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M.O. llyasra, n-p ¢i3.-MaT. HayK,
O.M. Tpodiok

NOBY1IOBA PO3B’A3KY PIBHAHb THITY THMOIIEHKA B
IFAMIIBTOHOBIU ®OPMI 'APMOHIYHUX KOJINBAHb
HEPIOMYHO-HEOJHOPIITHUX IIJIACTHH

ITobynoBaHO pO3B’sI30K pIBHAHB THIy THMOIIEHKa TapMOHIYHHX KOJHMBaHb MeEpiOAUYHO-
HEOIHOPIAHHX IUIACTHH, IPEACTABICHUX B FraMUIBTOHOBIN (hopMi 110 IPOCTOPOBiit KoopanHaTi. Ha
ocHOBI Teopemu JIsmynoBa-IlyaHkape BCTaHOBIICHHI BIaCTHBOCTI XapaKTEPUCTHYHOTO PIBHSAHHA 1
CTPYKTypa 3araJIbHOT0 PO3B’ 3Ky JUUI1 HEOOMEXEHHX 1 MBOOMexeHnx obacTeii.

s craTTst € IpOJOBXKEHHSIM poOIT [2-4] 1 mpucBsiueHa MO0y 10BI PO3B’SI3KY
piBHSIHB THITy THUMOIIEHKAa B raMiJIbTOHOBiIH (pOpMi TapMOHIYHHMX KOJIHMBaHb
NepioAMYHO-HEOHOPIIHUX TIacTHH. Kopuctytounch Teopemoto JlsmyHoBa-
[Tyankape [5-8], BCTAHOBJICHHI BJIACTHBOCTI XapaKTEPUCTUYHOTO PIBHSHHS i
CTPYKTYpa 3arajJibHOrO pO3B’S3Ky JUISI HECOOMEKEHHX 1 IMIBOOMEKEHHX
obnacreil.

PosrnsHeMO TIacTHHY, CepelIMHHA BijTikoBa IUiomMHA z=0, SKOi
BiJIHECEHA 1O MPAMOKYTHOI J€KapTOBOI CHCTEMM KOOpPAUHAT X, X,,Z. B
Teopii Tumy TuUMOIIEHKAa KONUBAaHb IUIACTUH 3TMHANBbHI M, M,, Ta
KpyTwinbHi M,,=M,, MoMmeHTu, nepepisytoui cunu Q,,(Q,, OpOrTUH W 1

TUMOLIEHKIBChKI QyHKIIT 3CyBY W, ¥, 3B’s3aHi pIBHAHHAMU:

OM,,  OMy, az‘lfl
: =—pl,
o, ox, O1=-pl, PR
oM, My, az‘lfz
—_— -0, =—pl,
axl + aX2 Q2 P atz B
20, : 20, —ph *w
ox;  0Ox, ot (1)

Ta MaTepiaIbHUMH CITiBBITHONICHHIMU:
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B ¢dopmynax (1), (2) BUKOPHUCTOBYIOTHCS 3arajlbHONPUNHSITI TO3HAYCHHS
[4 Tain.].
Cucrema piBasanb (1), (2) B crarri [4] mpezncraBieHa B OIEpaTOpHii
HopManbHil dopmi Kol o npocTopoBiit KOOpAUHATI X, BITHOCHO (YHKIIiH
MWy, Wow,, M5, 0, SKi IpU [OCKOHAJIOMY MEXAaHIYHOMY KOHTAKTi

3aJIMIIAThCSA HEeIepepBHUMHU Ha Iepepizax X, =const .
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IMicns BusHaueHHs M|, y,,w,y,,M,,,0, 3 pelITH PiBHSIHb 3HAXOIHMO
byskuii M,,,0, uepes po3B’a3yBanbHi GyHKIIT M, y,, w

oy,

My, =vM, ~(1-v*) D o

[Tpu neperBopenHi piBHAHB KonuBaHsb (1), (2) no cucremu (3) npuiimanocs,
mo koeodimienTn cucremu (3), a 3HauuTh 1 piBHAHB (1), (2), MOXYTH OyTH
JIOBUIBHUMHU (DYHKIIIIMU KOOPIUHATU X; 3 PO3PUBAMU IIEPILIOTO POAY.

