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ABSTRACT. We will use Geroch-Held-Penrose
formalism for decoupling of quantity dΨ4, which is
responsible for tensorial perturbations, in Bianchi
equations. We will concentrate on the case, where we
eliminate the source terms.
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1. Introduction

Our goal is to use the Geroch-Held-Penrose
formalism (GHP - formalism) in reformulation of per-
turbations of Friedman-Lemaitre-Robertson-Walker
spacetime (FLRW ST). GHP - formalism (a more
compact version of NP - formalism) is a convenient
formalism, because it allows us to work with partial
differential equations of the first order. The scalar and
tensor perturbations are for us the most interesting
because of the origin of structure. I will show, how
to apply the GHP-formalism for decoupling of the
quantity dψ4 in Bianchi equation. These calculations
are done for the case of the simplified right-hand side
(RHS without sources).

2. NP-formalism

NP- and GHP-formalisms are mathematical ap-
proaches which help us, for example, in perturbation
theory to simplify calculations in standard General Rel-
ativity. We decompose the metric with respect to the
null tetrad and then we project all quantities on this
tetrad (in the NP-formalism). The basic quantities are
spin-coefficients - projections of the derivatives of the
null tetrad, then projections of the Ricci tensor and al-
ready mentioned Weyl scalars. We could then rewrite
the Einstein’s equations by the 18 Ricci, 8+3 Bianchi
and 4 commutation equations, which are only first or-
der PDE’s, when we define new derivatives in the di-
rection of the tetrad (D,∆, δ, δ). Let us to introduce,

Table 1: Spin coefficients
α = 1

2 (S214 + S344) ν = S242 τ = S312

β = 1
2 (S213 + S343) κ = S311 σ = S313

γ = 1
2 (S212 + S342) π = S241 µ = S243

ε = 1
2 (S211 + S341) ρ = S314 λ = S244

for illustration, the basic quantities and equations now:
we will denote the 12 spin coefficients by Sijk (stan-

dard notation is with γ), where the three indices mean,
which element of the tetrad we are using (where the
null tetrad is defined in standard way), Table 1.

For example:

ρ = mµlµ;νm
ν

Projections of the Ricci tensor (we will omit the
brackets by tetrad indices in this part of thesis):

Φ(i)(j), i, j = 0, 1, 2, 3,

Φ(0)(0) = −1

2
Rµν l

µlν

So, let’s define the projections of the Ricci tensor by
the following notation, [1]:

Φ00 = −1

2
R11,Φ01 = −1

2
R13,Φ10 = −1

2
R14,

Φ12 = −1

2
R23,Φ21 = −1

2
R24,Φ22 = −1

2
R22,

Φ11 = −1

4
(R12 +R34),Λ =

1

12
(R12 −R34),

Φ02 = −1

2
R33,Φ20 = −1

2
R44. (1)

Weyl scalars (5 in dimension 4):

Ψi, i = 0, 1, 2, 3, 4 (2)
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Ψ0 = lµmν lρmσCµνρσ,

Ψ1 = lµnν lρmσCµνρσ,

Ψ2 = lµmνmρnσCµνρσ,

Ψ3 = nµlνnρmσCµνρσ,

Ψ4 = nµmνnρmσCµνρσ. (3)

Now we present one Ricci, one Bianchi and one com-
mutation relation:

Ricci identities (18 equations)

Dρ−δ∗κ−ρ2−σσ−ρε−ρε+κτ+(3α+β−π)κ = Φ00,
(4)

Bianchi identities (11 equations)

− δ∗Ψ0 +DΨ1 + (4α− π)Ψ0 − 2(2ρ+ ε)Ψ1 =

δΦ00 − 3κΨ2 −DΦ01 + 2(ε+ ρ)Φ01 − κΦ02+

+ (π − 2α− 2β)Φ00 + 2σΦ10 − 2κΦ11, (5)

Commutation relations (4 equations):

∆D−D∆ = (γ+γ)D+(ε+ε)∆−(τ+π)δ−(τ+π)δ. (6)

We can rotate the tetrad and we can get a transfor-
mation property of these quantities. However, there ex-
ists also a more compact version of the NP-formalism,
so called GHP-formalism. One makes the following re-
definitions of the derivative operators:

þ = D − pε− qε, (7)

þ
′

= ∆− pγ − qγ, (8)

ð = δ − pβ − qα, (9)

ð
′

= δ − pβ − qα. (10)

We have 4 different operators and two, so called,
dualities in dimension 4 (star - duality, (p, q)→ (p,−q),
is for exchange of the vector l andm, the prime duality,

Table 2: Relations among projections of Ricci tensor
Φ′00 = Φ22 Φ′11 = Φ11 Φ′10 = Φ12 Φ′02 = Φ20

Φ′00 = Φ02 Φ′01 = −Φ01 Φ∗10 = Φ12 Φ∗11 = −Φ11

Φ∗22 = Φ20 Φ∗12 = Φ10 Φ∗02 = Φ00 Φ∗20 = −Φ22

Λ′ = Λ Φ∗21 = −Φ21 Λ∗ = −Λ

Table 3: GHP-type
Φ00 : (2, 2) Φ01 : (2, 0) Φ10 : (0, 2)
Φ11 : (0, 0) Φ22 : (−2,−2) Φ12 : (0,−2)
Φ21 : (−2, 0) Φ20 : (−2, 2) Φ02 : (2,−2)
Λ : (0, 0)

(p, q) → (−p,−q), for the exchange of the l and n; we
could not use both dualities in HD, because we have
odd dimensions)

Ση, Σ =
{

þ, þ
′
,ð,ð

′
}
, (11)

where Σ is an operator acting on a quantity η.
But we need the notion of the GHP scalars when we

make the following transformations:

lν → λ−1lν , (12)

nµ → λnµ, (13)

mρ 7→ eiθmρ. (14)

We say that a quantity η is a GHP-scalar of type
(p, q), if it transforms like (analogical definition for

the case of higher dimensions is in [2]):

η → λ(p+q)/2ei(p−q)θ/2η. (15)

We will use the star and prime duality in a standard
way, [1]. We see the relations among perturbations of
Ricci tensor in Table 2.

