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Ìåòðèçîâíi ôóíêòîðè i K-óëüòðàìåòðèêè

Ë. �. Áàçèëåâè÷ Ì. Ì. Çàði÷íèé Î. Ã. Ñàâ÷åíêî

Àíîòàöiÿ Ïîíÿòòÿ K-óëüòðàìåòðè÷íîãî ïðîñòîðó ¹ ïðîìiæíèì ìiæ ïîíÿò-

òÿì ìåòðè÷íîãî ïðîñòîðó i óëüòðàìåòðè÷íîãî (íåàðõiìåäîâîãî) ïðîñòîðó.

Ìè îïèñó¹ìî çàãàëüíó êîíñòðóêöiþ K-óëüòðàìåòðèçàöi¨ äëÿ ìåòðèçîâíèõ

ôóíêòîðiâ ó ñåíñi Â.Â. Ôåäîð÷óêà.

Êëþ÷îâi ñëîâà Óëüòðàìåòðè÷íèé ïðîñòið, ìåòðèçîâíèé ôóíêòîð

1 Âñòóï

Ïîíÿòòÿ óëüòðàìåòðèêè (íåàðõiìåäîâî¨ ìåòðèêè) çíàõîäèòü ÷èñëåííi çàñòî-

ñóâàííÿ íå ëèøå ó ðiçíèõ ðîçäiëàõ ìàòåìàòèêè, à é äàëåêî çà ¨¨ ìåæàìè

(ó iíôîðìàòèöi, ôiçèöi, áiîôiçèöi). Íàãàäà¹ìî, ùî óëüòðàìåòðèêîþ íàçè-

âàþòü ìåòðèêó d, ÿêà çàäîâîëüíÿ¹ ñèëüíó íåðiâíiñòü òðèêóòíèêà d(x, y) ≤
max{d(x, z), d(z, y)}. Íåùîäàâíî îäèí ç àâòîðiâ öi¹¨ çàìiòêè ðîçãëÿíóâ îäíå

óçàãàëüíåííÿ ïîíÿòòÿ óëüòðàìåòðèêè, à ñàìå, ïîíÿòòÿ K-óëüòðàìåòðèêè

(äèâ. [9]). Îäíà ç ìîòèâàöié çàïðîâàäæåííÿ ïîíÿòòÿ K-óëüòðàìåòðèêè ëå-

æèòü ó òåîði¨ òàê çâàíèõ ðîçìèòèõ ìåòðè÷íèõ ïðîñòîðiâ.

Äëÿ K-óëüòðàìåòðè÷íèõ ïðîñòîðiâ ó ñòàòòi [9] äîâåäåíî ñòðóêòóðíó òåî-

ðåìó. Êðiì òîãî, ó öié æå ñòàòòi ðîçãëÿíóòî ðiçíi ôóíêòîðiàëüíi êîíñòðóêöi¨

ó êàòåãîði¨ (ðiâíîìiðíèõ) K-óëüòðàìåòðè÷íèõ ïðîñòîðiâ òà òàê çâàíèõ K-

íåðîçòÿãóþ÷èõ âiäîáðàæåíü.

Ó ñòàòòi [10] çàââàæåíî, ùî ìîæíà ðîçãëÿäàòè ôóíêòîð iäåìïîòåíò-

íèõ ìið íà êàòåãîði¨ (ðiâíîìiðíèõ) K-óëüòðàìåòðè÷íèõ ïðîñòîðiâ òà K-

íåðîçòÿãóþ÷èõ âiäîáðàæåíü. Íàãàäà¹ìî, ùî ïîíÿòòÿ iäåìïîòåíòíî¨ ìiðè âè-
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íèêëî â êîíòåêñòi òàê çâàíî¨ iäåìïîòåíòíî¨ ìàòåìàòèêè (äèâ. [1,6,7,3] òà

ií.)

Iäåìïîòåíòíi ìiðè ¹ ÷àñòêîâèì ïðèêëàäîì òàê çâàíèõ íåàäèòèâíèõ ìið

(¹ìíîñòåé). �ìíîñòi íà óëüòðàìåòðè÷íèõ ïðîñòîðàõ âèâ÷àëèñÿ â [2]. Âèíèêà¹

ïðèðîäíà çàäà÷à ïîøèðåííÿ îäåðæàíèõ ðåçóëüòàòiâ íà ôóíêòîð ¹ìíîñòåé íà

êàòåãîði¨ K-óëüòðàìåòðè÷íèõ ïðîñòîðiâ.

