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ABSTRACT. For some parametrizations of the
dark energy equation of state that varies in time
there is transition from quintessence to phantom or
vice versa at a certain redshift. Quintom � the 2-�eld
model with 2 canonical kinetic terms (one with the
�+� sign for quintessence and one with the �-� sign
for phantom) and a potential U(ϕ, ξ) in Lagrangian
� is one of the most popular scalar �eld models
allowing for such behavior. We generalize quintom
to include the tachyonic kinetic term along with
the classical one. For such a model we obtain the
expressions for energy density and pressure. For the
spatially �at, homogeneous and isotropic Universe
with Friedmann-Robertson-Walker metric of 4-space
we derive the equations of motion for the �elds. We
discuss in detail the reconstruction of the scalar �elds
potential U(ϕ, ξ). Such a reconstruction cannot be
done unambiguously, so we consider 3 simplest forms
of U(ϕ, ξ): the product of Φ(ϕ) and Ξ(ξ), the sum of
Φ(ϕ) and Ξ(ξ) and the sum of Φ(ϕ) and Ξ(ξ) to the κth
power. The second additional assumption that should
be made is about the dependence of either kinetic
term Xϕ or Xξ on the scale factor a. For each case we
obtain the reconstructed potentials in the parametric
form. If it is possible to invert dependences of the
�elds ϕ and ξ on the scale factor a and obtain the
analytical expressions for a(ϕ) and a(ξ) then we can
�nd the potentials U(ϕ, ξ) in explicit form. From the
obtained explicit expressions it is clear that they are
not suitable for practical use for the multicomponent
cosmological models with realistic parametrizations of
the dark energy equation of state crossing −1. On the
other hand, the parametric dependences which de�ne
the potential U(ϕ, ξ) are suitable for multicomponent
cosmological models and all parametrizations of the
dark energy equation of state.
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ÀÁÑÒÐÀÊÒ. Äëÿ ðÿäó ïàðàìåòðèçàöié ðiâíÿííÿ
ñòàíó òåìíî¨ åíåðãi¨, ùî çìiíþ¹òüñÿ ç ÷àñîì,
íà äåÿêîìó ÷åðâîíîìó çìiùåííi ¹ ìîæëèâèì
ïåðåõiä âiä êâiíòåñåíöi¨ äî ôàíòîìà àáî íàâïàêè.
Êâiíòîì � 2-ïîëüîâà ìîäåëü ç 2 êàíîíi÷íèìè

êiíåòè÷íèìè ÷ëåíàìè (îäèí çi çíàêîì �+� äëÿ
êâiíòåñåíöi¨ òà îäèí çi çíàêîì �-� äëÿ ôàíòîìà)
òà ïîòåíöiàë U(ϕ, ξ) â ëàãðàíæiàíi � ¹ îäíi¹þ
ç íàéïîïóëÿðíiøèõ ñêàëÿðíî-ïîëüîâèõ ìîäåëåé,
ùî äîçâîëÿþòü òàêó ïîâåäiíêó. Ìè ïðîïîíó¹ìî
óçàãàëüíåííÿ êâiíòîìà, ùî âêëþ÷à¹ òàõiîííèé
êiíåòè÷íèé ÷ëåí ïîðÿä ç êëàñè÷íèì. Äëÿ òàêî¨
ìîäåëi ìè îòðèìó¹ìî âèðàçè äëÿ ãóñòèíè åíåðãi¨
òà òèñêó òåìíî¨ åíåðãi¨. Äëÿ ïðîñòîðîâî ïëîñêîãî
îäíîðiäíîãî içîòðîïíîãî Âñåñâiòó ç ìåòðèêîþ
4-ïðîñòîðó Ôðiäìàíà-Ðîáåðòñîíà-Óîêåðà ìè
âèâîäèìî ðiâíÿííÿ ðóõó äëÿ ïîëiâ. Ìè äåòàëüíî
îáãîâîðþ¹ìî ðåêîíñòðóêöiþ ïîòåíöiàëó ñêàëÿðíèõ
ïîëiâ U(ϕ, ξ). Òàêà ðåêîíñòðóêöiÿ íå ìîæå áóòè
çðîáëåíà îäíîçíà÷íî, îòæå, ìè ðîçãëÿäà¹ìî 3
íàéïðîñòiøi ôîðìè U(ϕ, ξ): äîáóòîê Φ(ϕ) òà Ξ(ξ),
ñóìà Φ(ϕ) òà Ξ(ξ) òà ñóìà Φ(ϕ) òà Ξ(ξ) ó ñòåïåíi
κ. Äðóãå äîäàòêîâå ïðèïóùåííÿ, ÿêå íåîáõiäíî
çðîáèòè, ñòîñó¹òüñÿ çàëåæíîñòi êiíåòè÷íîãî ÷ëåíà
Xϕ àáîXξ âiä ìàñøòàáíîãî ìíîæíèêà a. Äëÿ êîæíî¨
ç êîìáiíàöié öèõ 2 ïðèïóùåíü ìè îòðèìó¹ìî
ðåêîíñòðóéîâàíi ïîòåíöiàëè â ïàðàìåòðè÷íié
ôîðìi. Â òèõ âèïàäêàõ, êîëè ìîæëèâî îáåðíóòè
çàëåæíîñòi ïîëiâ ϕ òà ξ âiä ìàñøòàáíîãî ìíîæíèêà
a òà îòðèìàòè àíàëiòè÷íi âèðàçè äëÿ a(ϕ) òà a(ξ),
ìè ìîæåìî çíàéòè ïîòåíöiàëè U(ϕ, ξ) â ÿâíié
ôîðìi. Ç îòðèìàíèõ ÿâíèõ âèðàçiâ î÷åâèäíî, ùî
âîíè íå ïiäõîäÿòü äëÿ ïðàêòè÷íîãî âèêîðèñòàííÿ
äëÿ áàãàòîêîìïîíåíòíèõ êîñìîëîãi÷íèõ ìîäåëåé
ç ðåàëiñòè÷íèìè ïàðàìåòðèçàöiÿìè ðiâíÿííÿ
ñòàíó òåìíî¨ åíåðãi¨, ùî ïåðåõîäÿòü ÷åðåç −1.
Ç iíøîãî áîêó, ïàðàìåòðè÷íi çàëåæíîñòi, ùî
âèçíà÷àþòü ïîòåíöiàë U(ϕ, ξ), ¹ ïðèäàòíèìè äëÿ
áàãàòîêîìïîíåíòíèõ êîñìîëîãi÷íèõ ìîäåëåé òà âñiõ
ïàðàìåòðèçàöié ðiâíÿííÿ ñòàíó òåìíî¨ åíåðãi¨.

