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Î âëîæåíèè øåñòèìåðíîé ãðóïïîâîé òðè-òêàíè
ñ òðèâèàëüíîé ñåðäöåâèíîé â òðè-òêàíü Ìóôàíã

Ãåãàìÿí Ã.Ä.

Àííîòàöèÿ Ïîñòðîåíî âëîæåíèå øåñòèìåðíîé ãðóïïîâîé òðè-òêàíè ñ

òðèâèàëüíîé ñåðäöåâèíîé â íåêîòîðóþ äåñÿòèìåðíóþ òêàíü Ìóôàíã.

Êëþ÷åâûå ñëîâà Òðè-òêàíü Áîëà, ñåðäöåâèíà òêàíè Áîëà, ëîêàëüíî ñèì-

ìåòðè÷åñêîå ïðîñòðàíñòâî, ãðóïïîâàÿ òðè-òêàíü, òðè-òêàíü Ìóôàíã, òðèâè-

àëüíàÿ ñåðäöåâèíà, ëîêàëüíî ïëîñêàÿ ñòðóêòóðà

ÓÄÊ 514.7

Ââåäåíèå

Â ðàáîòå [3] íàéäåíû ñòðóêòóðíûå óðàâíåíèÿ ëåâîé òðè-òêàíè Áîëà

Bl ≡ Bl(r, r, r), ñåðäöåâèíà êîòîðîé ÿâëÿåòñÿ òðèâèàëüíîé, òî åñòü èçîòîï-

íà àáåëåâîé ãðóïïå. Òàêàÿ òêàíü îáîçíà÷åíà B0
l . Äîêàçàíî, ÷òî ëîêàëüíî

ñèììåòðè÷åñêàÿ ñâÿçíîñòü, ïîðîæäàåìàÿ ñåðäöåâèíîé òêàíè B0
l íà áàçå åå

ïåðâîãî ñëîåíèÿ, ÿâëÿåòñÿ ëîêàëüíî ïëîñêîé. Ïîëó÷åííûå ðåçóëüòàòû ïðè-

ìåíåíû äëÿ ãðóïïîâûõ òðè-òêàíåé, êîòîðûå, êàê èçâåñòíî, ÿâëÿþòñÿ òêà-

íÿìè Áîëà. Ðàññìîòðåíû âñå êëàññû ÷åòûðåõìåðíûõ (r = 2) è øåñòèìåð-

íûõ (r = 3) ãðóïïîâûõ òðè-òêàíåé ñ òðèâèàëüíîé ñåðäöåâèíîé. Îêàçàëîñü,

÷òî ïðè r = 2 òðèâèàëüíóþ ñåðäöåâèíó èìååò òîëüêî ãðóïïîâàÿ òðè-òêàíü,

îïðåäåëÿåìàÿ àáåëåâîé ãðóïïîé, òî åñòü ïàðàëëåëèçóåìàÿ òðè-òêàíü. Â ñëó-

÷àå r = 3, êðîìå ïàðàëëåëèçóåìîé, ñóùåñòâóåò åùå òîëüêî îäíà ãðóïïîâàÿ

òðè-òêàíü ñ òðèâèàëüíîé ñåðäöåâèíîé, ïðè ýòîì ñîîòâåòñòâóþùàÿ ãðóïïà

Ëè (êîîðäèíàòíàÿ ãðóïïà òêàíè) âõîäèò â êëàññ òðåõìåðíûõ ãðóïï Ëè, äëÿ

êîòîðûõ ðàíã ìàòðèöû, îáðàçîâàííîé êîìïîíåíòàìè ñòðóêòóðíîãî òåíçî-

ðà ãðóïïû, ðàâåí 1 (â [2] ýòà ãðóïïà îáîçíà÷åíà Γ3,7). Â íàñòîÿùåé ðàáîòå
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ïîñòðîåíî âëîæåíèå óêàçàííîé øåñòèìåðíîé ãðóïïîâîé òðè-òêàíè â íåêîòî-

ðóþ äåñÿòèìåðíóþ òêàíü Ìóôàíã.

1. Òðè-òêàíü Ìóôàíã

Ïóñòü W (r, r, r) � òðè-òêàíü, îáðàçîâàííàÿ íà 2r-ìåðíîì äèôôåðåíöèðó-

åìîì ìíîãîîáðàçèèM òðåìÿ ãëàäêèìè ñëîåíèÿìè λ1, λ2 è λ3 êîðàçìåðíî-

ñòè r. Ñëåäóÿ [1], çàäàäèì ñëîåíèÿ òêàíè W (r, r, r) â íåêîòîðûõ ëîêàëüíûõ

êîîðäèíàòàõ íà ìíîãîîáðàçèèM óðàâíåíèÿìè

λ1 : x = const, λ2 : y = const, λ3 : z = f(x, y) = const,

ãäå x = (x1, ..., xr), x ∈ X, y = (y1, ..., yr), y ∈ Y , z = (z1, ..., zr), z ∈ Z, à

f = (f1, ..., fr) � ãëàäêàÿ ôóíêöèÿ.

