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OCOBJMBOCTI PEAJI3ALIII MOMEHTHOI CXEMHA
CKIHYEHUX EJIEMEHTIB V1A BUBHAYEHHSA ITPYKHOI'O
CTAHY IMPOCTOPOBHUX TLJI CKJIATHOI ®OPMHA

Po3pobieHi  CHiBBiAHOLICHHS MOMEHTHOI CXEMH CKIHUYCHHX EJIEMEHTIB JUIl CKiHYCHHX
enemenTiB (CE) i3 3MiHHUMU TeOMETPHYHUMH i (I3UYHHMH IapaMeTpaMy i3 iHTerpyBaHHSIM B
3aMKHEHOMY BHUIIJI, IIO YyPaXOBYIOTb 3MIHHICTh KOMIIOHEHT METPUYHOIO TEH30pa B
nonepednoMy mepepizi CE, mo no3Boisie e(peKTHBHO OTPUMYBAaTH IOCTOBIpHI pe3ynbTaTu
OOYHCIICHHS TapaMeTpiB HaPYKeHO-e(OPMOBAHOTO CTaHy.

KimouoBi coBa: CKiHUEHHHI €IEMEHT, MOMEHTHA CXeMa, IPYXHil CTaH, IPOCTOPOBI Tila
CKJIaHOI (pOopMH.

BusHaueHHs1 HanpyXeHO-7e(OPMOBAHOTO CTaHy MPOCTOPOBUX Til1 B
NPYXXHIH  TIOCTAHOBII € HEBiJ'€MHUM €TaloM pO3B’si3aHHS  3a7a4
MPY)KHOIUIACTUYHOTO  JIepOPMYBaHHs, 3aJad IOB3Y4OCTI 1 MeEXaHiKd
KOHTHHYaJbHOIO pYHHYBaHHS Ta 3aJad MeEXaHiKM TpioMH (MeXaHiKu
JMCKpeTHOro pyliHyBaHHs). [Ipu 11boMy KOHQIrypamisi i CTPYKTypa peanbHUX
00’€KTIB MOXXYTh OYTH JIOCHTH CKJIQIHUMH, IIO YTPYIHIOE iX pO3paxyHOK Ha
ocHoBi MCE. VY Bumanky BHKOPHCTaHHS HalliBaHAJITUYHOIO METONY
ckinuenux enementiB (HMCE) ne nmpu3BoauTh 10 HEOOXiAHOCTI pO3IIISAY K
nmuTaHb, mo crocyotsest MCE, 30kpeMa mokpamieHHs JUCKPETHOTO MOAaHHS
rapameTpiB  HaNpyKeHO-Ie(OpMOBAHOTO CTaHy B MeXKax IONEepeyHOro
nepepizy ckinueHoro enemenra (CE), Ttak 1 cmenudiyHnX mHUTaHb,
nputamananx HMCE — BpaxyBaHHS  HEOJHODITHOCTI  HaIpY>KEHO-
nepopMoBaHOro craHy B  XapakTepPHOMY  HamNpsIMKy, 3a0e3redeHHs
MOJICTTIOBaHHS JIOBIJIbHUX YMOB 3aKpilUIeHHS Ha TOPLSX Tija 1 peamizamis
aITOPUTMIB, OpIEHTOBAaHMX Ha OCOOJIMBOCTI CTPYKTYpH CHCTEM DiBHSHb
HMCE.

Meroto ngaHoi poOOTHM € JOCHIUKEHHS e(EeKTUBHOCTI CKiHYEHO-
€JIEMEHTHUX CIIBBIJIHOIIEHb JUIi TapaMeTpiB HarpyXeHO-1e(hOpMOBAHOTO
crany B Mexax romnepeuHoro nepepizy CE ta edexTuBHOCTI 1 10CTOBipHOCTI
PO3B’sI3yBalIbHUX CITiBBiHONICH, MOMEHTHOI cxemu MCE B cromydeHHi 3
HMCE nns BU3Ha4YeHHS NPYKHOTO CTaHy MPOCTOPOBUX TiJl CKIaHOI popmH.

1. Buxinni cniBBiiHOIIEHHS Teopil NMPYKHOCTI 1JIs1 NPOCTOPOBHUX TiJI i3
3MIHHUMHM TIeOMeTPpUYHHUMH i ¢isuuHuMHM mnapaMmerpamu. PosrisHemo
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MIPOCTOPOBE TiJIO, IO YTBOPCHE PYXOM JIESKOI T€OMETPUIHOI (PIrypH CKIIAIHOT,
He 000B’S13KOBO OIHO3B’s13aHOI KOH(ITyparii, B3J0BX HE3aMKHEHOI HalPSIMHOL
y BurmsiAi yru koma (puc. 1,4) aGo Bizpiska npsmoi (puc. 1,6). Iinoma A(z”)
3rajiaHoi (Qirypy, 10 BH3HAYae IONEPEYHHN Iepepi3 Tiia, MOXE MOBUIBHO 1
HE3HaYHO 3MIHIOBATHCh B3JIOBX HANpsIMHOI i3 30epekeHHsIM IMOoi0HOCTI
¢opmu. Take 3MiHEHHS IUIOMII, IO MOXKe OYTH OOYMOBJIEHO, 30Kpema,
HEJIOCKOHAJIOCTSIMM  TEXHOJIOTIYHOI'O TMPOILIECY BUTOTOBJICHHS, CIIPHYHHSE
MOBUTRHE KIJIbKICHE 3MIHEHHS MapaMeTPiB HANPYKCHO-IC(OPMOBAHOTO CTAHY
JIOCITI/PKYBAHOTO O0°€KTY B3JOBX HAmNpsIMHOI 13 30epekeHHsIM  SIKiCHOI
KapTUHH iX posnofinieHHs. Di3uKo-MexaHiuHI XapaKTEPUCTUKU Marepiany
(30kpeMa MOAYJTH TPYXHOCTI Matepiany E) Takok mependadaroThes
3aJIeKHUMH BiJl TIPOCTOPOBUX KOOPJAWHAT, NPU LOMY iX 3MiHEHHS HOCUTBH
JIOKAIBHUH XapakTep, a BEIMYMHM 3MIHIOIOTHCS Ha JIEKiJIbKa IMOPSIKIB, IO
MoXe OyTh OOYMOBIIEHO HasBHICTIO HAOyTMX B TIIpOleci eKcIuryaTaiii
MaKpOCKOITIYHHX Je(eKTiB. Taxi 3MiHEHHS (i3MKO-MeXaHIYHHX
XapaKTEepPUCTUK TPHU3BOJATH /10 KOHIIEHTpamlii HalpyKeHb 1 CYTTEBUX 3MiH
SIKICHOI KapTHHH Ta KUIBKICHUX ITOKa3HWKIB HAMPYXCHO-IEPOPMOBAHOTO
crany. Ha Topusx Tijla MOXKyTh OyTH peaii3oBaHi pi3Hi THUIIM TPaHUYHHUX YMOB,
oo, 30KpeMa, OOYMOBJICHO HCOOXIJHICTIO MOJCIIOBAHHSA TpPIUH. Y
MOAAJIbIIOMY Taki 00’€KTH OyaeMo Ha3MBaTH HEOJHOPITHUMH KPYTOBHMH
(puc. 1,a) Ta HEOTHOPITHUMH PU3MATUYHUMH (pHC. 1,6) TidaMu i3 3MIHHUMH
TEOMETPUYHUMHU 1 (I3UYHMMHU TapaMeTpaMd 1 JOBUIBHUMH TPaHUYHUMHU
YMOBaMH.

npy HaABHOCTI 3aKpinneHb Ha Topuax

u'l 3+ € =0 ull 32 L =0
2 =2

a 3

Puc. 1. HeonHopinue kpyrose (a) i npu3amatuyse (6) TiIO i3 3MIHHEMY I'€OMETPUIHIMH i
(hi3FYHAME NapaMeTpamMyl i JOBITBHUME IPAaHHYHAMH YMOBAMU

OtpumManHs po3B’si3yBasibHUX criBBigHomeHb HMCE rpyHTyeThCs Ha
BapiauiitnoMy piBHsiHHI Jlarpamxa:
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SW—-564=0. (1.1)
VY Bunmanky mnpykHoro aedopMyBaHHS Bapiallisi eHeprii IpocTopoBOTro

Je(OPMIBHOTO TiJia 00’€MOM } BU3HAYA€ETHCS CITIBBITHOIICHHSIM:
— ijkl
3w =|[[ &, C"" 8¢, dV .
v

. ik .o -
ne g; i CY ! _ Tensopu neopMmartiii i NpyKHIX KOHCTAHT.