Ó öié çàìiòöi ìè ðîçãëÿäà¹ìî çàãàëüíó ñèòóàöiþ i ïðîïîíó¹ìî êîíñòðóê-

öiþ, ÿêà ìîæå çàñòîñîâóâàòèñÿ äî êîæíîãî ìåòðèçîâíîãî ôóíêòîðà â ñåíñi

Â.Â. Ôåäîð÷óêà.

2 Öiëêîì ìåòðèçîâíi ôóíêòîðè

Íåõàé F � ìàéæå íîðìàëüíèé ó ñåíñi �. Ùåïiíà ôóíêòîð ó êàòåãîði¨ Comp

êîìïàêòíèõ ãàóñäîðôîâèõ ïðîñòîðiâ (äèâ., íàïðèêëàä, [11]). Òóò ìè êîðîòêî

íàãàäà¹ìî, ùî óìîâà íîðìàëüíîñòi îçíà÷à¹ íåïåðåðâíiñòü, ìîíîìîðôíiñòü,

åïiìîðôíiñòü, çáåðåæåííÿ âàãè, ïåðåòèíiâ, ïðîîáðàçiâ, òî÷êè i ïîðîæíüî¨

ìíîæèíè. ßêùî îïóñòèòè óìîâó çáåðåæåííÿ âàãè, òî îäåðæó¹ìî îçíà÷åííÿ

ìàéæå íîðìàëüíîãî ôóíêòîðà.

Ïîíÿòòÿ ìåòðèçîâíîñòi ôóíêòîðà âïåðøå îçíà÷èâ Â.Â. Ôåäîð÷óê [12],

óçàãàëüíþþ÷è âëàñòèâîñòi êîíêðåòíèõ ôóíêòîðiâ ó êàòåãîði¨ Comp. Êàæå-

ìî, ùî ôóíêòîð F ìåòðèçîâíèé, ÿêùî êîæíié ìåòðèöi dX íà ïðîñòîði X

âiäïîâiäà¹ ìåòðèêà dF (X) íà ïðîñòîði F (X), ïðè÷îìó âèêîíàíî óìîâè:

1. çáåðiãàþòüñÿ içîìåòðè÷íi âêëàäåííÿ;

2. ïðèðîäíå âêëàäåííÿ X → F (X) ¹ içîìåòðè÷íèì âêëàäåííÿì;

3. diam(X) = diam(F (X)).

Íåõàé (X, d) � óëüòðàìåòðè÷íèé ïðîñòið. Äëÿ êîæíîãî K > 0 ÷åðåç

∼K ïîçíà÷à¹ìî âiäíîøåííÿ åêâiâàëåíòíîñòi íà X, îçíà÷åíå óìîâîþ: x ∼K y

òîäi i ëèøå òîäi, êîëè d(x, y) ≤ K. Íåõàé ÷åðåç qK : X → X/ ∼K ïîçíà÷åíî

ôàêòîðâiäîáðàæåííÿ, à äëÿ êîæíèõ K ≥ L > 0, ÷åðåç qLK : X/ ∼L→ X/ ∼K

� ïðèðîäíå âiäîáðàæåííÿ. Òîäi, î÷åâèäíî, X = lim←−(X/ ∼K , qLK).

Îçíà÷èìî âiäîáðàæåííÿ d̃ : F (X)× F (X)→ R ôîðìóëîþ

d̃(a, b) = inf{K > 0 | F (qK)(a) = F (qK)(b)}, a, b ∈ F (X).

Íåñêëàäíî ïîêàçàòè, ùî ôóíêöiÿ d̃ ¹ óëüòðàìåòðèêîþ íà ìíîæèíi F (X).

Ó äîâåäåííi ìè âèêîðèñòîâó¹ìî òîé ôàêò, ùî F (X) = lim←−(F (X/ ∼K

), F (qLK)) � öå âèïëèâà¹ ç âëàñòèâîñòi íåïåðåðâíîñòi ôóíêòîðà F .