Óðàâíåíèå z = f(x, y) ñâÿçûâàåò ïàðàìåòðû x, y è z ñëîåâ ïåðâîãî, âòî-

ðîãî è òðåòüåãî ñëîåíèé òðè-òêàíè W (r, r, r), ïðîõîäÿùèõ ÷åðåç îäíó òî÷êó

ìíîãîîáðàçèÿ M, è íàçûâàåòñÿ óðàâíåíèåì òðè-òêàíè W (r, r, r). Ýòî óðàâ-

íåíèå îïðåäåëÿåò òàêæå êâàçèãðóïïó

(·) : X × Y → Z, z = f(x, y) ≡ x · y, (1)

êîòîðàÿ íàçûâàåòñÿ ëîêàëüíîé êîîðäèíàòíîé êâàçèãðóïïîé òðè-òêàíè è ðàñ-

ñìàòðèâàåòñÿ ñ òî÷íîñòüþ äî èçîòîïè÷åñêèõ ïðåîáðàçîâàíèé x̃ = α(x),

ỹ = β(y), z̃ = γ(z). Äëÿ êâàçèãðóïïû (1) îïðåäåëåíû îáðàòíûå îïåðàöèè

� ëåâàÿ è ïðàâàÿ, îáîçíà÷èì èõ −1f è f−1 ñîîòâåòñòâåííî. Îíè çàäàþòñÿ

óðàâíåíèÿìè [1]:

x =−1 f(z, y), y = f−1(x, z). (2)

Â [1] îïèñàíû îñíîâíûå êëàññû òðè-òêàíåé W (r, r, r), â òîì ÷èñëå òðè-

òêàíè Áîëà � ëåâàÿ Bl ≡ Bl(r, r, r), ïðàâàÿ Br ≡ Br(r, r, r) è ñðåäíÿÿ

Bm ≡ Bm(r, r, r). Ýòè òêàíè õàðàêòåðèçóþòñÿ çàìûêàíèåì ñîîòâåòñòâóþ-

ùèõ äîñòàòî÷íî ìàëûõ êîíôèãóðàöèé Áîëà � ëåâûõ (Bl), ïðàâûõ (Br) è

ñðåäíèõ (Bm). Òðè-òêàíü, íà êîòîðîé çàìûêàþòñÿ êîíôèãóðàöèè Áîëà âñåõ

òðåõ òèïîâ, íàçûâàåòñÿ òêàíüþ Ìóôàíã è îáîçíà÷àåòñÿ M . Ñëåäîâàòåëüíî,

òðè-òêàíü Ìóôàíã M ≡ M(r, r, r) ÿâëÿåòñÿ îäíîâðåìåííî ëåâîé, ïðàâîé è

ñðåäíåé òêàíüþ Áîëà.

Ñ äðóãîé ñòîðîíû, òðè-òêàíü Ìóôàíã õàðàêòåðèçóåòñÿ òåì, ÷òî ëþáàÿ

åå ëîêàëüíàÿ êîîðäèíàòíàÿ êâàçèãðóïïà èçîòîïíà ëóïå Ìóôàíã. Íàïîìíèì

[1], ÷òî ëóïà (êâàçèãðóïïà ñ åäèíèöåé) ÿâëÿåòñÿ ëóïîé Ìóôàíã, åñëè â íåé

âûïîëíÿåòñÿ òîæäåñòâî Ìóôàíã:

(u ◦ v) ◦ (w ◦ u) = u ◦ ((v ◦ w) ◦ u),
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ãäå (◦) � îïåðàöèÿ â ëóïå. Íàïîìíèì òàêæå [1], ÷òî êàñàòåëüíàÿ W -àëãåáðà

òêàíè Ìóôàíã ÿâëÿåòñÿ àëãåáðîé Ìàëüöåâà. Ïîñëåäíÿÿ õàðàêòåðèçóåòñÿ

âûïîëíåíèåì òîæäåñòâà

[[ξ, η], [ξ, ζ]] = [[[ξη] ζ] ξ] + [[[ηζ] ξ] ξ] + [[[ζξ] ξ] η] . (3)

