


       



( ) ( )T T T TC C CC C C C+ + += =

2

1 1 1

r r r
T T T T

j j j k k k j j j
j k j

CC y x x y y yλ λ λ
= = =

= =∑ ∑ ∑

2

1 1 1

r r r
T T T T

j j j k k k j j j
j k j

C C x y y x x xλ λ λ
= = =

= =∑ ∑ ∑

where c
i(1) 

⋅
 
(i=1,r) – linearly independent 

columns of matrix С and cT
i(2) 

⋅
 
(i=1,r) – rows of 

matrix С
2
, defined in (4). This means, that 

, 

 

 

 

.    (11) 

 .    (12) 

, 

 

 

. 

.  

; 

. 

(1)(2)

1 2 1(1) (1)

( )(2)

( ... )

T

r
T
r

c
C C C c c

c

 
 

= =  
 
 

  

(1) ( )(2)
1

r
T

i i
i

C c c
=

= ∑

1

r
T

i i i
i

C y x λ
=

= ∑

{ }1,...,T
sCC y s r∀ ∈

2 2

1 1 1

r r r
T T T T

s i i i j j j s i i i s s s
i j i

CC y y x x y y y y y yλ λ λ λ
= = =

= = =∑ ∑ ∑

2T
s s sC Cx xλ= { }1,...,s r∀ ∈

1

1 1( ... ) ...

T

r r
T
r

x
C y y

x
λ λ

 
 

=  
 
 

 

1( )rC x x+ =   

1

1

1( )

T

r
T
r

x
x x

x

−
  
  

×  
  
  

   

1

1 1 1 1

1 1( )

T T

y r
T T
r r r r

y y
y y

y y

λ λ
λ λ

λ λ

−
    
    

× =    
    
    

    

2
1 1 1

1
1

11

0 0
( )

0 0

T
r

T
r j j j

jT
r r r

y
x x x y

y

λ λ
λ

λ λ

−

−

=−

  
  

= =  
  
  

∑


       



( ) ( )T T T TC C CC C C C+ + += =

2

1 1 1

r r r
T T T T

j j j k k k j j j
j k j

CC y x x y y yλ λ λ
= = =

= =∑ ∑ ∑

2

1 1 1

r r r
T T T T

j j j k k k j j j
j k j

C C x y y x x xλ λ λ
= = =

= =∑ ∑ ∑

.                    (9)

If vectors c
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To determine the properties of the system of 
orthonormal vectors y
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, numbers λi and their 

connection with matrix C let’s consider expression 
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Similarly we find, that
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This means that the system of vectors х
i
, y

i
 

and numbers λi ⋅ (i=1,r) exists: vectors х
i
 and y

i
 are 

proper vectors for matrices СTС and ССT with their 
own values, which are equal to λi

2. Representation 
of matrix С in the form of (10) is possible, though 
practically it is difficult to construct.

Taking into consideration (10) of matrix С,  
we construct a similar presentation for matrix С+.
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Singular representation of matrices С, С+ in  
the form of (10), (13) allows to prove, that
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1.3. Projection properties of pseudo-inversed 
matrices. Presentation (10), (13) of matrices 
С and С+ allow in the range within the above 
mentioned notations, write and illustrate some of  
the properties of the pseudo-inversed matrices. 
They are quite interesting in themselves and 
we need them for construction of defined above 
general solution of system (1).

To determine these properties we introduce for 
consideration matrices СС+, С+С, Z(CT) = I
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 is the factor 

of vector y according to the system of vectors y
1
, ..., y

r
. 

If y∈Rr, this decomposition is clear. If dimension of 
vector y is more than r, then presentation (15) will 
be decomposition of y

1
, ..., y

r
, the projection of vector 

y on linear shell L(C), stretched on vectors y
1
, ..., y

r
 

and therefore, on vector-columns of matrix C.
That means
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With similar considerations, on the basis of (14), 
we can show that
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is the projection of vector y on orthogonal 
complement L(C) to linear shell L(C), stretched on 
vector-columns of matrix C. 

For vector y∈Rp and (p×m) - dimensional 
matrix C, such that for orthonormal vectors  
x

1
, ..., x

r
 which are basic for a vector of rows  

c
1
T, ..., c

r
T of matrix C and for which run ratio 

(11), (12), matrices C+C and Z(C) = I
m
 – С+С are 

projection on a linear shell, stretched on a vector-
rows of matrix   and orthogonal complement to 
this shell correspondingly.

1.4. General solution of system of linear 
algebraic equations. Projection properties of 
matrices СС+, С+С, Z(C) and Z(CT) allow to 
construct and research the general solution of 
system of linear algebraic equations (1).