Çàââàæèìî, ùî òîïîëîãiÿ íà F (X), iíäóêîâàíà óëüòðàìåòðèêîþ d̃, âçà-

ãàëi êàæó÷è, âiäìiííà âiä âèõiäíî¨ òîïîëîãi¨ íà F (X).
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Íåõàé X � ìíîæèíà i K ∈ [0,∞]. Ìåòðèêó d íà ìíîæèíi X áóäåìî íà-

çèâàòè K-óëüòðàìåòðèêîþ, ÿêùî d(x, y) ≤ max{d(x, z), d(z, y)} äëÿ êîæíèõ
x, y, z ∈ X òàêèõ, ùî min{d(x, z), d(z, y)} ≤ K.

Çàóâàæèìî, ùî êîæíà 0-óëüòðàìåòðèêà íàñïðàâäi ¹ ìåòðèêîþ i êîæíà∞-

óëüòðàìåòðèêà ¹ óëüòðàìåòðèêîþ. Çàóâàæèìî òàêîæ, ùî êîæåí K-óëüòðà-

ìåòðè÷íèé ïðîñòið ¹ K ′-óëüòðàìåòðè÷íèì ïðîñòîðîì, ÿêùî K ′ ≤ K.

Íàçâåìî K-óëüòðàìåòðè÷íèé ïðîñòið ðiâíîìiðíî K-óëüòðàìåòðè÷íèì,

ÿêùî iñíó¹ ε > 0 òàêå, ùî âèêîíàíî óìîâó: ÿêùî x, y ∈ X i d(x, y) < K + ε,

òî d(x, y) ≤ K.

Íàøà çàäà÷à � ïîáóäóâàòè K-óëüòðàìåòðèêó íà ïðîñòîði F (X) äëÿ

êîæíîãî ðiâíîìiðíî K-óëüòðàìåòðè÷íîãî ïðîñòîðó X. Íàñàìïåðåä çàââà-

æèìî, ùî äëÿ òàêîãî ïðîñòîðó X ìà¹ìî: X = lim←−(X/ ∼R, qRS , (0,K)). ßêùî

µ, ν ∈ F (X) i F (qK)(µ) = F (qk)(ν), òî ïðèéìåìî

d̃(µ, ν) = inf{S ∈ (K, 0) | F (qS)(µ) = F (qS)(ν)}.

Ïðèéìåìî:

dK(µ, ν) =



d̃(µ, ν), ÿêùî

F (qK)(µ) = F (qk)(ν),

max{dF (qK(X))(F (qK)(µ), F (qK)(ν)),K + ε}, ó ïðîòèëåæíîìó

âèïàäêó.

ßê áà÷èìî, îçíà÷åííÿ ôóíêöi¨ dK çàëåæèòü âiä òîãî, ÿêó ñòàëó ε âèáè-

ðà¹ìî ó îçíà÷åííi ðiâíîìiðíî¨ K-óëüòðàìåòðèêè. Öå ÿâíî íå âiäçíà÷àëîñÿ

ó ïîïåðåäíiõ ñòàòòÿõ, ùî ñòîñóþòüñÿ ðiâíîìiðíî K-óëüòðàìåòðè÷íèõ ïðî-

ñòîðiâ.

Òåîðåìà 1 Ôóíêöiÿ dK : F (X) × F (X) → R ¹ ðiâíîìiðíîþ K-

óëüòðàìåòðèêîþ íà ìíîæèíi F (X).

Äîâåäåííÿ Âiçüìåìî ε > 0 ç îçíà÷åííÿ ðiâíîìiðíî¨ óëüòðàìåòðèêè. Ïîêàæå-

ìî ñïî÷àòêó, ùî dK(µ, ν) > 0, ÿêùî µ 6= ν. ßêùî F (qK)(µ) = F (qK)(ν), òî

dK(µ, ν) = d̃(µ, ν) > 0. Ó ïðîòèëåæíîìó âèïàäêó dK(µ, ν) > ε > 0.

Î÷åâèäíî, ùî ôóíêöiÿ dK ñèìåòðè÷íà.

Äîâåäåìî äëÿ ôóíêöi¨ dK íåðiâíiñòü òðèêóòíèêà. Íåõàé µ, ν, τ ∈ F (X)

� ïîïàðíî ðiçíi åëåìåíòè ïðîñòîðó F (X). ßêùî

F (qK)(µ) = F (qk)(ν) = F (qK)(τ),
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òî íåðiâíiñòü òðèêóòíèêà âèïëèâà¹ ç (ñèëüíî¨) íåðiâíîñòi òðèêóòíèêà äëÿ

ìåòðèêè d̃. ßêùî F (qK)(µ) = F (qK)(ν) 6= F (qK)(τ), òî

dK(µ, ν) ≤ K < K + ε ≤ max{dK(µ, τ), dK(ν, τ)}.