Ñîãëàñíî [1], ëîêàëüíàÿ W -àëãåápà òpè-òêàíè W îïpåäåëåíà â êàñàòåëüíîì

ïpîñòpàíñòâå Te ê êîîðäèíàòíîé ëóïå òêàíè â åå åäèíèöå e. Îíà ñîäåpæèò

äâå îïåpàöèè � áèíàpíóþ (êîììóòèðîâàíèÿ) è òåpíàpíóþ (àññîöèèðîâà-

íèÿ), ïåpâàÿ èç êîòîpûõ îïpåäåëÿåòñÿ òåíçîpîì êpó÷åíèÿ aijk, à âòîpàÿ �

òåíçîpîì êpèâèçíû bijkl òêàíè, òàê ÷òî

[ξ, η]i = −2aijkξ
jηk, (ξ, η, ζ)i = −bijklξjηkζl,

ξ, η, ζ ∈ Te, i, j, k, l, ... = 1, r. Íàïîìíèì [1], ÷òî òåíçîðàìè êðó÷åíèÿ è êðè-

âèçíû ïðîèçâîëüíîé òðè-òêàíè W (r, r, r) íàçûâàþòñÿ âåëè÷èíû aijk è bijkl,

âõîäÿùèå â ñòðóêòóðíûå óðàâíåíèÿ òêàíè:

dω
1

i = ω
1

j ∧ ωi
j + aijkω1

j ∧ ω
1

k, dω
2

i = ω
2

j ∧ ωi
j − aijkω2

j ∧ ω
2

k,

dωi
j = ωk

j ∧ ωi
k + bijklω1

k ∧ ω
2

l,
(4)

∇aijk ≡ daijk − aimkω
m
j − aijmωm

k + amjkω
i
m = bi[j|l|k]ω1

l + bi[jk]lω2
l. (5)

Ôîðìû Ïôàôôà ω
1

i =
∂f i

∂xj
dxj è ω

2

i =
∂f i

∂yk
dyj îáðàçóþò áàçèñ â ïðîñòðàíñòâå

äèôôåðåíöèàëüíûõ 1-ôîðì ìíîãîîáðàçèÿM, íåñóùåãî òðè-òêàíüW (r, r, r).

Ñëîåíèÿ òêàíè çàäàþòñÿ óðàâíåíèÿìè

λ1 : ω
1

i = 0, λ2 : ω
2

i = 0, λ3 : ω
3

i def≡ ω
1

i + ω
2

i = 0. (6)

Òàê êàê òåíçîp êpèâèçíû òðè-òêàíè Ìóôàíã óäîâëåòâîpÿåò óñëîâèþ b =

alt b, òî îí âûpàæàåòñÿ ÷åpåç åå òåíçîp êpó÷åíèÿ:

bijkl = −2am[jka
i
l]m, (7)

ïîýòîìó óðàâíåíèÿ (5) ïðèìóò âèä

∇aijk = −bijkl(ω
1

l − ω
2

l). (8)

Îòñþäà òàêæå ñëåäóåò, ÷òî â W -àëãåápå òêàíè Ìóôàíã èìååòñÿ ëèøü îäíà

íåçàâèñèìàÿ îïåpàöèÿ:

[ξ, η]i = −2aijkξ
jηk. (9)
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Ñ ó÷åòîì (9) òîæäåñòâî (3), õàðàêòåðèçóþùåå àëãåáðû Ìàëüöåâà, ìîæåò

áûòü çàïèñàíî â òåíçîðíîé ôîðìå

aijpa
p
lqa

q
km + aikpa

p
mqa

q
jl + ailpa

p
kqa

q
mj + aimpa

p
jqa

q
lk = aipqa

p
jka

q
lm. (10)

Êàê óæå ñêàçàíî âûøå, òðè-òêàíü Ìóôàíã ÿâëÿåòñÿ ëåâîé òêàíüþ Áîëà,

ïîýòîìó îíà îáëàäàåò ñåðäöåâèíîé. Òàê íàçûâàåòñÿ ëîêàëüíàÿ êâàçèãðóïïà,

îïðåäåëÿåìàÿ íà áàçå X ïåðâîãî ñëîåíèÿ òêàíè Bl óðàâíåíèåì c = a ∗ b,
êîòîðîå ñëåäóåò èç óñëîâèÿ çàìûêàíèÿ íà òêàíè Bl êîíôèãóðàöèé (Bl), à

ïîñëåäíåå çàïèñûâàåòñÿ â âèäå ðàâåíñòâà [1]:

c =−1 f(f(a, f−1(b, f(a, y))), y), a, b, c ∈ X, y ∈ Y, (11)