For the construction of the latter we come from 
the fact, that according to the considered above, 
the solution of equation (1), if it exists, is written 
via pseudo-inverse of matrix С+ by ratio 

x = С+y.
In the general case

x = С+y + w,
where w is a random vector of dimension m, 

such as 
Сw = 0

The latter means, that vector w must be an 
orthogonal to vector of rows of matrix С, i.e. w 
must belong to the orthogonal compliment to 
linear shell, stretched on vector-rows of matrix С, 
and therefore 
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This means, that in general case, if we take into 
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of pseudo-solutions with inaccurate ε2, defined 
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2. PSEUDO-INVERSIONS  
OF LINEAR INTEGRAL SYSTEMS. 

Let’s consider the question of constructing 
a general solution of a linear integral system 
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under the known matrix function  A(t)∈Rp×m ⋅ 
(t∈[0,T]) and vector y∈Rp. 

For construction of vector-function
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let’s solve for the beginning the problem of 
constructing values x(ti) ⋅ (i=1,N) of this vector, 
provided that ti ⋅ (i=1,N) - points of the interval’s 
[0,T] discretization. Under these conditions, system 
(21) will be written in the form 
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where ∆tN is a step of discretization of interval 
[0,T]. The problem of finding values x(ti) ⋅ (i=1,N) 
comes to root-mean-square inversion of the system

A(⋅)x(⋅) = y,                 (24)
in which A(⋅), x(⋅) are matrix and vector functions 
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According to (17) solution of (24) is such, that
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When ε2 > 0 ratios (26) and (27) will be 
determined the best according to the root-mean-
square criterion of approximation to the solution. 
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where at random integrated on [0,T] vector-
function υ(t)∈Rm 
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This vector-function, according to (22) satisfies 
(21). When this

 

 

    (26) 

 

 

 . 

 ,     (27) 

, 

. 

.    (28) 

.     (29) 

,     (30) 

 

,  

and , if 

.  

      (31) 

( ) ( ) ,

( ) ( ) .
i N

i N

A i A t t

x i x t t

= ∆

= ∆

2

( )
( ) ( ) min,

x
A x y

⋅
⋅ ⋅ − →

( ) ( ) ( ) ( ) ,T T
vx A P y v A P p+ +⋅ = ⋅ + ⋅ − ⋅

( ) ( ),
( ) ( )

T

v

P A A
p A v
= ⋅ ⋅

= ⋅ ⋅

1( ) col( ( ), , ( ))N Nv v t v t t⋅ = ∆

( ) mv t R∈ ( [0, ])t T∈

( ) ( ) ( ) ( )T T
i i i i vx t A t P y v t A t P p+ += + − ( 1, )i N=

1
( ) ( )

N
T

i i N
i

P A t A t t
=

= ∆∑

1
( ) ( )

N

v i i N
i

p A t v t t
=

= ∆∑

2 0T Ty y y PP yε += − =

=Ν
=⋅ ⋅ = >,

, 1det ( ) ( ) det([ ( ) ( )] ) 0T T i j
i j i jA A A t A t

( ) ( ) ( ) ( )T T
vx t A t y v t A t p+ += Ρ + − Ρ

= =∫ ∫
0 0

( ) ( ) , ( ) ( ) .
T T

T
vP A t A t dt p A t v t dt

2

2

( )
0

min ( ) ( )
T

x t
A t x t dt y ε− =∫

( ) 0v t ≡

,
, 1limdet([ ( ) ( )] 0T i j

i j i jA t A t =Ν
=Ν→∞

>

( ) ( )B t x y t= [0, ]t T∈

and υ(t) ≡ 0, if
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3. PSEUDO-INVERSION  
OF LINEAR FUNCTIONAL SYSTEMS. 

Let’s consider the question of construction of general 
solution of a linear functional system of the form

B(t)x = y(t) ⋅ (t∈[0,T])             (31)
when matrix and vector functions B(t)∈Rp×m and 

when matrix and vector functions  and   are known. 

For construction of vector 
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which is the set of solutions (or root-mean-
square approximations to them) for system (31), 

defined by points ti ⋅ (i=1,N), selected on the interval 
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matrix and vector functions of discrete 
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According to (17), solution of (34) is such, that
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will be 
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at random υ∈Rm (if det P > 0) and υ ≡ 0 (if det P = 0)  
and
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Solution (38) will be accurate regarding to (34) 
and (33), if (see. (18), (19))
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For construction of vector 

   
  (32) 

,     (33) 

,    (34) 

  
 (35) 

  
  (36) 

, 

 

 

 

. 

. 