Bapiariis po60TH 06’eMHEX CH p’ Ta IOBEPXHEBMX HABAHTAKEHb ¢
pO3HOITEHUX  B3JOBXK YAaCTHMHM IIOBEPXHI Tima §, , OOYHCIIOETBCA 3a
(dhopmynoro:

— J JSTT
34=([[ p’8U ;dV+|[ ¢'8U ;ds ,
4 s,

q

Ae U; 1 U; — BIANOBIAHO NEPEMILICHHS TOYOK 00’€My Tijia i 4acTUHU HOro

TIOBEPXHi S, 3aBaHTAXKEHOI 30BHIIIHIMU HaBaHTAXKEHHAMH. [4].
Jlns mociipkeHHst polieciB AeOpMyBaHHS 3a3HAUSHUX TPUBUMIPHHX TiJT

JOUMBHO BHKODHCTOBYBATH TaKi CHCTEMH KOODIHMHAT: Gasucny z' (B
PO3IIISAYBAHUX BHIIAJKAX: IWJIIHAPUYHY — JUISi HEOJHOPIIHUX KPYrOBUX TiJ
a0o0 JICKapTOBY — JUI HEOAHOPITHUX MPU3MATHYHUX TiT), KA € HE3MIHHOIO i
Npu3HaueHa Juisl 3aBJaHHs BuXigHoi iHQopmauii mpo reomerpito 00’ekTa,

30BHIIIHI BIUTMBH Ta rpanmuni ymoBu (oci z' Ta z” GasucHOI chcTeMH
KOODIMHAT PO3TAIIOBAHI B IUIOMIMHI MOMEPEYHOro NEPETHHY Tila, a Bich z°

Opi€HTOBaHa B3JIOBXX HAIPSIMHOI); Micyegy KPUBOMIIHINHHY CUCTEMY KOOPIMHAT

x', IPHPOJIHO MOB’sA3aHy 3 TEOMETPIEI0 JOCIIPKYBAHOr0 06’ ekTa. [Ipu 1bomMy

HATIPSIMKH OCeil x° 1 z° 36iraroThes.

Bynemo BBakaT, 10 B KOXKHIH TOYII TiJia BiJIOMi KOMIIOHEHTH TE€H30pa
N

2 J2

cucTeMaMu KoopauHar [4]:

MIEPEeTBOPEHHSI z' ;, IO BU3HA4Ya€e 3B’SI30K MDK MICIEBOIO Ta O0a3HCHOIO

1l

1
f}=22,» 25=24,=0. (1.2)

Tyr i B momampmioMy BCi iHIOEKCH, TO3HAa4YeHI TpelbKUMH OyKBaMmwu,
HaOyBaTUMYTh 3Ha4YeHHS 1, 2, a MO3HAUeHI JJATUHCHKUMU — 1, 2, 3.

KoMMoHeHTH MeTpHYHOro TeH3o0pa g,, B MICLEBill cucTemi KoopaMHAT
M0IaMO 4epe3 KOMIIOHEHTH METPHYHOr0 TeH30pa 0a3MCHOI CUCTEMHM 3TiHO 3
(dhopmyoro:
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S =zfmz;/;,gl.,j, . (1.3)

3 ypaxyBanusMm (2.2), gaB:sz’}g, JUIT HE3aMKHEHUX KPYTOBHX TiJl

2 2 2
, 2 ) ,
g33:(z33) (z ) ,a):[J'IHHpI/IBMaTI/I‘IHI/IXTIJ'I—g33=(233) .
CriBBiIHOIICHHS JUIs BHU3HAYCHHS KOMIIOHEHT Ieopmaiiii g; wepes

nepeMillleHHs #; B MiClIeBilf cCTeMi KoopauHaT [4]:

Ou, Ou;
g, =i S TR, Tk (1.4)
P72l 00 ox ij
oz
e F i =X ,,z z F , ,+x1},zm Wf — cumBonu Kpicrogenst apyroro pony,
z

— s'
U =UgZy .
[Micns migcTaHOBKHU 1BOX ocTaHHIX Gopmyn B (1.2) B (1.4), 3Baxaroun, 1o
sk _gs' N - . . .
2} -X; =8} , ONEPXKUMO 3araibHuil BUpa3 s Aeopmaliii y micuesiit cuctemi
KOOpJIMHAT Yepe3 MepeMillieHHs B Oa3nCHIN:
1 I r m' _n'l'
&j =7 ullz’/+u1 zp | —owpzy Z (1.5)
3 ypaxyBaHHSAM HEHYJhOBHX 3HaueHb cuMBONIB Kpicrodems y
MW HAPUYHIN 0a3UCHIN CUCTEMI KOOPIUHAT
DI N A |
, T3y =T = —

22

.
OTpUMAEMO:
1 8
SOLB :E( Vo ﬁ+u8 BZ )

1 3 2! .
8a3—2(u3, z3+u, 32 2u3,z 23/2 ), (1.6)
3 33 2
€33 =Uy 323Uy Z3Z 32
VY nekaproBiii 0a3WCHIN cuCTeMi KOOpPAWHAT IOPIBHIOIOTH HYJIO BCi
cumBon Kpicroderns, Tomy ¢popmyna (1.5) maTiMe BUIIISIA:

1 I r
& =5(“1',i2,j +up ;z; ) . (1.7)
®i3uyHi KOMIIOHEHTH TeH30piB AeopMauiil €, Ta NPYKHUX KOHCTAHT

C'™ pusnauaroThCS CIIIBBITHOIIEHHAMU:
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. € ot
&y =———> C" =C" g8 8unu) - (1.8)
V&8

HpI/I BUKOPUCTAHH1 (1)13I/I‘IHI/IX KOMIIOHCHT TCH30p1B z[eq)opMaum €y 1

npyxnnx koucrant C

OTpUMAEMO:

JuIs Bapiamii eHeprii HpyXHOro JIeopMyBaHHS

sw=|[[gy C™ 88, dv (1.9)
vV

IMpn ommci mnpouecy nepopMyBaHHS TepeadadaeTbCs, IO NPYXKHI

nedopmarii € Magumu. HampykeHHs ©Y BU3HAYAIOTHCSA Yepe3 KOMITOHEHTH
TEH30pa MPYKHUX JeopMariil BiMOBITHO IO y3arajbHEHOro 3akoHy I'yka

[4]:
Gi/:Ci/klgilz[ M(g_/lgik+gilg./k )+X g g J &), (1.10)

_ Ev _F
h= a—2v(+v)’ H 20

gepes koedimient Ilyaccoma v=v(z',T) i Momymb TpyKHOCTI MaTepiamy
(monyns ¥Owra) E=E(Z",T).
®i3u4HI KOMIIOHEHTH TEH30PY HAMIPYXXEHb JI0PiBHIOIOTH;

Gi—gl [ 2l - (1.11)

Bapiauiitne piBHSHHS B TepMiHax (i3MYHMX KOMIIOHEHT TEH30piB
nedopmariii (1.9) n03BOJsIE MPOBOANUTH YIS OMKC MPYKHOTO AeOpMYBaHHS
MIPOCTOPOBHX TiJ CKIIJHOI KOH(Iryparii.

2. CniBBigHOIIEHHSI MOMEHTHOI CXeMHM CKiHYE€HHMX eJIeMeHTIiB e
¢ismunux nedopmaniii. IIpu BukopuctanHi HMCE ckinueHoenemeTHa
JIMCKpETU3alliss BHKOHYEThCS B MeEXax IIONEepeYHHX Iepepi3iB Til, a B
HaNpsIMKY YTBOPIOIOYOi BHKOPHCTOBYEThCS oAuH cKiHueHuid enemeHT (CE),
KoH(piryparis sskoro 30iraeThcs i3 KOHQIrypaii€ew yrBoprorwuoi (puc. 2). s
anpoKCUMaIlii MPOCTOPOBUX HEOMHODPIJHUX KPYrOBUX Ta NPHU3MATHYHHUX TiJ
3MIHHOI IUIONIi ITONEPEYHOr0 Tepepi3y BHUKOPUCTOBYIOTHCS IPOCTOPOBI
HEO/IHOPIHI KpyroBi (puc. 3,a) Ta npusmMatnyHi (puc. 3,0) CKiHYEHI eIeMEHTH
(CE) i3 3MiHHUMH T€OMETPUYHUMH 1 (I3NYHIUMHU MapaMeTpaMy 1 JOBIIbHUMHU
TPaHUYHUMH YMOBAMH.