(çäåñü −1f è f−1 îïðåäåëÿþòñÿ óðàâíåíèÿìè (2)). Ðàâåíñòâî (11) âûïîëíÿ-

åòñÿ äëÿ ëþáîãî y ∈ Y è çàäàåò îïåðàöèþ (∗) : X ×X → X, c = a ∗ b. Åñëè
f � ëîêàëüíàÿ êîîðäèíàòíàÿ ëóïà òðè-òêàíè, òî óðàâíåíèå (11) ìîæåò áûòü

çàïèñàíî â âèäå [3]:

c = f(a, f−1(b, a)). (12)

Èçâåñòíî [6], ÷òî ñåðäöåâèíà òêàíè Bl èçîòîïíà ëåâîé ëóïå Áîëà, íî íå èçî-

òîïíà, âîîáùå ãîâîðÿ, êîîðäèíàòíîé êâàçèãðóïïå ýòîé òêàíè.

2. Âëîæåíèå øåñòèìåðíîé ãðóïïîâîé òðè-òêàíè ñ òðèâèàëüíîé

ñåðäöåâèíîé â äåñÿòèìåðíóþ òðè-òêàíü Ìóôàíã

Â [3] íàéäåíû óðàâíåíèÿ øåñòèìåðíîé ãðóïïîâîé òðè-òêàíè, îïðåäåëÿå-

ìîé òðåõìåðíîé ãðóïïîé Ëè Γ3,7, îíè èìåþò âèä:
z1 = x1 + y1,

z2 = x2 + y2,

z3 = x3 + y3 − x1y2 + x2y1.

(13)

Îáîçíà÷èì ýòó òêàíü GW 0. Ñåðäöåâèíà òêàíè GW 0 çàäàåòñÿ óðàâíåíèÿìè

c1 = 2a1 − b1, c2 = 2a2 − b2, c3 = 2a3 − b3 (14)

è ÿâëÿåòñÿ, î÷åâèäíî, òðèâèàëüíîé. Òåíçîð êðó÷åíèÿ òêàíè GW 0 èìååò, ñî-

ãëàñíî [3], îäíó íåíóëåâóþ êîìïîíåíòó

a312 = 1, (15)

à òåíçîð êðèâèçíû ðàâåí íóëþ, ïîñêîëüêó ýòà òðè-òêàíü � ãðóïïîâàÿ.
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Çàìåòèì, ÷òî äëÿ òêàíè GW 0 âûïîëíÿþòñÿ óñëîâèÿ aijpa
p
km = 0 (ñì.

[3]), êîòîðûå ðàâíîñèëüíû ðàâåíñòâó [[ξη] ζ] = 0. Ïîýòîìó ëîêàëüíàÿ W -

àëãåápà ýòîé òêàíè (àëãåáðà Ëè) ÿâëÿåòñÿ íèëüïîòåíòíîé. Ýòî åäèíñòâåííàÿ

òðåõìåðíàÿ íåàáåëåâà íèëüïîòåíòíàÿ àëãåáðà Ëè [4].

Ïîêàæåì, ÷òî ñóùåñòâóåò òðè-òêàíü Ìóôàíã (îáîçíà÷èì åå M̄), äëÿ êî-

òîðîé ãðóïïîâàÿ òðè-òêàíü (13) áóäåò ôàêòîð-òêàíüþ.

Ñîãëàñíî [5], â íåêîòîðûõ ëîêàëüíûõ êîîðäèíàòàõ óðàâíåíèÿ òêàíè, äî-

ïóñêàþùåé ôàêòîð-òêàíü, ìîãóò áûòü ïðèâåäåíû ê âèäó

za = fa(xb, yc), zu = fu(xj , yk), (16)

çäåñü è äàëåå a, b, c, ... = 1, ρ; u, v, w, ... = ρ+ 1, r; ρ < r, à ïåðâàÿ ñåðèÿ

óðàâíåíèé çàäàåò ôàêòîð-òêàíü. Äëÿ ðàññìàòðèâàåìîé òðè-òêàíè M̄ ρ = 3,

ôóíêöèè fa îïðåäåëÿþòñÿ óðàâíåíèÿìè (13), u = 4, r.

Ïðè r = 4 ïîëó÷àåì âîñüìèìåðíóþ òðè-òêàíü Ìóôàíã, îïðåäåëÿåìóþ

ëóïîé Ìóôàíã ìèíèìàëüíîé pàçìåpíîñòè, óðàâíåíèÿ êîòîðîé èçâåñòíû [1],

à òåíçîð êðó÷åíèÿ èìååò ñëåäóþùèå íåíóëåâûå êîìïîíåíòû: a114 = a224 =

−a334 = 1, a312 = 1. Ñðàâíèâàÿ ïîñëåäíèå ñ (15), âèäèì, ÷òî èñêîìàÿ òðè-

òêàíü M̄ íå ýêâèâàëåíòíà âîñüìèìåðíîé òêàíè Ìóôàíã.