Cucrema (3) € onepaTopHOIO raMiJIbTOHOBOIO CHCTEMOIO 110 IPOCTOpPOBIi
KOOpJUHATI X

04, _0H . i__oH

o dp ox _a_qi
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3 omepatopHoio (yHKuier aminsrona H = équq ity Qz/ pip; - Henynbosi

orepatopHi Koe(illi€eHTH CHMETPUIHUX MATPHIIh Q , P JTIOPIBHIOIOTH
@ 5 .0
Qn =—pl, — o 01,=0,, :_ga
é13 :ésl =1, sz :_L’ Q33 :L’
(1—V)D Bz
5 1 5 5 0
“Ri=—gr “Ra=Pa=v-
—1322:(1 v )Di_pl ik ~By, —Py=-P, :B3i,
o3 or x,
~ a 82
~Py=-By s ph S5 )
aX2 at
Po3B’s130k cucremu (3) GepeMo y BUIIAI ODKYyIHX XBHIb
{M”,\Uz,W,\u],Mlz,Ql}=

=Re {Dool(;()l 01(8), =i (&), looq3 (&), Py (&), = Doolog ip2 (£), Doolog Ps (%)}X
xexpi(kyx, —ot). (5)

[MixcraBuBim (5) B cucremy (3) 3 ypaxyBaHHsAM (4) OTPEMA€EMO CHUCTEMY
3BUUYANHUX z[I/Iq)epeHuif/iHI/Ix PIBHSHB!
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Be3po3MipHi BCJIMYMHU BBOAUMO HACTYITHUM YUHOM:
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BesposmipHa koopmunata &=x,/ly, , HOpMmytoui mapamerpu Iy, P> Do
MAaloTh PO3MIPHICTh BiJIIOBIIHO M, KZ/ e Hom.
Cucremy (6) BIZHOCHO aMIUTITymHUX (yHKIIH ¢ =[91392:Q3]Ta

r=Lp,pss p3]T 3amunieMo B MaTpuyHiit popmi

q;:Qij (é)P_,-; p;=—f§i (5‘;)61_,-, (7
3 HEHYJbOBHMU €JIeMEHTaMH cuMeTpuuHuX MaTpuub Q(E), P(&)
—7— - 2 1
=0l 0)2; =k ; =1; =—=— ==
011 =p1, On=-ky; O O (-v)D Os; B
l —_ —_— . p—
it = 5 T ==Vky; =Py :(1_V2)Dk22_911032+33;

~Pyy=Bjky; —P3=Bik; —pho’.

Koedimientu marpuie Q(E), P(E) 3anexars Bin dynkiiit p(E), 5(&) i HEe
MICTATH IX ITOX1THUX.

Jis mepioguYHO 3MIHHMX MEXaHIYHHUX Ta T€OMETPHUYHHMX IapaMeTpiB
Matpuis cuctemu (7) Oyze nepioguuHoro 3 nepionom &y, . IlozHaunmo yepes
U(&,0) marpunant cucremu (7), mo 3agoBoneHsie ymoBu U(0,0)=1, (I, —
OMHMYHA MATpPHUII MIOCTOrO MOPSAAKY). 3TigHO 3 TeopeMor JlsmyHoBa-
[Tyankape [5-8] XapakTepucTHYHE pIBHSAHHS  MaTpUIl  MOHOAPOMII
U(&,0) mepionnuHoi raminbsToHOBOI cucteMu (7) Oyae 3BOPOTHUM

p6—alps+azp4 —a3p3 +a2p2—a1p+1:0, (®)

Ta Ma€e TpU Tapu  HEHYJbOBHUX B3a€EMHO OOEpHEHHMX  KOpPEHIB
PjsPji3 :l/p_/'+3 ,J=12,3.