3asnayeni CE sBisitoTh  cO0OIO  BiNOBINHO  KPHUBOMiHIHHY —abo
NIPSIMOITIHIHHY PU3MY, YTBOPEHY IEPEMIIIEHHIM YOTHPUKYTHUKA JOBLIEHOTO
00pHCy B3J0BXK HAIMPSIMHOI Y BUIISIII AYTH Koiia abo mpsimoi. [lnoma Takoro
YOTUPUKYTHHUKAa MOXe 3MiHIoBaTHCh (i3 30epexeHHsM MoaiOHOCTI #oro

nie — xoedimientn Jlsme, sKi BH3HAYAIOTHCS

dopmu) 3a saxomom: A(z>)=A,f(z’), me A, — TUIOmA MONMEPETHOrO
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nepepisy mpu z° =0, f (23') — MOHOTOHHA Oe3riepepBHa (QyHKIIiS.

Koxaomy CE y BIiINOBIIHICTP TIOCTaBJICHA MicClleBa KPHUBOJiHIHA
cHcTeMa KOOPJMHAT X', sIka MPUPOHO TOB’SI3aHA 3 FEOMETPier0 06’ €KTa TakK,
mo oci x' i x* cnpsamosaui B310BK cTopin momepeuroro neperuny CE, a Bich
x* cipsMoBaHa B3/I0BK HANPSMHOI Ta CIIBIAA€ 32 HAIIPAMKOM i3 z° .

o

Puc. 2. Cxinueno enementHi Mozgesi HMCE st HeogHOpiAHOTO Kpyrosoro (a) i
MPU3MATHYIHOrO (6) TLI 13 3MIHHUMHU F€OMETPHYHUMY 1 GI3MYHUMU TapaMeTpaMy i JOBUIBHUMH
IPaHHYHIMH YMOBaMU

a

Km® An VG

A(z%=0), g (23=0)
Ken Ame V81,

= O
9= 9 (X ) A(z3=0), Vg (23=0)
cl]kf= cukl ( X3, T )

z"
0, 2,
72 N
:| 6// npu Hail.'BHOCTI 3aKpinneHs 23, ol . L-g
i = z¥ =25
L% ul,3 =1?9 0 22 2

o

Puc. 3. HeognopinHi kpyrosuii () i npu3MaTHYHUIH (6) CKIHYEHI eJIeMEHTH i3 3MIHHHMH
TeOMETPUYHHMH 1 (DI3HIHIMH TapaMeTpaMy i JOBUIBHIMY I'PaHUYHUMH YMOBaMH B Oa3uCHIN
CHCTeMi KOOpANHAT

IMpn mpomy B MicueBiii cucremi koopaumHat mnonepeunuit neperud CE
BiIOOpakaeThCs Ha KBaJApaT 3 OAWHUYHOIO CTOPOHOIO, a JIOBXKMHA MHOro
HanpsIMHOI JTopiBHIOE 2. MicleBa cucreMa KOOpAWHAT 3aCTOCOBYETHCS JIS
Bu3HaueHHs nedopmaniii Ta Hanpyxkenb y Mexxax CE (puc. 4). Bagosx Bici
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CKIHYEHOTO €JIEMEHTa, BiMOBITHO JIO BUMOT (hopMynu iHTerpyBaHHs [aycca,
po3TamoBaHa MeBHa KiNbKiCTh TOYOK iHTerpyBanHs K, m=1....M (puc. 3,4)

[1,5]. Ipn noOynoBi TOUKM iHTerpyBaHHA

PO3B’SI3yBaIbHUX  CITiBBIIHOIICHD ;= 9;(x% !

HMCE s HEOAHOPI1THAX ciM= ciM(x3T) |

KpYroBUX i MPU3MATUIHUX N

CKIHUEHHX EJIEMEHTIB B po0OTax P —— _
§,=1 2

[5] Oy10 BUKOPUCTaHO Sy=-1 S;J X x

MIPUITYTICHHS po CTaJTiCTh

1/2
-

KOMIIOHCHT METPUYHOTO TEH30pa
B MEXKax IOMEPEYHOro Mepepizy
CE. Sk 3acBigumiyd YHCEIBLHI S=-1 !

1/2

. . S;=-1
eKCIIEpUMEHTH,  TpOBEIeHI i3 S5 1o | 12 S2=
BUKOpucTaHHAM 3rafganux CE Ha
HauIpoCTIIIIN 3a/laq1 npo Puc. 4. HeonropinHi kpyrosuif i
JIBOBICHHH po3TAr Kyba (pwmc. S, NPU3MATHYHUH CKiHUEHI eleMEHTH i3
q=0.1 MIla, monynnb pr)KHOCTi 3MIHHHMH F€OMETPUYHUMH 1 Pi3NIHUMH

napaMeTpamH i IOBIIbHUMH I'PaHUIHUMHA
YMOBaMH B MICIIEBii cHCTEMi KOOpIHHAT

E=0.1Mlla s koedirmieHT
ITyaccona v=0.3) y Bumagxy
BHUKOPHCTAHHS MTOKa3aHOI Ha BPIi3Ii PUC. 5 OPTOrOHANBHOI TUCKPETHOI MoAei
IIPU KUTBKOCTI HeBioMux N,=27 pe3yibTaTH € iJeHTHYHUMHU aHAJTITHIHOMY
po3B’s3Ky. Y  BUMAJKy BUKOPDHCTaHHS IIOKAa3aHOI HE OpPTOrOHAJIBHOL
JIMCKPETHOI MOJIENi Takoi ) PO3MipHOCTI MOXWOKM BH3HAYEHHS IEpEeMillleHb

. o . . .
8u1, 1 8u2 cTaHoBIATH 8—13%. [ligBUINEHHS TOUYHOCTI Pe3yJabTaTiB MOTpedye

OpTOroHami3amii JWUCKPETHOI MOAeNl HuIiXoM ii 3rymeHHs. [Ipm mpomy
JIOCSITHEHHSI TOYHOCTI B Mexkax 2% morpedye Maibke Ha MOPSAOK OLTBIIOL
KUTBKOCTI HEBIIOMHUX 1, BiJIIIOBITHO, HAJIMIPHIX OOYUCITIOBATHHUX BUTPAT.

VY Bumazky Ti1 oOepTaHHS CYTTEBE IOTiPLIEHHS TOYHOCTI OOYMCIIEHHS
rapameTpiB  HampyKeHO-7e(OpMOBAHOTO CTaHy BHHHKAa€ HAaBITh NpHU
BHKOPUCTaHHI OPTOTOHAJIFHUX CITOK, IO OOYMOBJICHO 3MIHOIO pajiyca B
Mexax koxkHoro CE, mo takox Moke OyTH IMOJ0aHO 32 PaXyHOK 3TYLICHHS
CITKH 1O pajiycy.

301KHICTD pe3yNbTaTiB JUIl HE OPTOTOHAIBHOI JMCKPETHOI MOJE MOXe
OyTH TOKpalleHa TaKOX HIISIXOM YpaxyBaHHsS 3MiHM KOMIIOHEHT METPUYHOTO
TEH30pa Ha OCHOBI YHCEJIBHOI'0 IHTETPYBAaHHS B MEXax ITOIIEPEYHOr0 Mepepizy
CE [5], mo Tex motpedye CyTTEBOTO 00CATY JTOTATKOBUX OOUHCIICHb.