Ïîêàæåì, ÷òî òêàíü Ìóôàíã âèäà (16) ñóùåñòâóåò ïðè r = 5 è íàéäåì åå

óðàâíåíèÿ. Â ñîîòâåòñòâèè ñ [1] (ñì. òàêæå [5]) çàïèøåì ñòðóêòóðíûå óðàâ-

íåíèÿ (4) ïðîèçâîëüíîé òðè-òêàíè, èìåþùåé ôàêòîð-òêàíü W̃ = W̃ (ρ, ρ, ρ):

dω
1

a = ω
1

b ∧ ωa
b + aabcω1

b ∧ ω
1

c, dω
2

a = ω
2

b ∧ ωa
b − aabcω2

b ∧ ω
2

c,

dω
1

u = ω
1

j ∧ ωu
j + aujkω1

j ∧ ω
1

k, dω
2

u = ω
2

j ∧ ωu
j − aujkω2

j ∧ ω
2

k,

dωa
b = ωc

b ∧ ωa
c + babcdω1

c ∧ ω
2

d,

dωu
j = ωk

j ∧ ωu
k + bujklω1

k ∧ ω
2

l,

(17)

Óðàâíåíèÿ ω
1

a = 0, ω
2

a = 0 ÿâëÿþòñÿ âïîëíå èíòåãðèðóåìûìè è çàäàþò

2(r − ρ)-ìåðíîå òðàíñâåðñàëüíîå ïîäìíîãîîáðàçèå M′, íà êîòîðîì îïðåäå-

ëåíà ïîäòêàíü W ′ = W ′(r − ρ, r − ρ, r − ρ), îáðàçîâàííàÿ ñëîåíèÿìè

λ′1 : ω
1

u = 0, λ′2 : ω
2

u = 0, λ′3 : ω
3

u ≡ ω
1

u + ω
2

u = 0.

Ñëîåíèÿ ôàêòîð-òêàíè W̃ = W/W ′ çàäàþòñÿ íà ôàêòîð-ìíîãîîáðàçèè M̃ =

M/M′ ðàçìåðíîñòè 2ρ óðàâíåíèÿìè:

λ̃1 : ω
1

a = 0, λ̃2 : ω
2

a = 0, λ̃3 : ω
3

a ≡ ω
1

a + ω
2

a = 0.
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Èç ðàâåíñòâ (10) ñ ó÷åòîì (15) ñëåäóåò, ÷òî äëÿ èñêîìîé òêàíè M̄ ìîæíî

ïîëîæèòü a4jk = 0, à èç íàáîðà a5jk íåíóëåâûìè ìîãóò áûòü ñëåäóþùèå êîì-

ïîíåíòû: a512, a
5
14, a

5
24, a

5
34. Ïðè ýòîì èç (7) ïîëó÷àåì, ÷òî òåíçîð êðèâèçíû

èìååò åäèíñòâåííóþ íåíóëåâóþ êîìïîíåíòó

b5124 =
2

3
a534 ≡ b (18)

ïðè óñëîâèè a534 6= 0. Ó÷èòûâàÿ íàéäåííûå â [3] ñòðóêòóðíûå óðàâíåíèÿ

ãðóïïîâîé òêàíè (13), çàïèøåì óðàâíåíèÿ (17) äëÿ òêàíè M̄ , ïîëó÷èì:

dω
1

1 = 0, dω
1

2 = 0, dω
1

3 = 2ω
1

1 ∧ ω
1

2, dω
1

4 = 0,

dω
1

5 = ω
1

j ∧ ω5
j + 2a512ω

1

1 ∧ ω
1

2+

+2a514ω
1

1 ∧ ω
1

4 + 2a524ω
1

2 ∧ ω
1

4 + 2a534ω
1

3 ∧ ω
1

4,

dω
2

1 = 0, dω
2

2 = 0, dω
2

3 = −2ω
2

1 ∧ ω
2

2, dω
2

4 = 0,

dω
2

5 = ω
2

j ∧ ω5
j − 2a512ω

2

1 ∧ ω
2

2−

−2a514ω
2

1 ∧ ω
2

4 − 2a524ω
2

2 ∧ ω
2

4 − 2a534ω
2

3 ∧ ω
2

4,

(19)

dω4
j = ωk

j ∧ ω4
k,

dω5
1 = ω4

1 ∧ ω5
4 + ω5

1 ∧ ω5
5 + bω

1

2 ∧ ω
2

4 − bω
1

4 ∧ ω
2

2,

dω5
2 = ω4

2 ∧ ω5
4 + ω5

2 ∧ ω5
5 − bω

1

1 ∧ ω
2

4 + bω
1

4 ∧ ω
2

1,

dω5
3 = ω4

3 ∧ ω5
4 + ω5

3 ∧ ω5
5 ,

dω5
4 = ω4

4 ∧ ω5
4 + ω5

4 ∧ ω5
5 + bω

1

1 ∧ ω
2

2 − bω
1

2 ∧ ω
2

1,

dω5
5 = ω4

5 ∧ ω5
4 ,

(20)