 

 

( ) p mB t R ×∈ ( ) py t R∈ ∀ ∈ [0, ]t T

2

0

arg min ( ( ) ( )) min
T

x B t y t dt
ξ ξ

ξ= − →∫

2

1

: ( ) ( ) min
N

m
x i i xi

x R B t x y t
=

 
Ω = ∈ − → 

 
∑

( ) ( )B x y⋅ = ⋅

( ) ( ( ), 1, ) ,

( ) ( ( ), 1, )
i N

i N

B col B t i N t

y col y t i N t

⋅ = = ∆

⋅ = = ∆

( ) ( ) ,

( ) ( ) .
i N

i N

B i B t t

y i y t t

= ∆

= ∆

2
( ) ( ) min

x
B x y⋅ − ⋅ →

yx P B v P Pv+ += + −

1

1

( ) ( ) ( ) ( ) ,

( ) ( ) ( ) ( ) .

N
T T

i i N
i

N
T T

y i i N
i

P B B B t B t t

B B y B t y t t

=

=

= ⋅ ⋅ = ∆

= ⋅ ⋅ = ∆

∑

∑

2 2 0T
y yy B P Bε += − =

=

= ∆∑2

1

( ) ( )
N

T
i i N

i
y y t y t t

2 2

1

min ( )
x

N

i ix i
B t x y ε

∈Ω
=

− =∑

0 0

( ) ( ) , ( ) ( ) .
T T

T T
yP B t B t dt B B t y t dt= =∫ ∫

= ∫2

0

( ) ( )
T

Ty y t y t dt

For the other conditions by ratio (37) is defined 
the best root-mean-square approximation to 
solution (34) such, that

when matrix and vector functions  and   are known. 
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Pointing N→∞ from the system (34) we return 
to system (31), and from problem (37) to (32).  
It is easy to see, that the solution of the latter in 
this case is defined by ratio (38), in which now
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The accuracy and uniqueness of solution (38), 
as before, will be defined by values ε2 and det P, 
written with consideration (40), when
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Conclusions. Consequently, set and 
successfully resolved are complex mathematical 
problems of pseudo-inversion of linearly 
transformative systems with vector inputs-
outputs. These which systems: 1) discretely 
defined input signal turn into both static and 
dynamic output; 2) dynamic vector input 
integrate into static output.

Mathematical researches conducted in this 
paper permit according to the known output 
signal to renew input vector (vector-function), if 
transformer’s structure allows doing it.
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Otherwise, root-mean-square approximation 

to input signal restores. Obtained mathematical 
results are quite universal and successfully solve 
the problem of pseudo-inversion of considered 
systems either in the case of transformer’s 
uniqueness or in the case of its multiple-integrated 
character.

Regardless of the transformer’s structure and its 
multiply-combining properties, in this paper’s rep-
resentation of pseudo-inversions sets are constructed, 
considering each of transformers, which is accom-
plished by the convenient checking conditions of accu-
racy and uniqueness of the latter. It’s quite general and 
successfully used in engineering-constructive projects.
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ПРО НОВІ МАТЕМАТИЧНІ РЕЗУЛЬТАТИ  
ПО ДОСЛІДЖЕННЮ ЛІНІЙНО ПЕРЕТВОРЮЮЧИХ СИСТЕМ

Анотація
Ставиться та розв’язується проблема побудови та дослідження множини розв'язків (якщо вони є), 
або середньоквадратичних наближень до них для систем лінійних алгебраїчних рівнянь. Отримані 
математичні результати по псевдооберненню цих класично відомих алгебраїчних систем поширюються 
на лінійно інтегруючі та функціонально перетворюючі системи. Виконана оцінка точності отриманих 
в роботі аналітичних залежностей псевдообернень цих трьох важливих для практики дискретних 
та дискретно-неперервних перетворювачів. Сформульовані умови однозначності побудованих таким 
чином псевдорозв’язків. Форма розв’язку розглядуваних задач досить проста і зручна для практичної 
реалізації. 
Ключові слова: псевдоінверсія, лінійні алгебраїчні системи, лінійні інтегральні системи, лінійні 
функціонально перетворюючі системи, середньоквадратична апроксимація.
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О НОВЫХ МАТЕМАТИЧЕСКИХ РЕЗУЛЬТАТАХ  
ПО ИССЛЕДОВАНИЮ ЛИНЕЙНО ПРЕОБРАЗУЮЩИХ СИСТЕМ

Аннотация
Ставится и решается проблема построения и исследования множеств решений (если они есть), или 
среднеквадратических приближений к ним для систем линейных алгебраических уравнений. Полу-
ченные математические результаты по псевдообращению этих классически известных алгебраических 
систем расспространяються на линейно интегрирующие и функционально преобразующие системы. 
Выполнена оценка точности полученных в роботе аналитических зависимостей псевдообращений этих 
трех важных для практики дискретных и дискретно-непрерывных преобразователей. Сформулирова-
ны условия однозначности построенных таким образом псевдорешений. Форма решения рассматрива-
емых задач достаточно проста и удобна для практической реализации. 
Ключевые слова: псевдоинверсия, линейные алгебраїческие системы, линейные интегральные систе-
мы, линейные функционально преобразующие системы, среднеквадратическая аппроксимация.