ßêùî F (qK)(µ) 6= F (qk)(ν) = F (qK)(τ), òî max{dK(µ, τ), dK(ν, τ)} =

dK(µ, τ). Ïðè öüîìó, ÿêùî dK(µ, ν) = K + ε, òî íåðiâíiñòü äîâåäåíî. Òîìó

ïðèïóñêà¹ìî, ùî dK(µ, ν) = dF (qK(X))(F (qK)(µ), F (qK)(ν)). Àëå òîäi òàêîæ

dK(µ, τ) = dF (qK(X))(F (qK)(µ), F (qK)(τ)) i íåðiâíiñòü òðèêóòíèêà ìà¹ ìiñöå.

Àíàëîãi÷íi ìiðêóâàííÿ çàñòîñîâó¹ìî äëÿ âèïàäêó, êîëè

F (qK)(µ), F (qk)(ν), F (qK)(τ) � ïîïàðíî ðiçíi åëåìåíòè ïðîñòîðó F (X).

Òåïåð ïåðåâiðèìî óìîâó ç îçíà÷åííÿ K-óëüòðàìåòðèêè. Íàäàëi íåõàé

µ, ν, τ ∈ F (X) � ïîïàðíî ðiçíi åëåìåíòè ïðîñòîðó F (X).

Íå çìåíøóþ÷è çàãàëüíîñòi, ïðèïóñêà¹ìî, ùî dF (qK(X))(µ, ν) ≤ K. ßêùî

òàêîæ dF (qK(X))(ν, τ) ≤ K, òî ç ñèëüíî¨ íåðiâíîñòi òðèêóòíèêà äëÿ ìåòðèêè

d̃ âèïëèâà¹, ùî

dF (qK(X))(µ, ν) ≤ max{dF (qK(X))(µ, τ), dF (qK(X))(τ, ν)}.

Òåïåð ÿêùî dF (qK(X))(µ, ν) ≤ K i dF (qK(X))(ν, τ) ≥ K + ε, òî òàêîæ i

dF (qK(X))(µ, τ) ≥ K + ε, à îòæå

dF (qK(X))(µ, τ) =dK(F (qK)(µ), F (qK)(τ)) = dK(F (qK)(ν), F (qK)(τ)) = d(ν, τ)

=max{d(µ, ν), d(ν, τ)}.

Ïåðåâiðèìî, ùî ôóíêöiÿ dK ¹ ðiâíîìiðíîþ K-óëüòðàìåòðèêîþ. Íåõàé

µ, ν ∈ F (X) i dK(µ, ν) < K + ε. Ç îçíà÷åííÿ ôóíêöi¨ dK âèïëèâà¹, ùî òîäi

F (qK)(µ) = F (qk)(ν), à òîìó dK(µ, ν) ≤ K.

Çàóâàæèìî, ùî öÿ êîíñòðóêöiÿ ìîæå áóòè çäiéñíåíà òàêîæ i ó âèïàä-

êó íåêîìïàêòíèõ ïðîñòîðiâ. Ñïðàâäi, iñíó¹ ïðîäîâæåííÿ çà ×èãîãiäçå [13]

ôóíêòîðà F íà êàòåãîðiþ òèõîíîâñüêèõ ïðîñòîðiâ (ìè çáåðiãà¹ìî äëÿ öüîãî

ïðîäîâæåííÿ òó æ ñàìó ëiòåðó F ). Ìàþ÷è a, b ∈ F (X), ðîçãëÿíåìî çâó-

æåííÿ ìåòðèêè íà êîìïàêòíó ìíîæèíó supp(a)∪ supp(b) i äëÿ öi¹¨ ìåòðèêè
îçíà÷èìî âiäñòàíü ìiæ a i b ÿê âèùå.

Îçíà÷èìî êàòåãîðiþ UUMETK . �¨ îá'¹êòàìè ¹ K-óëüòðàìåòðè÷íi ïðî-

ñòîðè, à ìîðôiçìàìè ïðîñòîðó (X, d) ó ïðîñòið (Y, %) �K-íåðîçòÿãóþ÷i âiäî-

áðàæåííÿ, òîáòî íåïåðåðâíi âiäîáðàæåííÿ f : X → Y òàêi, ùî %(f(x), f(y)) ≤
d(x, y) äëÿ êîæíèõ x, y ∈ X òàêèõ, ùî d(x, y) ≤ K.