ïðè ýòîì ω1
j = ω2

j = ω3
j = 0. Èç (20) ñëåäóåò, ÷òî ñèñòåìà óðàâíåíèé

ω4
j = 0, ω5

3 = 0, ω5
5 = 0 (21)

ÿâëÿåòñÿ âïîëíå èíòåãðèðóåìîé. Ñ ó÷åòîì (21) çàïèøåì óðàâíåíèÿ (8), ïî-

ëó÷èì:

da512 = −b(ω
1

4 − ω
2

4), da514 = b(ω
1

2 − ω
2

2), da524 = −b(ω
1

1 − ω
2

1), (22)

da534 = 0. Îòñþäà ñëåäóåò, ÷òî a534 = const, ïîëîæèì

a534 = −3. (23)

Òîãäà èç (18) íàõîäèì

b = −2. (24)
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Èç óðàâíåíèé (19) íàéäåì ñëåäóþùèå ôîðìû:

ω
1

1 = dx1, ω
1

2 = dx2, ω
1

3 = x1dx2 − x2dx1 + dx3, ω
1

4 = dx4,

ω
2

1 = dy1, ω
2

2 = dy2, ω
2

3 = −y1dy2 + y2dy1 + dy3, ω
2

4 = dy4,
(25)

ãäå (xi, yj) � ëîêàëüíûå êîîðäèíàòû íà M. Ïîäñòàâèì (24) è (25) â (22) è

ïðîèíòåãðèðóåì ïîëó÷åííûå óðàâíåíèÿ, íàéäåì:

a512 = 2(x4 − y4), a514 = −2(x2 − y2), a524 = 2(x1 − y1). (26)

Òåïåðü ïîäñòàâèì (21) è (24) â ñèñòåìó (20). Èíòåãðèðóÿ ïîëó÷åííûå óðàâ-

íåíèÿ, íàéäåì ôîðìû

ω5
1 = y4dx2 − x2dy4 − y2dx4 + x4dy2,

ω5
2 = −y4dx1 + x1dy4 + y1dx4 − x4dy1,
ω5
4 = y2dx1 − x1dy2 − y1dx2 + x2dy1.

(27)

Ôîðìû ω
1

5 è ω
1

5 íàéäåì, èíòåãðèðóÿ ñîîòâåòñòâóþùèå óðàâíåíèÿ ñèñòåìû

(19), â êîòîðûõ ó÷òåì (21), (23), (25)�(27); ïîëó÷èì:

ω
1

5 = dx5+

+x2y4dx1 − x2x4dx1 − x4y2dx1 + 3x1x4dx2 − x1y4dx2+

+x4y1dx2 + 3x4dx3 + x1x2dx4 − x2y1dx4 − 3x3dx4 + x1y2dx4,

ω
2

5 = dy5+

= y2x4dy1 − x2y4dy1 − 3y2y4dy1 − x4y1dy2 + y4x1dy2+

+y4y1dy2 + y1x2dy4 − x1y2dy4 − y1y2dy4 + 3y3dy4 − 3y4dy3.

(28)

Çàïèøåì óðàâíåíèÿ (6) ñëîåíèé ðàññìàòðèâàåìîé òêàíè M̄ ñ ó÷åòîì (25) è

(28), ïðîèíòåãðèðóåì èõ è íàéäåì óðàâíåíèÿ ýòîé òêàíè â âèäå:
zi = xi + yi, (i = 1, 2, 4), z3 = x3 + y3 − x1y2 + x2y1,

z5 = x5 + y5+

+x3y4 − x4y3 + x1x2y4 + 2x1x4y2 + x4y1y2 + 2x2y1y4.

(29)

Óðàâíåíèÿ (29) îïðåäåëÿþò òàêæå ëîêàëüíóþ êîîðäèíàòíóþ ëóïó òêàíè M̄

ñ åäèíèöåé e(0,0,0,0,0) � ïÿòèìåðíóþ ëóïó Ìóôàíã.