TakuM 4YMHOM, MiJBUIIEHHSI TOYHOCTI PE3yNbTATiB IIPU BUKOPUCTAHHI HE
OPTOTOHAIBHUX JHUCKPETHUX MojieNiel sik nuisixoMm oproroHamizanii CE citku
npu i1 3rymieHHi Tak 1 3 BHKOPUCTAHHSAM YHCENBHOI'O IHTErpyBaHHS B
MIOMIEPEYHOMY TIepepi3i MPU3BOAUTE JIO 30UTBIICHHS 00CSTIB 00YHCITIOBAIEHUX
BuTpar. B Toi ke dwac, moOymoBa palliOHaJbHUX JUCKPETHHX MOJENei
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MPOCTOPOBUX ~ Til  ckinagHoi  ¢GopMu  moTpeOye  BHKOPHCTaHHS  He
OPTOTOHAIBHUX JTUCKPETHUX Mozened. B 3B 3Ky 3 1uM, B JaHiid poOOTi mpu
BUBeNIeHHI po3B’s3yBanbHUX criBBigHOmeHs HMCE 3pilicHeHO ypaxyBaHHS
3MIHHOCTI KOMITOHEHT METPHYHOIO TEH30pY B MEXax IONEPEeYHOro mepepisy
CE:

=8 (x"). 2.0

Kpim Toro, mnst reomerpuyHux 1 (Qi3MKO-MEXaHIYHUX IapaMeTpiB
MIPUIHATO HACTYITHI T1IIOTE3H:

— BU3HAYHUK MATPHUL, CKIAJCHOI 31 KOMIIOHCHT METPHYHOrO TeH30pa g 1

KOMITIOHCHTH TEH30pY MPYKHUX CTAJIUX JOPIBHIOKOTH 3HAYCHHIM BiJIOBITHHX
BEJIMYMH Y [IeHTpi nonepednoro nepepizy CE:

o ikl o ikl _ ikl
g=g=gla, , C"=C"=C =0’
— BHU3HAYHHMK MATPHIIi, CKJIQJICHOI 31 KOMIIOHEHT METPHUYHOTO TEH30pa gjj» €
3MIHHUM 3a HAMpPSIMHOIO 1 OOYMCIIOETHCS HA OCHOBI BHXIJHUX JaHUX IPO

TEOMETPII0 JOCTIHKYBAHOTO O0°‘€KTa — 3aJaHOr0 3aKOHY 3MIiHEHHS ILIOII
MIOTEPEYHOr 0 nepepi3y — 13 BUKOPUCTAHHSM CITiBBiTHOIIICHHS:

Y= )\/ =1l 22)

— KOMITOHEHTH TE€H30pY npymmx CTaJINX € 3MIHHUM 3a HaIpsIMHOIO, 3AJICKATh
BiJl TEMITEPATYpU:

CH = M (3,1 . (2.3)
Posmoninennss mepemimeHp y Mexax nonepeyHoro mnepepisy CE
OITUCYETHCS OUTIHIHHIM 3aKOHOM:

1 1 1
Sj=t1 5y =+1

Ae Uy(s,s,) — BY3JIOBI 3HAUCHHs NEPEMILUEHb, IO MOJAHI KOMIIOHCHTAMHU B

Oa3ucHili cucremi koopauHaT, S; 1 S, — KOOpAMHATH, L0 BU3HAYAIOTH
pO3TalryBaHHs BY3JIiB BiJIHOCHO IIEHTpa IOINEPEYHOro MEPETHHY €JIEMEHTY B
MicIieBili crcTeMi KoOpaHHAT X' .

Anpokcumariiss HEBIIOMUX HepeMilleHb B Oa3WCHIH cHCTeMi KOOpIMHAT

U, B HampAMKY YTBOPIOIOYOI 3/IHCHIOETbCS PO3KIAJCHHAM 3a CHCTEMOIO

KOOPJMHATHUX (YHKINIH (pl — nosrinoMam Jlarpamwka (/ = 0, 1) 1 Mixmina (/ =
2,....L):
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L
up=y upo? 2.5)
=0
IS
o_1(_3 m_1(, .3
¢ —2(1 x), o) —2(l+x ),

3 | -1
(p(l) :f(l)p(l) _f(1*2)p(1 2)’ f(l) - (412 _1) ,

/ k
0 = 212+1 > D (IZ")LH ((1_x3)k +(—1)’(1+x3ﬂ
o -1 2L

— noinomu Jlarpamka.

3acrocoBaHa cucreMa (hYHKIIIN 33T0OBOJIEHSE YMOBAM ITOBHOTH Ta JIIHIAHOL
HE3aJISKHOCTI 1 JIO3BOJISIE MPOCTO 1 e(eKTHMBHO (POpMYNIOBATH pi3HI BUAU
TpPaHWYHUX YMOB Ha TOpIpIX Tina TpamuniiHuM mis MCE 3acoboM, ToOTO
[UISTXOM BUKJIFOUCHHS BiIIOBITHUX PiBHSIHb.

BimnosimHo q10 MmomenTHoi cxemu CE (MCCE) [5] koMIIOHEHTH TEeH30pa
noBHUX (i3nyHMX Aedopmaniid y MomepeyHoMy Tepepisi, Mo BiINOBiiaE
TIEBHIH TOYI 1HTErpyBaHHS, MOIAMO BiJ[pizkamu psty MakiiopeHa:

o o o

=z 2 o),z s
Eo () =Ea(a) TEa(a),(3-a) X 5 €1p=812,
- ey < LS
€43 =€a3+€a3,(3-0) X, €33=€33+E338 xP (2.6)
S = € AV
ne €=ty o > EiB=_g — 3HaYeHHs BeaW4yuH Jedopmariii 1 ix
J1x%=0 Ox 9z

MOX1THUX B IIeHTPi monepeuHoro nepepizy CE.

3 ypaxyBaHHSM moAaHHS (I3WYHUX KOMIIOHEHT jedopmariii udepes
BiNMOBiMHI HeHOopMoBaHi BenwmuuHA (1.8) s KOediIlieHTIB  PO3KIATY
¢iznunux nedopmaniii B psg MakinopeHa (2.6) oTpumaemo:

o o

~ 1 i
&jj =—=—=2¢j;
\&i 8 jj
é (o0, Ge) = a‘;’oc(oc) | _a(sa(a)/ga(a))
oa(a),(5—a) — - -
e LM o3 $-0

1 Eo(a),(3-0)
:—(Sa(w,(s—a) BATC) R — =
g(x(a) ga(a) P
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[Sa(a),aa) J 5
h

=7 ! [Sa(ama) —€a(a) ha(ama)}

g(x((x) g(x((x)
2 _ 8§a3 | _a(8a3/vg(xag33 ) _
€a3,(3-a) e |XB:0_ PERn =

xP=o

1 1 8aa,(3-0) | 833,3-0) _
—ﬁ 803,(3ﬂ) _58(13 g 1 g =
&aa 833 aa 33 P=0

o

—;|:80L3,(3(x) _%806 [h(xoc,@a) +h33,3-a) H= ;[SQS,OG)] ;
o ° o o h
Vg(xocg% Vg(xocg33

° _8533 _8(833/g33) 1 833,a _
EBa=—, = o = —| €33,0 7833 -
s, Ox IPRR-£ 5 £33 ) | $
= ol [833 o—33 h33 aJ— I [833(1] , (2.7)
£33 833 h
° aS g;/ 5 ° agi/
ne &5 =€;| o 81, p= = ﬁ hz/ 5= > 8ijs :6_8
x*=0

g i
: , 3\2

3 ypaxysansaM (1.2) i (1.4) ans npu3MaTUYHUX Til G35 5= (2)3 ) ,5 =0.