Marpunanr U(E,0) cucremu (7) Ha oJJHOMY (OCHOBHOMY) IIepioJli MOXKHA

HAWTH OMHHUM i3 YHCEIBHUX METOJIB, PO3B’SI3yI0UM IIiCTh 3aaa4 Komri s
cucremu (7) 3 JHIHHO HE3AICKHAMHU OJTMHUYHUMU MTOYATKOBUMHU BEKTOPAMHU.
XapakTepucThuHe PpiBHsHHA (8) WIOCTOrO MOPSAKY 3amiHoW p+1/p=2b

3BOJIUTHCS 10 TPHOX KBAJIPATHUX PIBHAHB p2 —2b;p+1=0, xoediuienTn sxux

BH3HAUAIOTHCA 3 KybiuHOro piBHstHHsS 8b°—4ah” +(2a, —6)b—a;+2a,=0.
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SIkmo BBecTH 3aMiHy p:exp(iish), TO anreOpaiyHi KBaApaTHI pPiBHSHHS
p2 —2b;p+1=0 mnepeiinyrs B TpuroHomerpuuHi cossh=b,. Ilpu nilicaux
|b/.|£l OJHO3HAYHHMH PpO3B’A30K IMX PIBHAHb IOTPIOHO BHOMpATH 3TiIHO
paBwiIy Bigdopy mox [5-8]
N1
—(— J
sh=(-1) arccosbj+27'c[Nj/2J,

Ae arccosb; — TONOBHE 3HAYCHHS OOCPHEHOI TPUTOHOMETPHYHOI QyHKUIT i3
inrepBany (0,m); N; — HOpAJKOBHI HOMEp MOSBH HEPIBHOCTI |b].|<1 npH
3pOCTaHHI YaCTOTH Bij HYJIS; [N i / 2} — 1ija yactuHa uncna N, / 2.

ITo3HaunMo BiAMOBiAHI BIAacHi BeKTOpH MaTpuii MoHoapoMii U(E,,0)

yepe3 di,...,dg, mpuiimMaroun, 10 XapaKTEPUCTHYHI YKCa (MYITbTHILTIKATOPH
MaTpHIli MOHOJIPOMIi) MPOHYMEPOBaHi Tak, 110 |pj|£l, j=1,2,3. Ilpu HepiBHUX

MYJNBTHIDTIKaTOpax abo iCHYBaHHI JIHIHHO HE3aJeXHUX BEKTOPIB ISl PIBHUX
MYJIBTHILTIKATOPIB 3arajJibHAN PO3B’S30K cHCTeMH (4) Ipu JOBIIBHOMY & 13

iHTepBany nepiognuHocTi (n—1)Ey,<E<ng, (n — 1Line) MOXKHA 3amucatH y
BHTJISAI CYTICPITO3UIIiT

6
col[q(8), p(&)]= Y. Koy U (E=(n=Dgq»E00 (1-1))d,, 9
m=l

3 JoBinbHUMHM nocTiiHumu K, . ®@opmyna (9) OesmocepenHbo BUILIHBAE i3

Teopemu DIioke I PiBHSIHD 3 MEPIOANIHUMHU KoedillieHTaMu.

@®opmyna (9) mae MOXIMBICTD IPOAaHANII3yBaTH CTPYKTYPY pPO3B’SI3KiB
OCHOBHHUX THITIB XBHJIbOBHX 3aJa4 JUISl MEPiOUIHO-HEOTHOPITHOT MIACTHHH.
[Meprm 3a Bce 3ayBaXKUMO, IO MPH —00<E<+00 (00’€MHI XBHJII B HEOOMEKEHIH

obyacti) 4YacTOTHI 30HM ICHYBaHHS OO0 €MHMX XBHJIb BHU3HAYaIOTHCS
ICHYBaHHSIM BCIX OJJHOYACHO PiBHHMX IT0 MOAYJIO OJMHUII MYJIBTHILTIKATODIB
(MyJBTUIUTIKATOPY TOBUHHI JISKAaTH HA OJWHUYHOMY KOJIi Ta HE CIIiBNaJaTd
MiX c0o0010). /1o 30H NMpOMyCKaHHS XBWJIb MOXKHA BiTHECTH 1 BHIQJIKU, KOJIH
xou OW omHa B3a€EMHO OOCpHEHa Iapa MYJbTHUIUTIKATOpPIB JIeXanda Ha
OMUHUYHOMY KOJi, SKIO M (I3HYHO PO3YMHHM PO3B’SI3KOM IS
HEOOMEXEHOT0 CepelloBHIIa OyleMO pPO3YMITH CYNEPIIO3HIII0 BiJIOBITHHUX
1iit mapi 1ogaHkiB y po3B’s3Ky (9). dnst HaniBoOMexxeHoi obyacti 0<E <+ i3