Òàê êàê äëÿ îïåðàöèè (9) â ëîêàëüíîéW -àëãåápå òêàíè M̄ ñ íåíóëåâûìè

êîìïîíåíòàìè (15), (23), (26) âûïîëíÿþòñÿ óñëîâèÿ

[[ξ, η], [ζ, ς]] = 0, [[[ξ, η], ζ], ς] = 0,

òî ýòà W -àëãåápà ÿâëÿåòñÿ ðàçðåøèìîé íèëüïîòåíòíîé àëãåáðîé Ìàëüöåâà.

Ñîãëàñíî [4] ïðè r = 5 òàêàÿ íåëèåâà àëãåáðà Ìàëüöåâà åäèíñòâåííàÿ. Âåðíî
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Ïðåäëîæåíèå. Óðàâíåíèÿ äåñÿòèìåðíîé òðè-òêàíè Ìóôàíã M̄ , îïðå-

äåëÿåìîé åäèíñòâåííîé íåëèåâîé ðàçðåøèìîé íèëüïîòåíòíîé àëãåáðîé

Ìàëüöåâà ðàçìåðíîñòè 5, â íåêîòîðûõ ëîêàëüíûõ êîîðäèíàòàõ ìîãóò

áûòü ïðèâåäåíû ê âèäó (29).

Óêàæåì ïîäòêàíü W ′ òðè-òêàíè M̄ , ôàêòîðèçàöèÿ ïî êîòîðîé ïðèâîäèò

ê òðè-òêàíè GW 0. Èç (19) ñëåäóåò, ÷òî ñèñòåìà óðàâíåíèé

ω
1

1 = 0, ω
1

2 = 0, ω
1

3 = 0, ω
2

1 = 0, ω
2

2 = 0, ω
2

3 = 0

ÿâëÿåòñÿ âïîëíå èíòåãðèðóåìîé íà ìíîãîîáðàçèè M, íåñóùåì òðè-òêàíü

M̄ , è îïðåäåëÿåò 4-ìåðíîå òðàíñâåðñàëüíîå ïîäìíîãîîáðàçèå M′. Íà ýòîì

ïîäìíîãîîáðàçèè ñëîåíèÿ

λ′1 : ω
1

4 = 0, ω
1

5 = 0, λ′2 : ω
2

4 = 0, ω
2

5 = 0,

λ′3 : ω
3

4 ≡ ω
1

4 + ω
2

4 = 0, ω
3

5 ≡ ω
1

5 + ω
2

5 = 0,

îáðàçóþò ïîäòêàíü W ′ = W ′(2, 2, 2). Ïðè ýòîì ôîðìû ω
1

4, ω
1

5, ω
2

4, ω
2

5 óäîâëå-

òâîðÿþò ñòðóêòóðíûì óðàâíåíèÿì

dω
1

4 = 0, dω
1

5 = 0, dω
2

4 = 0, dω
2

5 = 0.

Èç íèõ ñëåäóåò, ÷òî ïîäòêàíü W ′ ÿâëÿåòñÿ ïàðàëëåëèçóåìîé, îáîçíà÷èì åå

R0. Ñîãëàñíî ñêàçàííîìó âûøå, GW 0 = M̄/R0. Èòàê, âåðíà

Òåîðåìà. Øåñòèìåðíàÿ ãðóïïîâàÿ òðè-òêàíü GW 0, çàäàííàÿ óðàâíå-

íèÿìè (13), ìîæåò áûòü ðåàëèçîâàíà êàê ôàêòîð-òêàíü äåñÿòèìåðíîé

òðè-òêàíè Ìóôàíã M̄ , îïðåäåëÿåìîé óðàâíåíèÿìè (29), ïî åå ÷åòûðåõìåð-

íîé ïàðàëëåëèçóåìîé ïîäòêàíè R0.

Íàéäåì óðàâíåíèÿ ñåðäöåâèíû c = a ∗ b òðè-òêàíè M̄ â âèäå (12). Â

ðåçóëüòàòå âû÷èñëåíèé ïîëó÷èì:
c1 = 2a1 − b1, c2 = 2a2 − b2, c3 = 2a3 − b3, c4 = 2a4 − b4,

c5 = 2a5 − b5 + 2a1(a2 − b2)(a4 − b4)+

+2a2(a4 − b4)(a1 − b1) + 2a4(a1 − b1)(a2 − b2).