Êëþ÷îâi ñëîâà: Êîñìîëîãiÿ: òåìíà åíåðãiÿ.

1. Introduction

20 years ago the accelerated expansion of the Uni-
verse was discovered. The cosmological constant in Ein-
stein equations (equation of state parameter w = −1)
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is the simplest explanation of it. The dark energy in
form of a scalar �eld is the most popular alternative to
Λ. Its equation of state parameter can either be con-
stant or vary in time. Dark energy with w > −1 is
called quintessence, with w < −1 � phantom. For sev-
eral widely used parametrizations of w(z), e.g. Cheval-
lier & Polarski (2001) and Linder (2003) (CPL), Ko-
matsu et al. (2009) (WMAP5), at a certain redshift
there is transition from quintessence to phantom or
vice versa. Such behavior is forbidden for a single min-
imally coupled scalar �eld, as it was shown for the �rst
time by Vikman A. (2005) (see also Easson D.A. &
Vikman A. (2016)). However, crossing of the phantom
divide is possible in the cases of kinetic gravity braid-
ing (De�ayet C. et al. (2010)), sound speed vanishing in
phantom domain (Creminelli P. et al. (2009)) or non-
minimal couplings (Amendola L. (2000), Pettorino V.
& Baccigalupi C. (2008)).
The most popular scalar �eld model allowing for

w = −1 crossing is quintom proposed by Feng B. et al.
(2005). It is the 2-�eld model with 2 canonical kinetic
terms � one with the �+� sign for quintessence and one
with the �-� sign for phantom � and a potential U(ϕ, ξ)
in Lagrangian.
Quintom can be generalized to include a non-

canonical kinetic term. The simplest physically
motivated Lagrangian with the non-canonical kinetic
term is the tachyon one. So, we propose the 2-�eld
model of dark energy with classical and tachyonic
kinetic terms.