And the types for these quantities are in Table 3.

3.Computations

Now we will apply the GHP-formalism in perturba-
tion theory of FLRW ST. It will be done, of course,
in classical manner. However, we obtain a new result
with this formalism.

Reference [3] will be of great importance for us,
where the following fact can be found: the only non-
vanishing spin coefficients for the case of FLRW are α,
β, γ, µ and ρ. These are the same non-zero spin co-
efficients as for the case of the Schwarzschild solution.
This fact can be employed in the analysis of unper-
turbed equations. This means that we can get rid of
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many terms in the resulting equations. We get rid of
α, β, γ and ε because they are absorbed into þ and
ð (þ

′
and ð′

). Together there are 12 spin coefficients,
thus there remain yet 8 more: τ , σ, κ, µ, ρ, λ, π and
ν ;

The course of action will be now the following. We
will write the general Bianchi equations for the case of
FLRW ST with sources. We will show our result for
the special case of simplified right-hand side.

We have the following 2 equations in GHP formalism
for the case of FLRW ST. We have 8 equations in stan-
dard NP-formalism, but this formalism is even more
efficient. (We stress once again that we have sources
on the right hand side of the equations contrary to the
Schwarzschild ST.) The equations read

þΨ1 − ð′Ψ0 + τ ′Ψ0 − 4ρΨ1 + 3κΨ2 = þΦ01 − ðΦ00−
−πΦ00 − 2ρΦ01 + κΦ02 + 2κΦ11 − 2σΦ10,

(16)

þΨ2 − ð′Ψ1 − σ′Ψ0 + 2τ ′Ψ1 − 3ρΨ2 + 2κΨ3 =

þ′Φ00 − ð′Φ01 − ρ′Φ00 + 2τΦ01 − 2ρΦ11−
−σΦ∗00 + 2τΦ10 + 2þΛ, (17)

where we defined the NP components of the Weyl ten-
sor in the standard way.

The Ψ0 and Ψ4 are connected with the tensor per-
turbations, Ψ1 and Ψ3 are connected with the vector
perturbations and Ψ2 is connected with the scalar per-
turbations according to the [3] 1. 2

Now we will follow the approach presented in [4].
The difference, as we already mentioned, is that we
have sources on the RHS. However, we can make the
same steps: we will take the first equation and we will
apply operator ð, we make the star duality and we add
the first and this modified equation. Then we plug
from the Ricci identities, we eliminate some of these
combinations of spin coefficients (we make also prime
and star dualities of these Ricci identities ) and we
arrive at the following result (the second equation could
be obtained in a similar way).

1 We can use their boost weights like an argument.
2In the case of non-zero sources we have also other two equa-

tions:

− [þ′ − 2τ∗ + π∗]Φ01 + [−þ − 2τ∗ + π∗]Φ12+

[ð− 2(ρ∗ + ρ∗]Φ11 − [−ð′ + µ∗ + µ∗]Φ02+

σ∗Φ∗02 + σ∗Φ∗20 − κ∗Φ∗12 − κ∗Φ∗21 + 3ðΛ = 0, (18)

[ð− 2τ + 2π∗]Φ11 − 3ðΛ + [−þ + 2ρ+ ρ]Φ12+

[−þ′ − 2µ− µ]Φ01 + [ð′ − τ∗ + π]Φ02

− κΦ22 + νΦ00 + σΦ21 − λΦ10 = 0. (19)

[þ′þ− ð′ð− (4ρ′ + ρ′) þ− ρþ′ + (4τ ′ + τ)ð+

τð′ + 4ρρ′ − 4ττ ′ − 2Ψ2 + 2Λ]Ψ4+

[4þκ′ − 4ðσ′ − 4 (ρ− 2ρ)κ′+

4 (τ − 2τ)σ′ + 10Ψ3]Ψ3+[
−4σ′þ′ + 4κ′ð′ − 12κ′τ ′ + 12ρ′σ′ − 3Ψ0

]
Ψ2 = 0.

(20)

This equation contains information from both (16)
and (17). It is interesting that for this case of FLRW
spacetimes, we have cancellations of all extra terms in
front of Ψ2 and Ψ3. The terms in the brackets in front
of Ψ2 and Ψ3 are exactly the same (except of one term
3Ψ0Ψ2) as for the case of the Schwarzschild spacetime.
This means that when we will make perturbations of
these equations, the second and third term disappear.
So, we obtain a decoupling of the quantity dΨ4.

This is other new information, when we compare it
with [3]. Here we were interested in equations without
sources, i.e. when we put just delta-function on the
RHS. But in later work we could be interested in
the same problem but with sources, as was already
suggested in this article. It is an advantage to write
all sources in one compact form.

4. Conclusion

I have been studying perturbation theory of FLRW
ST in GHP formalism. We obtained a new interesting
observation, which could be used for other research in
the realm of Cosmological Perturbation Theory.
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