(30)

Î÷åâèäíî, ÷òî ýòà ñåðäöåâèíà íå ÿâëÿåòñÿ òðèâèàëüíîé, íî ñîäåðæèò ìàê-

ñèìàëüíî âîçìîæíóþ (÷åòûðåõìåðíóþ) òðèâèàëüíóþ ôàêòîð-êâàçèãðóïïó,

êîòîðàÿ çàäàåòñÿ ïåðâûìè ÷åòûðüìÿ óðàâíåíèÿìè ñèñòåìû (30) íà ñîîò-

âåòñòâóþùåì ôàêòîð-ìíîãîîáðàçèè. Îòìåòèì òàêæå, ÷òî ñåðäöåâèíà òðè-

òêàíè GW 0, îïðåäåëÿåìàÿ óðàâíåíèÿìè (14), ñóòü øåñòèìåðíàÿ ôàêòîð-

êâàçèãðóïïà êâàçèãðóïïû (30).
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Çàêëþ÷åíèå

Â ðàáîòå ïîñòðîåíî âëîæåíèå øåñòèìåðíîé ãðóïïîâîé òðè-òêàíè ñ òðè-

âèàëüíîé ñåðäöåâèíîé (îíà îáîçíà÷åíà GW 0) â íåêîòîðóþ äåñÿòèìåðíóþ

òðè-òêàíü Ìóôàíã. Çàìåòèì, ÷òî òðè-òêàíü GW 0 ÿâëÿåòñÿ åäèíñòâåííîé

øåñòèìåðíîé ãðóïïîâîé òêàíüþ ñ òðèâèàëüíîé ñåðäöåâèíîé. Îíà õàðàêòå-

ðèçóåòñÿ òåì, ÷òî åå ëîêàëüíàÿ W -àëãåápà (àëãåáðà Ëè) ÿâëÿåòñÿ íèëüïî-

òåíòíîé. Ýòî åäèíñòâåííàÿ òðåõìåðíàÿ íåàáåëåâà íèëüïîòåíòíàÿ àëãåáðà Ëè

[4]. Òðè-òêàíü GW 0 ðåàëèçîâàíà êàê ôàêòîð-òêàíü óêàçàííîé äåñÿòèìåðíîé

òðè-òêàíè Ìóôàíã ïî åå ÷åòûðåõìåðíîé ïàðàëëåëèçóåìîé ïîäòêàíè.

Ñïèñîê ëèòåðàòóðû

1. Àêèâèñ Ì.À., Øåëåõîâ A.M. Ìíîãîìåðíûå òðè-òêàíè è èõ ïðèëîæåíèÿ/ ìîíîãðàôèÿ.
Òâåðü: ÒâÃÓ. 2010. 308 ñ.

2. Âàñèëüåâà Ì.Â. Ãðóïïû Ëè ïðåîáðàçîâàíèé. Ì.: Ìîñê. ãîñ. ïåä. èí-ò. 1969. 175 ñ.
3. Ãåãàìÿí Ã.Ä., Òîëñòèõèíà Ã.À. Î ëåâûõ òêàíÿõ Áîëà ñ òðèâèàëüíîé ñåðäöåâèíîé.

Âåñòíèê Òâåðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà. Ñåðèÿ: ïðèêëàäíàÿ ìàòåìàòèêà.
Âûïóñê 2(25), �17. 2012. Ñ. 99�114.

4. Êóçüìèí Å.Í. Àëãåáðû Ìàëüöåâà ðàçìåðíîñòè ïÿòü íàä ïîëåì õàðàêòåðèñòèêè íóëü.
Àëãåáðà è ëîãèêà. Òîì 9, �5. 1970. Ñ. 691�700.

5. Òîëñòèõèíà Ã.À. Îáîáùåííàÿ ëåâàÿ òðè-òêàíü Áîëà Bl(ρ, r, r) êàê ôàêòîð-òêàíü ëå-
âîé òêàíè Áîëà Bl(r, r, r). Âåñòíèê Òâåðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà. Ñåðèÿ:
ïðèêëàäíàÿ ìàòåìàòèêà. Âûïóñê 2(21), �21. 2011. Ñ. 117 � 134.

6. Òîëñòèõèíà Ã.À., Øåëåõîâ A.M. Î òðè-òêàíÿõ Áîëà ñ IC-ñâîéñòâîì. Èçâ. Âóçîâ. Ìàò.
2013. �5. Ñ. 25�35.

Ãåãàìÿí Ã.Ä.

Êàôåäðà ôóíêöèîíàëüíîãî àíàëèçà è ãåîìåòðèè

Òâåðñêîé ãîñóíèâåðñèòåò, Òâåðü, Ðîññèÿ

E-mail: geg geghamyan@yahoo.com

G. Geghamyan

Tver State University, Russia.

About embedding of six-dimentional group three-web with

trivial core to Moufang three-web

In this paper we have constructed an embedding of six-dimentional group three-

web with trivial core to some ten-dimentional Moufang three-web. Bol three-

web, core of Bol three-web, locally symmetric space, group three-web, Moufang

three-web, trivial core, locally �at structure.