2. 2-�eld model with classical and tachyonic

kinetic terms

We consider the spatially �at, homogeneous and
isotropic Universe with Friedmann-Robertson-Walker
(FRW) metric of 4-space

ds2 = gijdx
idxj = a2(η)(dη2 − δαβdx

αdxβ) (1)

(here i, j = 0, 1, 2, 3, α, β = 1, 2, 3, a is the scale fac-
tor, η is the conformal time and c = 1). The Universe
is �lled with relativistic (radiation, neutrinos), non-
relativistic (baryons, dark matter) matter and dark en-
ergy. The latter is modeled by 2 scalar �elds with the
Lagrangian:

L = −Xϕ − U(ϕ, ξ)
√

1 − 2Xξ, (2)

where

Xϕ =
1

2
ϕ,iϕ

,i =
ϕ̇2

2
,

Xξ =
1

2
ξ,iξ

,i =
ξ̇2

2

are the kinetic terms. This Lagrangian is classical
(Klein-Gordon) with respect to the �eld ϕ which cor-
responds to phantom and tachyon (Dirac-Born-Infeld)

with respect to the �eld ξ which corresponds to
quintessence.
The energy density and pressure for such a model

are as follows:

ρde = −Xϕ +
U(ϕ, ξ)√
1 − 2Xξ

, (3)

pde = −Xϕ − U(ϕ, ξ)
√

1 − 2Xξ. (4)

The dark energy equation of state (EoS) parameter is
de�ned as w(a) = pde/ρde.
For the metric (1) the Lagrangian (2) yields the fol-

lowing equations of motion:

ϕ̈+ 2aHϕ̇− ∂U

∂ϕ
a2

√
1 − ξ̇2

a2
= 0, (5)

ξ̈ + 2aHξ̇ − 3aHξ̇
ξ̇2

a2

+
1

U

(
∂U

∂ϕ
ϕ̇ξ̇ + a2

∂U

∂ξ

)(
1 − ξ̇2

a2

)
= 0. (6)

Here a dot denotes the derivative with respect to η and
H ≡ ȧ/a is the Hubble parameter.
From (3)-(4) it is clear that reconstruction of the

potential U(ϕ, ξ) cannot be done unambiguously and
requires additional assumptions. First of all, we should
choose a form of U(ϕ, ξ). We restrict our consideration
to 3 simplest ansatzes from Andrianov et al. (2008):

• U(ϕ, ξ) = Φ(ϕ)Ξ(ξ),

• U(ϕ, ξ) = Φ(ϕ) + Ξ(ξ) and

• U(ϕ, ξ) = [Φ(ϕ) + Ξ(ξ)]κ, κ = const.

Secondly, we should assume either Xϕ or Xξ to be a
known function of the scale factor. Then for Xξ = α(a)
we get:

U(a) =
1

2

1 − w

1 − α

√
1 − 2αρ, (7)

Xϕ(a) = −1

2

1 − 2α+ w

1 − α
ρ (8)

and for Xϕ = β(a):

U(a) =
√

−(ρw + β)(ρ+ β), (9)

Xξ(a) =
1

2

ρ(1 + w) + 2β

ρ+ β
. (10)

Dependences of the �elds ϕ and ξ on the scale factor a
are determined from Xξ = α and (8):

ξ(a) = ±
∫

da

aH

√
2α, (11)

ϕ(a) = ±
∫

da

aH

√
−1

2

1 − 2α+ w

1 − α
ρ (12)
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or Xϕ = β and (10):

ϕ(a) = ±
∫

da

aH

√
2β, (13)

ξ(a) = ±
∫

da

aH

√
1

2

ρ(1 + w) + 2β

ρ+ β
. (14)

These expressions together with either (7) or (9)
de�ne U(ϕ) in the parametric form. This allows us
to reconstruct the potential even if the integrals in
(11)-(14) cannot be solved analytically.

3. Reconstructed potentials in an explicit

form

If it is possible to invert the analytical dependences
(11)-(12) or (13)-(14) then we can obtain the ex-
plicit expressions for potentials (as it has been done
for single-�eld models in e.g. Sergijenko & Novosyad-
lyj (2008), Novosyadlyj & Sergijenko (2009)). For
U(ϕ, ξ) = Φ(ϕ)Ξ(ξ), Xξ = α the potential is recon-
structed as:

U(ϕ, ξ) = exp

{
±
∫
dϕ

[
1

a

√
− (1 − α)(1 − 2α+ w)

ρ

× 1

(1 − w)(1 − 1 − 2α)

(
ẇ − 2α̇

1 − 2α+ w
+

α̇

1 − α

+3aH(1 − w))] (a(ϕ)) ∓
∫
dξ

[
1

a

√
2α

1 − 2α

(
1

2

α̇

α

+
α̇

1 − α

1 − 2α+ w

1 − w
+
ẇ − 2α̇

1 − w
+3aH(2 − 4α+ w))] (a(ξ))} ,

for U(ϕ, ξ) = Φ(ϕ)Ξ(ξ), Xϕ = β it is as follows:

U(ϕ, ξ) = exp

{
±
∫
dϕ

[
1

a

√
2β

ρw + β

(
3aH +

1

2

β̇

β

)]

×(a(ϕ)) ±
∫
dξ

[
1

2a

√
(ρ(1 + w) + 2β)(ρ+ β)

ρw + β

×

(
ρ(ẇ − 3aH(1 + w)2) + 2β̇

ρ(1 + w) + 2β

+3
aH(1 − w)ρ− 6aHβ − β̇

ρ+ β

)]
(a(ξ))

}
.