BiamoBinHO, B 1IbOMY BHNAAKY BUpa3y IS JIHIHHUX KOE(IIiEHTIB pPO3KIamLy

¢ismunnx gedopmariii B psg Makmopena (2.6) HaOyayTh HACTYIHOTO,
CIPOIIEHOr0 MOPIBHSIHO 13 BUTIAIKOM KPYTOBHX TiJI, BUTIISILY:

[Sa(a),ecx) J 5
h

° 1 o o o
Ca(a),(3-a) =7 [Sa(a),ﬁ(x)_ga(a) ha(a),(3a)]: -

g(x((x) gq(q)
o o o o l o )
€a3,(3-a) =—F——————| €u3,(3-a) _5806 ha(a),(%a) =—F——| €a3,3-a) | >
o o h
VEa(a) 833 V8o 833
2 1 ° 1
€330 =——833a = €330 | - (2.8)
h

&33 g33
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HeoOXigHO Bi3HAYMTH, IO KOXKHUK 31 JIHIHHUX KOSQIIIEHTIB PO3KIATy
¢iznunux gedopmariii (B (2.7) mst Kpyrosux i B (2.8) it NpU3MaTHYHHX Ti)
1

VEii 8

HEHOPMOBaHy MoXiAHy Bif aedopmanii (€;4),, ka, B CBOIO Yepry MiCTHTh

SIBIITE COOOK JOOYTOK HOPMYIOYOTO MHOXXHUKA BUIIISITY Ha

nBa ckinagHuky. [lepmmii 3 HUX sBisie cOOOIO BIIACHE TTOXiAHI BiJi KOMIIOHEHT
HEHOPMOBaHUX JedopMaliii B MicueBiii KpUBOJIHIHHIA CHCTEMi KOOpAMHAT
CE, 110 BUKOPUCTOBYIOTHCS JUISl OITUCY CTAJIOl B MEKaX MOIEPEYHOro mepepizy
CE reomerpii. Jlpyruii ckmagHuk — e J0OYTOK BeIW4YMH aedopManiii Ha
TIOXi/HI BiJi KOMIIOHEHT METPUYHOI'O TEH30pa, HOPMOBAHI 3a X 3HAUCHHSIMH B

neHTpi nomnepeuHoro mnepepisy CE /5, IO [03BOMAIOTH BpPaxoBYBAaTH
3MIHHICTh T€OMETPil B Mexkax nomnepednoro nepepisy CE.

Ha ocnoBi 3akony I'yka (1.10) i npuitHATHX croiBBigHOWEHs (2.6)
3aMUIIEMO BUpa3 [yl KOMIIOHEHT TeH30pa (hi3HYHHUX HAIPY)KEHb:

o o

e I Sil2e A2l s 2
o/=C" | en+enzx” H2C 7 en+CY% en+enix |+

o o o °

20 E13+E13,2 ¥ [+2C T3 & +euax |+ C 33| &35 +€331 X +€33.2 ¥

3aCcTOCOBYIOUM TTO3HAYEHHSI:

o

6”=C”k1§k1 ,
2 Sl 513 S
61,=C"e3-0)6-0.0+C " 80-w.a+C " Ena ;
OTPUMAEMO CKOPOYCHUH 3amuc 3akoHy ['yka 3 ypaxyBaHHSAM PO3KIIATy
nedopmariiii B psit MakiiopeHa B TepMiHax (i3HYHUX BEIUYNH:

6’=6Y+c ”2x2 +6 ﬂxl. 2.9
Binkuparoun 3 (2.9) uieHu BUTIIAAY G lg SIK Ti, 1110 HE JJaIOTh BKJIAJEHHS B

eHeprito nepopmyBanns CE, mogamMo HampyKeHHS Bipi3KaMH psIy
Makiopena:

8(1((1) =5 a(a)+8 f)(tgil)x(%a); 612 =5 12,

>

69326446 %5 209, 6% =645, (2.10)
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o o

Ie 3HaueHHs KoediwieHTiB 6” 1 67 00YHCITIOITECS B TOUKAX iHTErpyBaHHS

K

m >

3anumeMo KoedilieHTH PO3KIaJaHHs KOMIOHEHT (hi3NYHHUX HAIPYXKEHb B
psan MakjopeHa 3 ypaxyBaHHSM IIOJaHHS (I3UYHMX KOMIIOHEHT TeH30pa
HaInpyXeHb B MicueBiii cucremi koopauHar (1.9):

[0 PO3TAIIOBAaHI B IMOMEPEYHHX Tepepizax B3IOBXK Bici x> (puc. 3,4).

o ° o

i. ~a@) _ . " aa) .
2i8€;0"; 6 (B3-a)~ ga(a)“,ofﬁa)’

° . PN o
G%3—a):\/ga(a)g33 ,(3 a)lG —833 ,(3—a)~ (2.11)

BusnaueHHs1 orpuMaHuX Koe(illieHTiB po3Kkiany ¢i3ndHux aedopmaniii B
pan Maxiopena (2.7) i (2.8) morpedye MONANBIIOrO TPEACTABICHHS
HEHOPMOBAHHUX KOMIOHEHT aedopMaiiii Ta iX MOXiTHHX, IO BXOISATH JIO
CKJIay X KoeillieHTiB, Yepe3 BY3JIOBI EPEMIIICHHS 1 TX MOXi/THI B 0a3UCHIN
cHCTeMi KOOp/IMHAT.

3. llonannsa koediumieHTiB poskiiaxy aedopmaniii yepe3 nepemMileHHA
3 ypaxyBaHHSIM 3MiHHOCTI KOMIIOHEHT MeTPHYHOT0 TeH30pa B
nonepeyHomy mepepisi. OOuncieHHs KkoedilieHTIB po3knany (i3HIHUX
nedopmariit yepes nepeminieHHs 3riqHo i3 (1.6) s Tin obepranns abo 3 (1.9)
JUI PU3MAaTUYHHUX TUT TOTpe0ye BH3HAYEHHS MOXiTHHUX BiJ IEpeMillleHb B
nentpi CE. Buxonsum 3 NpHHHATOrO 3aKOHY pO3IOJIUTY IEpeMIillleHb B
rorepeyHoMy repepisi (2.4) 1i BeTHIHMHA ):[OpiBHIOIOTBZ

° 1
”i':ZZ > Up(s,S,)> ”w— DI ui'(SISZ)Sa;

Si=t1 Sp=+1 S1—+1 Sy=t1

U=, ), ”i'(sls2)51522 ”i'ﬁ— > X Uj(s,5,).3°

Si=t1 S,=+1 5l =+ Sp=+l

uit 3a— X2 i) 3Sa- G.1)

252 5=
Ilpn upOMy, aHAJOriYHO IO BHKOPHCTAHOTO IO3HAYEHHS UL BEIHYUH

o

MOXITHUX BiJ mepeMimnieHp neHTpi nonepeynoro nepepizy CE u,;, BBenemo
TIO3HAYEHHS JUIS BiAIIOBIHUX BEJIMYMH KOMIIOHEHT TEH30pa IEPETBOPEHHS :

m' . .
iy =0 Tomi, JUIs KPYroBUX HEOMHOPIAHUX  HE3aMKHEHHX
MPOCTOPOBUX T i3 3aCTOCYBaHHSIM Oa3WCHOI IWIIHAPWUYHOI CHCTEMU

KOOpJAWHAT Ha OCHOBI Bupasy (1.6) orpumaemo:

m'
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o 1 o , ° '
ap=7 2 X ”v'(slsﬂ[saz,yﬁsﬁz,yaj ;

Sj=+18, =+
o 1 o 1 o Z 2' .Z 3'
_ 3 Y _ a3
Ea3=y ) Uz(s, ,SQ)Sa 23ty (s.5)3 Z 0T Y(S.8,) T |
§1=+1 854 22

2
© o y o ®y
€337y I Uy(sy,5,)3 Z 3y (s,5,) 2 | 23| |

| . .
Ea(a).(3-0) =5 P ”y‘(slsz)[zslszZ,Ya+SaZ,ylz] )

Sj=t18,=+1

. ] oy Lo o
€o3(3-0)=7 > > | 2uy 5.5,)5152 23 Uy(s 5,)3] 52 T+ SaaZ e |-
4 (51.52) (51.82)3( 2 (3-a)

Sy=£18,=+1
;3, . . Sy
3 2 o ,(3-0)
. ”3'(51,52)[2,12+Z,a 28605 ' ’
z 2 z 2
o 1 ° sy S
833,(12_ Z z z 3 21/!3'(5 S )3S(X +u2r(S S )Z 3 z ,(x+2S(XZ . (3.2)
4505 e 1
1=l S=%