Ìåòðèçîâíi ôóíêòîðè i K-óëüòðàìåòðèêè 17

Òåîðåìà 2 Íàâåäåíà âèùå êîíñòðóêöiÿ âèçíà÷à¹ ôóíêòîð íà êàòåãîði¨

ðiâíîìiðíèõ K-óëüòðàìåòðè÷íèõ ïðîñòîðiâ òà K-íåðîçòÿãóþ÷èõ âiäîáðà-

æåíü.

Äîâåäåííÿ ßêùî µ, ν ∈ F (X) i dK(µ, ν) ≤ K, òî dK(µ, ν) = d̃(µ, ν). Ïî-

çíà÷èìî ÷åðåç q′S : Y → Y/ ∼S äëÿ S ∈ (0,K]. Ç óìîâè K-íåðîçòÿãóâàíîñòi

âèïëèâà¹, ùî äëÿ êîæíîãî S ∈ (0,K] iñíó¹ âiäîáðàæåííÿ fS : X/ ∼S→ Y/ ∼S

òàêå, ùî q′Sf = fSqS . Çâiäñè F (q′S)F (f) = F (fS)F (qS), à òîìó

%K(F (f)(µ), F (f)(ν)) = %̃(F (f)(µ), F (f)(ν)) ≤ d̃(µ, ν) = dK(µ, ν).

3 Ïðèêëàäè

Òóò ìè ïîäà¹ìî äåÿêi ïðèêëàäè ìåòðèçîâíèõ ôóíêòîðiâ.

Ïî÷íåìî ç ôóíêòîðà íàïiâíåïåðåðâíèõ çãîðè ¹ìíîñòåé. ×åðåç expX ïî-

çíà÷à¹ìî ìíîæèíó âñiõ íåïîðîæíiõ êîìïàêòíèõ ïiäìíîæèí ïðîñòîðó X, íà-

äiëåíó ìåòðèêîþ Ãàóñäîðôà. �ìíiñòþ íà êîìïàêòi X íàçèâàþòü ôóíêöiþ

c : expX ∪ {∅} → [0, 1], ùî çàäîâîëüíÿ¹ óìîâè:

1. c(∅) = 0, c(X) = 1;

2. ÿêùî F ⊂ G, òî c(F ) ≤ c(G) (ìîíîòîííiñòü);
3. ÿêùî c(F ) < a, òî iñíó¹ îêië U ìíîæèíè F òàêèé, ùî c(G) < a äëÿ

êîæíî¨ çàìêíåíî¨ ìíîæèíè G ⊂ U (íàïiâíåïåðåðâíiñòü çãîðè).

Äëÿ êîæíî¨ ¹ìíîñòi µ i êîæíî¨ íåïåðåðâíî¨ ôóíêöi¨ ϕ çàäà¹òüñÿ iíòåãðàë

Øîêå

µ(ϕ) =

∫
X

ϕdµ =

∫ ∞
0

µ(ϕ ≥ t)dt−
∫ 0

−∞
(1− µ(ϕ ≥ t))dt.

×åðåç n− LIP = n− LIP(X, d) ïîçíà÷à¹ìî ìíîæèíó âñiõ ëiïøèöåâèõ ôóíê-

öié ç ëiïøèöåâîþ êîíñòàíòîþ ≤ n ç ìíîæèíè C(X).

Êîæíà ìåòðèêà d íà X òåïåð ïîðîäæó¹ ìåòðèêó d̂ íà ìíîæèíi M(X)

âñiõ íàïiâíåïåðåðâíèõ çãîðè ¹ìíîñòåé íà X:

d̂(µ, ν) = sup{|µ(ϕ)− ν(ϕ)| | ϕ ∈ 1− LIP}

(äèâ. [8]).

Äëÿ íåïåðåðâíîãî âiäîáðàæåííÿ f : X → Y âiäîáðàæåííÿ

M(f) : M(X) → M(Y ) çàäà¹ìî ôîðìóëîþ: M(f)(c)(F ) = c(f−1(F )),

äëÿ êîæíîãî c ∈M(X) i çàìêíåíî¨ ïiäìíîæèíè F ⊂ Y .
Âiäîìî, ùî ôóíêòîð íàïiâíåïåðåðâíèõ çãîðè ¹ìíîñòåé M ìàéæå íîð-

ìàëüíèé.