For U(ϕ, ξ) = Φ(ϕ) + Ξ(ξ), Xξ = α we get:

U(ϕ, ξ) = ±
∫
dϕ

[
1

2a

√
− 1 − 2α+ w

(1 − α)(1 − 2α)
ρ

×
(

ẇ − 2α̇

1 − 2α+ w
+

α̇

1 − α
+ 3aH(1 − w)

)]
(a(ϕ))

∓
∫
dξ

[
1

2a

√
2α

1 − 2α

1 − w

1 − α
ρ

(
1

2

α̇

α
+

α̇

1 − α

×1 − 2α+ w

1 − w
+
ẇ − 2α̇

1 − w
+ 3aH

×(2 − 4α+ w))] (a(ξ)),

while for U(ϕ, ξ) = Φ(ϕ) + Ξ(ξ), Xϕ = β:

U(ϕ, ξ) = ±
∫
dϕ

[
1

a

√
2β

√
− ρ+ β

ρw + β
(3aH

+
1

2

β̇

β

)]
(a(ϕ)) ±

∫
dξ

[
1

2a

√
−ρ(1 + w) + 2β

ρw + β

×(ρ+ β)

(
ρ(ẇ − 3aH(1 + w)2) + 2β̇

ρ(1 + w) + 2β

+3
aH(1 − w)ρ− 6aHβ − β̇

ρ+ β

)]
(a(ξ)).

In the case of U(ϕ, ξ) = [Φ(ϕ) + Ξ(ξ)]κ, κ =
const, Xξ = α the potential reads:

U(ϕ, ξ) =
1

(2κ)κ

{
±
∫
dϕ

[
1

a

√
−(1 − 2α+ w)ρ

1
κ− 1

2

×(1 − w)
1−κ
κ (1 − α)

1
2−

1
κ (1 − 2α)

1
2κ−1

(
ẇ − 2α̇

1 − 2α+ w

+
α̇

1 − α
+ 3aH(1 − w)

)]
(a(ϕ)) ∓

∫
dξ

[
1

a

√
2α

×(1 − 2α)
1
2κ−1

(
1 − w

1 − α
ρ

) 1
κ
(

1

2

α̇

α
+

α̇

1 − α

×1 − 2α+ w

1 − w
+
ẇ − 2α̇

1 − w
+ 3aH(2 − 4α+ w)

)]
×(a(ξ))}

and U(ϕ, ξ) = [Φ(ϕ) + Ξ(ξ)]κ, κ = const, Xϕ = β
yields:

U(ϕ, ξ) =
1

κκ

{
±
∫
dϕ

[
1

a

√
2β(ρ+ β)

1
2κ

×(−(ρw + β))
1
2κ−1

(
3aH +

1

2

β̇

β

)]
(a(ϕ))

∓
∫
dξ

[
1

2a

√
ρ(1 + w) + 2β(ρ+ β)

κ+1
2κ

×(−(ρw + β))
1
2κ−1

(
ρ(ẇ − 3aH(1 + w)2) + 2β̇

ρ(1 + w) + 2β

+3
aH(1 − w)ρ− 6aHβ − β̇

ρ+ β

)]
(a(ξ))

}
.

It is clear that for the multicomponent cosmological
models with realistic parametrizations of the dark
energy EoS crossing −1 (CPL, WMAP5) these ex-
pressions are not suitable for practical use since even
for α = const or β = const the integrals cannot be
solved analytically. Thus, to reconstruct the potentials
for certain values of cosmological parameters and
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dependences w(a) and α(a) or β(a) we have to use the
parametric dependences (7), (11), (12) or (9), (13),
(14) which de�ne the potential U(ϕ, ξ).

4. Conclusion

In the reconstruction of potential of the proposed
2-�eld model of dark energy with classical and tachy-
onic kinetic terms there are 2 ambiguities requiring
additional assumptions: about the form of U(ϕ, ξ)
and about the dependence of a kinetic term on the
scale factor. The third ambiguity � a sign in front of
the integrals in (11)-(14) � is less important since the
potentials with �+� and �-� are symmetric with respect
to ϕ = 0 and ξ = 0. For 3 ansatzes for the form of
U(ϕ, ξ) we obtained the reconstructed potentials in
explicit form and in parametric one that is suitable
for multicomponent cosmological models and all
parametrizations of the dark energy equation of state.
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