Jlisi HEOAHOPIZHUX MPU3MATHYHUX TPOCTOPOBUX TNl i3 3aCTOCYBaHHAM
0a3MCHOI IEKapTOBOI CHCTEMH KOOP/MHAT Ha OCHOBI Bupasy (1.7) orpumaemo:

o 1 o , ° '
ap=7 2 X ”v'(slsﬂ[saz,yﬁsﬁz,yaj ;
§y=t1 Sy=+1|_

© “y 1 -]
Ba3 =7, 2 2 | Usisisy)Su Z 3T Uy(55,)3 7 o |0
Si=t18,=¢1|

o | °
€33 =4 > 2 Us(55,)3%2 3 |>
Si=t1S,=+1|

. | . .
Ea().(3-0) =5 > 2 ”y‘(slsz)[zslszZ,Ya+SaZ,ylz] ;

Sj=t18,=+1

o 1 > IR
E3-0)=7 2, 2 |2 U3(s,5,) §\8,z 3+ Uy(s,8,),3 SG-a) 2 70L+_Z le ’
4 52 sy=t1 2
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Sj=t18,=+1

. | .
ena=y 2 2 {u3,(slsz)’3[2Saz’33ﬂ. (3.3)

3 ypaxyBaHHAM TPHHUHATOI AamNpPOKCUMAIll IEPEMIIICHh B HAMPIMKY
yTBOprorouoi (2.5) oTpuMaHi BHUpa3W ISl HEHOPMOBAHHUX KOMIIOHCHT
nedopmartiii (3.2) i (3.3) B MicIeBiil KpUBOIHIHHIA CHCTEMI KOOPJIMHAT Yepe3
BY3JIOBI MEPEMIIEHHsT Ta iX TOXiJHI, M0 OOYHCIeHI B Oa3WCHIN cHcTeMi
KOOpJMHAT, HaOy/yTh HACTYITHOTO BUIIISLY:

- UISl KpYrOBUX HEOJHOPIAHUX TiJ:

° N
S(Xﬁ_ Z Z |:zuv(515)(s z +S Zy j ():|,
450 s

L o z o

r 3 0 ! 1 r N0
Z DD [“3'(51,52)2,3 el Ko (51 )ZTa‘P3}
5l =+18,4,| I=0|_

2
1 S r Sy !
€337y 22| 2] Mss)3 3¢3 Uy (s1,85,) 2 [Z 3| o |,

§i=£15y=¢1 1=0|

o 1 L
Ea(o).3-a) =5 {Zu 5i5,) 2S1S22 +S, zy o }
s1—+1s2—+1 =0

: 1 & o °y 1
Ca3(3-a)77 IS {Z{”é'(sl,sgz,}s [2:5,8,+ [ 12"‘

Sy=t18,=+1| =0

o
Z (3 ) 1°y ° 1
x| 2830)~ - o +ul, (51,52),3 5232"“5(3 )z, (P(a)

z

S DR

§y=t18,=+1

I 0) I I I P R Y.
Z|:21/l3y(51 ,52),3Sa(p’3 + sz(Sl)SQ) z ’3[2 ,OL+2S0LZ j(p( )i|i| ,

=0
- UIA IpU3MAaTUIHUX TIJI:

SaB 4 Z 2 {Z”'(SISQ)(S z +Sﬁzyj (1)}

Si=t18,=+1| =0

: ! N R RRORIN
303— DI {Z[Us'(slsyz,ssa(l)()+§“y'(sls2)ZL‘P?H,

4ssi=| =0
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° L
833— D {Z ”3'(5152)2,33([’?31)}

4 52 sy=11=0

Si=t18,=+1| I=0

Ea(0),(3-0) = Z > |:ZMV(SSZ)[2S1SZZ +5, 2" ](pu)}

£43,(3-0) = Z > {Z {uéy(SISQ) [ZSIS2 z gj(p(lw

45150 1%

! 1° !
Hily(s,5,) [5(300 z +2 z V J(p%)H

;33,a— D {zum“[zs 23}% } (3.4)

4 stisy=1| o
OtpuMaHi Bupasu uis HEHOPMOBAHHMX KOMIIOHEHT nedopmariii (3.2) i
(3.3) B MicueBiii KpHBONIHIHHIN CHCTEMi KOOpPIMHAT 4Yepe3 BY3JIOBI
MepeMilIeHHs Ta iX MOXIJHI, MO OOYHUCIICHI B Oa3WCHIN CHCTEMi KOOPIMHAT,
SIKI y BEKTOpHi# (hopMi MalOTh HACTYITHUI BHUTJIS

e}= z[[Bl]cp“’ +[Bz]<p<”j {u}, (3.5)

=0
A

(e ={en 2en exn 263 285 €3}
T i i i i .
{u} :{”i(—l;—n Ui-1)  Ui-1) ui(l;l)}’

[éa]=|:[ga](l;l) [ga](l;fl) [éa](*l;l) [éa](l;l):| )

Cxiaa MaTpHllb [13@](5l 52) ¢ HACTYITHUM:
By (B), 0
(B)y (B)y 0
o (eS| P
{Bl} |G B0 o

0 0 (B,

0 0 (B))ss

0 0 (B)g ]
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{é

3HaueHHs KOMIIOHEHT MaTpullb [Bq ]

(81,52)

0
0
0

(Ba1 (B

(B)s; (B)s, 0

0

(51.82)

0 0
0 0
0 0

(3.6)

o

0 (B)es

JUIs. HEOJHOPITHUX KPYTOBUX

TiJ i3 3MIHHUMHA reoOMCTpUIHNMU NTapaMeTpaMu MarOTh HaCTyHHI/Iﬁ BUTJIAI:

o e
(31)1125512,15

° 1 ° o
(B = E(Sz Z}1+S1 Z}zj )

. L
(B1)s1= Eszzf

2

o

PN S S

Bss= 323~ |
z

o Lol 2

(B))e3= 222'[2,33j 5

o Lo

(By)4 = 22325

o Lo

(By)s1= ZZ}lﬂ

o 1oy

(B3)g3= 773

o N
(31)1225512,1 >

° 1 ST
(31)2225(522,21"'5‘12,22};

. R
(B3 = 75 z?

2

o
”
3

= 1
(B))s;= 573 N >

o

b
z

o =
(By)s= ZZ ,225

o L°
(By)sy= 22,21

3.7

Jlnst HeomHOPIMHUX NPU3MATHYHUX TUT 13 3MIHHUMH T€OMETPUYHUMU

napaMeTpaMu sl MaTpHUlLlb [ Bi ](Sl

»$2)

BiIMIHHIMH BiJ] IIOTIEPETHHO HABEACHUX

JUIsE KpyTOBUX HEOTHOPIHUX Tl (3.6) OyayTh TUIBKM HACTYITHI KOMITOHEHTH:

b 1°
(81)43 = 52,3 S2, (

1

o 3‘ o
~ 1 ° ~
B1)s3= 238, (Bi)e3 =0

(3.8)
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Burnsg  martpuii [Bz](Sl’S2) € TIOBHICTIO 1JICHTUYHHM BWIAJKY
HEO/IHOPITHUX KPYTOBHX TiJl.

OTpuMaHi BETMYMHY HEHOPMOBAHUX AepopMaliit (€;k ), , IO BXOAATH 10

CKJIagy KoedilieHTIB JiHIHHUX 4JIeHIB po3KiajeHHs (iznyHnx nedopmariii B
psin Makiopena, B BEKTOpHiH Gopmi MOXyTh OyTH MO/IaH1 Y BHTIISL:

{s’a} ={8,a} +{8,a} , (3.9
h const var

JIe CKJIaJ BEKTOPIB {€q} € OJIHAKOBUMU JUTSl HEOJHOPIMHUX KPYrOBUX 1

const
MNPpU3MATUYIHUX T

T T
{8,1} ={822,1 2e231 833,1}, {8,2} ={811,2 2132 833,2}. (3.10)
const const

Bekropu {€q},, A7 HEOJNHOPIAHMX KPYroBUX Til i3 3MiHHHUMH

TCOMCTPUYHUMU IMapaMEeTpaMu MatOThb BUTJIA:

{8,1} =4€2 hn) 823[h22,1+h33,1] €33 h331 ¢
var

T ° o o

{8,2} =& hia 813[h11,2+h33,2] €3 h32 (3.11)
var

a JUIsl HEOMHOPIIHUX TPU3MATHYHUX TUT 13 3MIHHUMH T'€OMETPUYHUMU

mapaMmeTpamu:

T T
{8,1} =enhn1 es3hn) 0 ,{8,2} =senmz enmiz 0p. (3.12)

var var

3BakarouM, MI0 KOMIIOHEHTH JIBOX 13 3a3HaYEHHX CKJIaJIOBHX BEKTOPIB
NMOXiTHUX Bix Jedopmainiii OOYMCITIOIOTHCS 3 YpaxyBaHHSAM HPUHHSATOTO
MOAaHHs TIepeMillleHb B HANpsMKY YTBOPIOIOYOi, MAaTpU4HE IPEICTABICHHS

o

BEKTOPY {€ ,}; JOLIIBHO MPOBECTH Y BUITIAM:

o L o o o o
(e g hh=>. [[Bl,a]m,{Bl,a]W]<p<’>+[[32,a]m,+{32,a]Wjcpg) ), (3.13)

=0

Je cknaja MaTpullb [Bp.al.ons 1 [Bp.ol,,, Ma€ HACTYNHUI 3aralnbHUM BUITIAA
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(51,5 (Bu),, (Ba),, 0

R R N

0 0 (1§1,0L)33
N TORA) ~O ~O 0
o] (B), (Ba), 0|
0 0 (1§2,0L)33

o o L= G- [GRHY I (8}
|:BB’OL:|: |:BB’OL:| |:B[5,a:| |:BB’01:| |:Bﬁ,a:| . (3.14)

JIis  KOMIIOHEHT — HiIMaTpHllb [Bﬁ,a](51’52) i [Bﬁ,a](51’52) JUTST

const var
HEOJIHOPITHUX KPYrOBUX TUT i3 3MIHHHUMH TE€OMETPHYHHUMH IapaMeTpaMmu
3TigHO 13 (3.4) oTpuMaemMo:

~ const S
(3ﬂ)
(Bla)” _SIS2Z (34x)+ 3 12 )

~ const S
(3 0t)
(Bl,oc)lz _SIS2 z (3 ot—F— 3 12 )

(~1’Q)ZW=%(O j (22 S, +z (;j,

2! © 2!
~ const 1 ° 3 1 ° o o z ’1~Z 2
(Bua). =573 2818|2322 s oy S
3. 2 2 2
z z

~ )var B 1 s ° ]’O[
La )i, T 7526w Z,(3-0tG-0)G-ara

~ var 1S ° o ;[
(B ), =550 2 sayhi-ar-o

2
~ var 1(° 3 °or s
B ) =——|z z"h33
( La )y 4\ "3 *
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° o
~ var 1 ° Z’ 3 ° °
(B"“)ss :_22?3 S(3—a)_ ( o '[h(3—a)(3—a),a+h33,a]
9
V4
~ const 1 ° , onst 1 o, 1 )
20), 727 G-y SatyZias ( 2,a);2 776 Sog+—-Z12s

var_ 1° PX ;1 ];
b T g7 6| MG-a)Ga.a B |

(B2
(B2
( b )Z’ :_%; }('300'( ;’(H)(H),a +;l33,oc ] ,
(B2)
(B2)

e
ey s, (3.15)

Jlnst HEeomHOPIMHUX NPUIMATHYHUX TUT 13 3MIHHUMH T€OMETPUYHUMU

rapamMeTpamMy 3Ha4eHHsS KOMIOHEHT MiJMaTpUllb [B[;,a]gilnjgﬂ i [B[;,a]iilr’sﬂ

BH3HAYAIOTHCS 32 BiANOBiAHO 10 popmyn (3.4). [Ipu npomy, BiIMIHHUMH Bifj
TornepeTHhO HAaBEJCHUX JUISi KPYTOBHX HEOMHODPIJHUX TiJ OyIyTh HACTYITHI
KOMITOHEHTH:

o

(é )const 0 é const S |
= = z
1, 20 H ( l,a )33 192« 3>

-~ \var . e ] o e
(B"“ )22 =0, ( La )33 :_ZS(3’“)Z’3 ha-ays-ay00
var 1 ° 5 °

~ var 1 ° I ° ~
(BZ,a )21 TR Gy h-a)G-00 (Bz,a )22 TTgE Gy h-aya-a.a

(Boa )33 0. (3.16)

HeoOximHo Bim3HaunmTH, 10 CTpyKTypa BHpasziB (3.4) € mOBHICTIO
IICHTUYHOIO aHAJIOT1YHUM BHpPa3aM, 1110 HE BPaXOBYIOTh 3MiHHICTh KOMITOHEHT
MeTpuuHOro TeH3zopa B Mexax CE (3okpema, HaBemeHmM B pobOoTi [1]).
3BakarouM Ha 1€, IX BUKOPHCTAHHS JI03BOJISIE, HE BUKOHYIOYI TPYIOMiCTKOTO
YHUCENIbHOTO IHTErPYBaHHS B IIONEPEYHOMY TIepepi3i 1 NpaKkTHYHO He
3MiHIOIOYM OOCST  OOYMCIIOBaJbHUX BHUTPAT BpaxoBYBAaTH 3MiHHICTh
TEOMETPUYHHX ITapaMeTpiB B Mexax nonepeunoro nepepizy CE.

4. Anroput™m po3B‘sizaHHsi cuctem JiHiiiHux piBauasab HMCE i
eeKTHBHICTL BH3HAYEHHs  HaNpy:xKeHo-AepopMOBaHOro cTraHy i3
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BUKOPHCTAHHAM HeoAHOPiAHNX Kpyrosux i npm3matuyHux CE i3 sminnnmn
reomMeTpudHuMH i ¢ismaauvu napamerpamu. [Ipu Bukopucranni HMCE

BEKTOpHY HEBiOMUX {u},30BHIIIHIX HaBaHTaXeHb {(J} 1 MaTPHUIS KOPCTKOCTI

[K ] JIMCKPETHOI MOJieli HaOyBaroTh OJI0YHOI CTPYKTYPH:

(1)} {0, &) - [K] - [K]]

(ul=1 (w10} =1 (0, 1| (K K]

i} oo K] - K - 1K)

[1%1] [[;L] RNERT)

3Bakarouy Ha 1e Uil PpO3B’SI3aHHS OTPUMAHOI CHUCTEMH DiBHSHb
pallioHATEHIM € BUKOPUCTAHHS OJIOYHO-iTepaliiHuX anroputMis [1], 30kpema
3a aJrOPUTMOM OJIOUHUX iTepalliii 3 BEpXHBOIO PEIaKCaIli€o:

), A}, A Fu, K] (O g{lﬁv]{%}ﬁglﬂ{%}ﬁ ,(3.18)

ne 1<B<2 — nmapamerp penaxcartiii, # — IOTOUHHI HOMEp iTeparlii.
YMOBOIO 3015KHOCTI iTepalliifHOrO MpOoIIeCy € HEPIBHICTS:

lio({ A }n)zﬁfégo({ wl,) (3.19)

4 — . ey
ne ¢=10""....10 6 napaMeTrp TOYHOCTI PO3B’SI3aHHA CUCTEMHM JIIHIHHHX

PiBHSIHB, SKUH MO)Xe OyTHM BHU3HAYCHHUH HA OCHOBI JIOCITIKEHHS 301KHOCTI
pe3ynbTaTiB.

JocmimkeHHst  €EeKTUBHOCTI ~ 3aCTOCYBaHHsS  PO3pPOOJIEHMX  HOBHX
npusMaTndauX CE i3 3MiHHUMH reOMEeTpUYHIMU MTapaMeTpaMH IPOBEICHO Ha
OCHOBI PO3B‘SI3aHHS BUINE3TaJaHOi 3aJadi Npo JBOBICHUH pO3TIr Kyba
(puc. 5,6). Pesynaprat, oTpMMaHi i3 BHUKOPHCTaHHSIM HE OPTOrOHAJIBHOL
JIMCKPETHOI MOJIeJIi IPH BUKOPUCTAHHI IHTETPYBaHHS B 3aMKHEHOMY BUTJISIII €
TIOBHICTIO 1ICHTUYHUMHU pe3ylIbTaTaM, OTPUMAaHUM Ha OCHOBI ypaxXyBaHHS
3MIHHOCTI ~ KOMIIOHEHT  METPHYHOTO  TEH30pa NUISIXOM  YHCEIBHOTO
IHTETpyBaHHs, PE3YNIbTATH € MOBHICTIO 1IEHTHYHUMH.