18 Áàçèëåâè÷ Ë.�., Çàði÷íèé Ì.Ì., Ñàâ÷åíêî Î.Ã.

Òåîðåìà 3 Âiäîáðàæåííÿ íîñiÿ supp = suppX : M(X) → expX ¹ K-

íåðîçòÿãóþ÷èì.

Äîâåäåííÿ öüîãî ôàêòó ïîâòîðþ¹ âiäïîâiäíå äîâåäåííÿ äëÿ ôóíêòîðà éìî-

âiðíiñíèõ ìið, çàïðîïîíîâàíå â [9]. Íåñêëàäíî ïåðåâiðèòè, ùî êëàñ âiäîáðà-

æåíü suppX ñêëàäà¹ ïðèðîäíå ïåðåòâîðåííÿ ôóíêòîðà M â ôóíêòîð exp.

Çàñòîñîâóþ÷è êîíñòðóêöiþ ïîïåðåäíüîãî ïàðàãðàôà, îäåðæó¹ìî K-

óëüòðàìåòðèçàöiþ ïðîñòîðó íàïiâíåïåðåðâíèõ çãîðè ¹ìíîñòåé íà K-

óëüòðàìåòðè÷íîìó ïðîñòîði.

Ôóíêòîð iäåìïîòåíòíèõ ìið ðîçãëÿíóòî ó ñòàòòi [10]. Íåõàé cX îçíà÷à¹

ôóíêöiþ íà òîïîëîãi÷íîìó ïðîñòîði X, òîòîæíüî ðiâíó c. Çà òðàäèöiÿìè

iäåìïîòåíòíî¨ ìàòåìàòèêè ÷åðåç c � ϕ ïîçíà÷à¹ìî ôóíêöiþ cX + ϕ. ×åðåç

ϕ⊕ ψ ïîçíà÷à¹ìî ìàêñèìóì ôóíêöié ϕ i ψ.

Îçíà÷åííÿ 1 Íåõàé X � êîìïàêòíèé ãàóñäîðôîâèé ïðîñòið. Ôóíêöiîíàë

µ : C(X)→ R íàçèâà¹òüñÿ iäåìïîòåíòíîþ ìiðîþ (ìiðîþ Ìàñëîâà), ÿêùî

1. µ(cX) = c;

2. µ(c� ϕ) = c� µ(ϕ);
3. µ(ϕ⊕ ψ) = µ(ϕ)⊕ µ(ψ).

Âiäîìî, ùî äîâiëüíà iäåìïîòåíòíà ìiðà ¹ íåïåðåðâíèì ôóíêöiîíàëîì íà íîð-

ìîâàíîìó ïðîñòîði C(X).

Çàñòîñîâóþ÷è ïåðåòâîðåííÿ t 7→ et, îäåðæó¹ìî àëüòåðíàòèâíèé îïèñ

iäåìïîòåíòíèõ ìið. ×åðåç C+(X) ïîçíà÷à¹ìî ìíîæèíó âñiõ íåâiä'¹ìíèõ

íåïåðåðâíèõ ôóíêöié íà X. Ââàæà¹ìî, ùî iäåìïîòåíòíà ìiðà íà X � öå

ôóíêöiîíàë µ : C+(X)→ R, ùî çàäîâîëüíÿ¹ óìîâè:

1. µ(cX) = c;

2. µ(cϕ) = cµ(ϕ) äëÿ êîæíîãî c > 0;

3. µ(ϕ⊕ ψ) = µ(ϕ)⊕ µ(ψ).

Íåõàé I(X) ìíîæèíà âñiõ iäåìïîòåíòíèõ ìið íà X. Íàäiëèìî I(X) ñëàá-

êîþ* òîïîëîãi¹þ. Áàçó öi¹¨ òîïîëîãi¨ ñêëàäàþòü ìíîæèíè

O(µ;ϕ1, . . . , ϕn; ε) = {ν ∈ I(X) | |µ(ϕi)− ν(ϕi)| < ε, i = 1, . . . , n}.

Â [6] äîâåäåíî, ùî I(X) ¹ êîìïàêòíèì ãàóñäîðôîâèì ïðîñòîðîì.

Ðîçãëÿíåìî ïðèêëàä iäåìïîòåíòíî¨ ìiðè íà ïðîñòîði X. Íåõàé

x1, . . . , xn ∈ X i λ1, . . . , λn ∈ R � íàáið ÷èñåë òàêèõ, ùî max{λ1, . . . , λn} = 1.