6
(9), mepur 3a Bce, maemo col[q(0), p(0)]=Y K, d,,. Ockinbku npu &=0
m=1

(Gi3MYHO MOXXJIMBHMHU € TUTBKA TPH YMOBH, TO Ha po3B’si30K (9) moTpiOHO
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HAaKJIACTH yMOBY oOMexeHocTi mpu &E—+oo. [l MOBEPXHEBUX XBHWIb

PO3B’SI30K TOBHHEH 3aTyXaTd IMpU &—>+00 1 WOro CIIijl IIyKaTH B YaCTOTHIN
obnacri, e |p /-|<l, Baxaroun K, =K;=K;=0. V Bunaaky, Konu po3s’ 30K

MOBUHEH 3aJOBUIBHATH TIIBKM YMOBY OOMEKEHOCTI Ipu &—>+o,

MYJIBTHIDTIKATOPU TOTPIOHO BHOMpATH 3TiIHO 3 MPABUIOM Binoopy mox [5-8].
B Takmx BHmamkax XBWJII He OYyAyTh TUJIBKM ITOBEPXHEBUMH, OCKUIBKU Oyre
BinOyBaTHCs BiqTiK eHeprii Big rpanuni £=0. Y Bumanky oOMexeHoi obnacti

0<&<Li=Eyyns, (m« — GikcoBaHe Iine YHMCIO) HEOOXiTHO CKOPHUCTATHCA
dbopmynamu

6 6
col[q(0). pO)]= X K,d,y: col[q(Ly), p(L)]= X K,y
m=1

m=1

B AKUX BCl IicTh cranux K, BU3HAYAIOTHCA 13 IPaHMYHUX yMOB Ipu &=0

(tpm ymoBm) i §=L, (1pi ymoB).
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Ulynvea M.O., Tpobrok O.M.

MOCTPOEHME PEINEHUAS YPABHEHU TUNTA TUMOIIIEHKO B
TAMUWJIBTOHOBOM ®OPME T'APMOHUYECKUX KOJIEBAHUI NEPUOUYECKH-
HEOJHOPOJIHBIX IVIACTUH

IToctpoeno perieHne ypaBHeHUi Tirna THMOIIEHKO FApMOHHYECKHX KOJEOAHMIl IEepHOANYESCKH-
HEONHOPOIHBIX IIJIACTHH, IPEACTABICHHBIX B TaMHJIBTOHOBOH (hOopMe IO IPOCTPAHCTBEHHOMN
xoopauHate. Ha  ocHoBanumm Teopembl JlsmyHoBa-Ilyankape ycTaHOBIEHBI — CBOMCTBa
XapaKTePUCTHYECKOTO YpPaBHEHHS U CTPYKTypa OOILIEro pemIeHus Ul HEOIPAaHHYEHHBIX U
MIOJTyOr pAHHYIEHHBIX 00JIacTei.

Shul’ga M.O., Trobiuk O.M.

FORMATION OF EQUATIONS SOLUTIONS OF TYMOSHENKO TYPE IN THE
HAMILTONIAN FORM OF HARMONIC VIBRATIONS OF PERIODICALLY
HETEROGENEOUS PLATES

It was formed the solution of the equations of Timoshenko type of harmonic vibrations of
periodically heterogeneous plates, that was presented in the Hamiltonian form of the spatial
coordinate. Based on Lyapunov-Poincare theorem the properties of the characteristic equation and
the structure of the general solution for the unlimited and semi limited areas were established.