JocmimkenHst eheKTUBHOCTI BUKOPUCTAHHS 1 BIPOTIAHOCTI PE3yJbTaTiB
JUIs KPYroBHX TUI NPOBENEHO HAa TECTOBOMY IPHKJIANi Mpo AehOopMyBaHHS
HECKIHYEHOTI'0 TOBCTOCTIHHOI'O IWJIIHApPA TiJl BIUIMBOM BHYTPIIIHBOI'O THUCKY
(BHyTpilIHi# Ta 30BHimHIN pamiycn a =0.002m i b=10a, g = 1 MH/,
E=1MIla, v=0.3, puc. 6,a). B sKoCTi eTajoHy BUKOPHCTAHO aHAJIITHIHUH
po3Bs30k [3]. Tlpu po3B’si3aHHI 3a7a4i BUKOPHCTaHI OPTOTOHATBHI JUCKPETHI
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MoJIei 3 pi3HoOIo KinbKicTio (Bix 4 1 6inbmie) CE (puc. 6,6), TpaHUYHI YMOBH Ha
IUTOLIMHAX TEPIeHIUKYISIPHUX Bici OOEpTaHHS BiIIOBIAAIOTH IUIOLIMHAM
cumerpii — u' =0, Ha TopueBHX MOBepXHAX — 1 =0.

AHani3 pe3ynabTaTiB MPOBEJCHUH ISl TOUYKH IWTIHAPA, IO 3HAXOIMTHCS
Ha Bifcrai 1= 0,00425m Bim Bici obepranHs [2]. OTpuMaHi 3aneXHOCTI
MOXHGOK & OGUHCICHHS pajiaNbHHX G>> i KOZOBHX G°° HANpYKEHb Bif
kinmpkocti N CE B31oBXk pagiyca muingpa (puc. 6) cBim4ath, IO y BHMAIKY

BUKOPHCTaHH JUIsl BUSHAYCHHSI KOMIIOHECHT TEH30py Aepopmauiii €; MicUeBO

HEHOPMOBAHOI CHCTEMH KOOpAWHAT 1 YCEpeAHEHHsS 3Ha4eHb KOMIIOHEHT
METpUYHOro TeH3opa B nonepeuHomy nepepizi CE (Ha rpadiky — mrpuxoBa
JIHIS) BEJIMYMHM MOXMOOK HA HaWpimmumx citkax pocaraiotb 40%. B Toii xe
Yac MpH ypaxyBaHHI 3MIHHOCTI KOMITOHEHT METPUYHOT0 TeH30pa (Ha rpadiky —
cylinbHa JiHisA) noxuOka € B 3-7 pasiB MeHmoo. [Ipy oMy TOYHICTH
pe3yNbTaTiB, OTPUMAHUX IIPU ypaxyBaHHI 3MiHHOCTI KOMIIOHEHT METPHUYHOI'O
TEH30pa SK [UIIXOM YHCEIFHOrO TaK 1 IDIIXOM Oe3nocepeHboro
IHTETpYBaHHS € OJHAKOBOIO. TOTOXHICTH pe3yNbTaTiB, OTPUMAHUX i3
ypaxyBaHHsSM 1 06e3 ypaxyBaHHs 3MIHHOCTI KOMIIOHEHT METPHUYHOTO T€H30pa B
MONIEPEYHOMY TEpepi3i JIOCATAEThCS JIUIIE MPH CYTTEBOMY 30UIBIICHHI
kimekocti CE mo pagmiycy, o BiMOBiTHO 3017bIIye OOCSAT OOYMCITIOBAIEHIX
BUTpAT.

ou,

% 1

ED T
9

ol A
\ 1 ; P
9 o e b — 72
ezl
D‘\\ %{ 22’ ygz 22

® ‘\\\ Z‘L 0.2 —— &y’
\Ek - =0== 6u2.
3 Py =
%——_—ﬁ
" e
0 100 200 300 400 500 600 700 800 Ny

Puc. 5. Po3paxyHkoBa cxeMa Ta IOIEPeYHUH Iepepi3 AUCKPETHUX Mojeneil kKyba mpu
JIBOBICHOMY PO3TATY 1 TOXHOKa 004 CIICHHS MTEPEMillleHb PH BUKOPUCTAHHI HE OPTOrOHATBHIX
JIUCKPETHUX MOJIENIeH
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Puc. 6 ITopiBHSHHS 301KHOCTI pe3yIbTAaTIB OOUHCIICHHS
pajianbHUX (@) 1 KOJIOBUX (6) HAIPYXKEHb.

Takum 4nHOM, JJIs1 TiJ1 oOepTaHHS OJEP)KaHHS TOYHHX PE3YJbTATIB MpH
MiHIMATGHUX  OOYHCIIOBAJBHUX BHUTpaTaX HaBiTh 13 BUKOPUCTAHHSIM
oproronanbHux CE MOXiuBe Juine npH ypaxyBaHHI 3MIHHOCTI KOMITOHEHT
METPUYHOr0 TeH30pa B monepednomy nepepisi CE.

OTXe, pO3TIIAHYTI TECTOBI MPUKIIAIN CBiTYaTh, III0 YPaXyBaHHS 3MIHHOCTI
KOMITOHEHT METPUYHOTO TEH30pa MpH IMOOYAOBI AMCKPETHUX MOJeNei
00‘exTiB cKmagHOi (OpMU € HEOOXiJHOI MepeaIyMOBOI €(PEKTUBHOTO
OTpPUMaHHS BIPOTIIHUX pe3yJibTaTiB OOYMCIIEHHS IapaMeTpiB HalpyKeHO-
nepopMmoBaHoro crany. Po3po6ieni CE i3 3MiHHUMH TEOMETPHYHHMHU i
(bi3MYHIMY TapaMeTpaMy i3 IHTErpyBaHHIM B 3aMKHEHOMY BHIJISII JO3BOJIATH
BHPIIIUTH ITF0 TIPOOIIEMY.
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baoswcenos B.A., I'vasp O.1., Iuckynos C.0O., Muyiox C.B.

OCOBEHHOCTH PEAJIM3AIIMA MOMEHTHOM CXEMbI KOHEYHBIX
JIEMEHTOB JIUIsI OIPEJIEJIEHUS YIIPYT'OI'O COCTOSIHUS
MPOCTPAHCTBEHHBIX TEJ CJIOKHOU ®OPMbI

Pa3paboTaHbl COOTHOIICHUSI MOMEHTHOH CXeMbl KOHEYHBIX JJIEMEHTOB JUI KOHEUHBIX JJIEMEHTOB
(KDQ) ¢ mepeMeHHBIMH T€OMETPHYECKUMHI ¥ (U3MUECKHMH I1apaMeTpaMd ¢ HHTETPUPOBaHUEM B
3aMKHYTOM BHJE, YUUTHIBAIOIIHE N3MEHEHNE KOMIIOHEHT METPHYECKOr0 TEH30pa B IMOIEPEIHOM
ceqennn KD. D10 mo3Bonser 3(G@eKTHBHO IOJYy4aTh DOCTOBEPHBIC DPE3YJBTATHI ONpPENENCHHS
I1apaMeTPOB HAIPSHKEHHO J1e)OPMHPOBAHHOTO COCTOSHHS.

KmoueBble  croBa:  KOHEYHBIH  DJIEMEHT, MOMEHTHas CXeMa, yIOpyroe COCTOSHUE,
IIPOCTPAHCTBEHHEIE Tella CII0XKHON (hOPMEL.

Bazhenov V.A., Gulyar O.1., Piskunov S.0., Micyuk S.V.

FEATURES OF REALIZATION OF MOMENT SHEME OF FINITE ELEMENT
METHOD FOR DETERMINATION OF THE ELASTIC STATE OF SPATIAL BODIES
OF COMPLICATED DIFFICULT FORM

Developed relationships moment finite element schemes for finite element (FE) with variable
geometry and physical parameters with integration in closed form, taking into account the change
in the components of the metric tensor in the cross section of FE. This effectively obtain valid
results definition of stress strain state.

Keywords: finite element moment scheme, the elastic state, space bodies of complex shape.