Îçíà÷èìî µ : C(X)→ R íàñòóïíèì ÷èíîì:

µ(ϕ) = max{λi � ϕ(xi) | i = 1, . . . , n}.
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Äëÿ äîâiëüíîãî x ∈ X ÷åðåç δx îçíà÷èìî ôóíêöiîíàë íà C(X) íàñòóïíèì

÷èíîì: δx(ϕ) = ϕ(x), ϕ ∈ C(X). Òîäi ìîæíà çàïèñàòè, ùî µ = ⊕n
i=1λi � δxi

.

Äëÿ çàäàíîãî íåïåðåðâíîãî âiäîáðàæåííÿ f : X → Y , çàäàìî âiäîáðàæåí-

íÿ I(f) : I(X) → I(Y ) íàñòóïíèì ÷èíîì. Íåõàé ϕ ∈ C(Y ), òîäi, äëÿ äàíî¨

µ ∈ O(X), çàäàìî I(f)(µ)(ϕ) = µ(ϕ ◦ f).
Ìè îòðèìàëè êîâàðiàíòíèé ôóíêòîð I íà êàòåãîði¨ Comp.

Ç [6] âiäîìî, ùî I çáåðiãà¹ êëàñ âêëàäåíü. ßê íàñëiäîê, äëÿ êîæíî¨ çà-

ìêíåíî¨ ïiäìíîæèíè A êîìïàêòíîãî ãàóñäîðôîâîãî ïðîñòîðó X, ìíîæèíi

I(A) ìîæåìî ïîñòàâèòè ó âiäïîâiäíiñòü ïiäìíîæèíó I(ι)(A) ìíîæèíè I(X),

äå ι : A→ X ïîçíà÷à¹ âêëàäåííÿ. Öå äà¹ çìîãó îçíà÷èòè íîñi¨ iäåìïîòåíòíèõ

ìið, àíàëîãi÷íî äî éìîâiðíiñíèõ ìið. Íîñié iäåìïîòåíòíî¨ ìiðè µ ïîçíà÷à¹ìî

÷åðåç supp(µ).

Íàãàäà¹ìî, ùî ÿêùî d � äåÿêà ìåòðèêà íà ïðîñòîði X, òî íà ìíîæèíi

I(X) iäåìïîòåíòíèõ ìið íà X ç êîìïàêòíèìè íîñiÿìè ìåòðèêó ìîæíà îçíà-

÷èòè òàêîþ êîíñòðóêöi¹þ (äèâ. [1]).

Çàôiêñó¹ìî n ∈ N. Äëÿ êîæíèõ µ, ν ∈ I(X) íåõàé

d̃n(µ, ν) = sup{|µ(ϕ)− ν(ϕ)| | ϕ ∈ n− LIP}.

Ó ñòàòòi [1] ïîêàçàíî, ùî ôóíêöiÿ d̃n ¹ ïñåâäîìåòðèêîþ íà ìíîæèíi I(X).

Òîäi ôóíêöiÿ d̃ : I(X)× I(X)→ R, îçíà÷åíà ôîðìóëîþ

d̃(µ, ν) =

∞∑
i=1

d̃n(µ, ν)

2i
,

¹ ìåòðèêîþ íà ìíîæèíi I(X).

×åðåç dHZ ïîçíà÷à¹ìî ìåòðèêó íà ìíîæèíi iäåìïîòåíòíèõ ìið ç êîì-

ïàêòíèìè íîñiÿìè íà óëüòðàìåòðè÷íèõ ïðîñòîðàõ, îçíà÷åíó ó ñòàòòi [3]. Âî-

íà ðiâíà ìåòðèöi, îçíà÷åíié çàãàëüíîþ êîíñòðóêöi¹þ ó ïîïåðåäíüîìó ïàðà-

ãðàôi. Òàêèì ÷èíîì, îäåðæó¹ìî êîíñòðóêöiþ K-óëüòðàìåòðèçàöi¨ ïðîñòîðó

iäåìïîòåíòíèõ ìið ç êîìïàêòíèìè íîñiÿìè (äèâ. [10]).

Âàæëèâèìè ïðèêëàäàìè ðiâíîìiðíî K-óëüòðàìåòðè÷íèõ ïðîñòîðiâ ¹

(K + ε)-äèñêðåòíi ïðîñòîðè, òîáòî ìåòðè÷íi ïðîñòîðè, ùî çàäîâîëüíÿþòü

óìîâó: d(x, y) ≥ K + ε äëÿ êîæíèõ x, y ∈ X, x 6= y. Ìåòðèêà íà I(X)

äëÿ (K + ε)-äèñêðåòíîãî ïðîñòîðó (X, d) çàäà¹òüñÿ ôîðìóëîþ: dK(µ, ν) =

max{dHZ(µ, ν),K + ε}, ÿêùî µ 6= ν. Îòðèìàíèé ìåòðè÷íèé ïðîñòið çíîâó ¹

(K + ε)-äèñêðåòíèì.

Íàãàäà¹ìî, ùî ÷åðåç P ïîçíà÷à¹òüñÿ ôóíêòîð éìîâiðíiñíèõ ìið íà êàòå-

ãîði¨ UUMETK (äèâ. [9]).
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Òåîðåìà 4 Ôóíêòîðè I òà P íà êàòåãîði¨ UUMETK íå içîìîðôíi.

Äîâåäåííÿ Ìè ìîäèôiêó¹ìî ïðèêëàä ç ñòàòòi [6]. Íåõàé

X = {a, b}, Y = {c, d}, Z = {(a, c), (a, d), (b, d)} ⊂ X × Y.

Ââàæà¹ìî, ùî âiäñòàíi ìiæ ïîïàðíî ðiçíèìè òî÷êàìè ó ïðîñòîðàõ X,Y, Z

ðiâíi 1. Íåõàé p1 : Z → X òà p2 : Z → Y � îáìåæåííÿ ïðîåêòóâàííÿ íà ïåð-

øèé i äðóãèé ñïiâìíîæíèê âiäïîâiäíî. Òîäi ïàðà âiäîáðàæåíü P (p1), P (p2)

ðîçäiëÿ¹ òî÷êè ó ìíîæèíi P (Z). Âîäíî÷àñ, öå íå òàê äëÿ ïàðè I(p1), I(p2).

Ñïðàâäi, íåõàé

µ = 0� δ(a,c)⊕ (−1)� δ(a,d)⊕0� δ(b,d), µ = 0� δ(a,c)⊕ (−2)� δ(a,d)⊕0� δ(b,d).

Òîäi

I(p1)(µ) = I(p1)(ν) = 0� δa ⊕ 0� δb, I(p2)(µ) = I(p2)(ν) = 0� δc ⊕ 0� δd.

4 Çàóâàæåííÿ

Ó àñèìïòîòè÷íié òîïîëîãi¨ âiäîìi òâåðäæåííÿ ïðî òå, ùî êîæåí ìåòðè÷-

íèé ïðîñòið åêiâàëåíòíèé, ÿê ó ñåíñi êàòåãîði¨ A (àñèìïòîòè÷íî¨ êàòåãîði¨

Äðàíiøíèêîâà), òàê i â ñåíñi òàê çâàíî¨ ãðóáî¨ êàòåãîði¨ Ðîó [4] äèñêðåòíî-

ìó ìåòðè÷íîìó ïðîñòîðîâi. Öå äàñòü çìîãó çàñòîñóâàòè ðåçóëüòàòè ïîïåðåä-

íüîãî ïàðàãðàôà äî âèâ÷åííÿ ôóíêòîðiàëüíèõ êîíñòðóêöié ó àñèìïòîòè÷íié

òîïîëîãi¨.

Iñíó¹ ìåòðèçàöiÿ Ïðîõîðîâà ôóíêòîðà éìîâiðíiñíèõ ìið, à òàêîæ àíàëî-

ãi÷íà äî íå¨ ìåòðèçàöiÿ ôóíêòîðà íàïiâíåïåðåðâíèõ çãîðè ¹ìíîñòåé [8]. Öi

ìåòðèçàöi¨ ïîðîäæóþòü K-óëüòðàìåòðèçàöi¨ ôóíêòîðiâ éìîâiðíiñíèõ ìið òà

íàïiâíåïåðåðâíèõ çãîðè ¹ìíîñòåé âiäïîâiäíî.
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Metrizable functors and K-ultrametrics

The notion of K-ultrametric space is intermediate between that of metric space

and of ultrametric (non-Archimedean) space. We describe a general construction

of K-ultrametrization for metrizable functors in the sense of V.V. Fedorchuk.


