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Áåñêîíå÷íî ìàëûå êîíôîðìíûå ïðåîáðàçîâàíèÿ
â ðèìàíîâîì ïðîñòðàíñòâå âòîðîãî ïðèáëèæå-
íèÿ

Ñåðãåé Ìèõàéëîâè÷ Ïîêàñü

Àííîòàöèÿ Ðàññìàòðèâàþòñÿ àíàëèòè÷åñêèå êîíôîðìíûå ïðåîáðàçoâà-

íèÿ, ââîäÿòñÿ è èññëåäóþòñÿ êîíôîðìíûå ïðåîáðàçîâàíèÿ âòîðîé ñòåïåíè â

ðèìàíîâîì ïðîñòðàíñòâå âòîðîãî ïðèáëèæåíèÿ. Óñòàíîâëåíà ñâÿçü ìåæäó

êîíôîðìíûìè ïðåîáðàçîâàíèÿìè è ïðèáëèæåííûìè êîíôîðìíûìè ïðåîá-

ðàçîâàíèÿìè.

Êëþ÷åâûå ñëîâà ðèìàíîâî ïðîñòðàíñòâî, êîíôîðìíûå ïðåîáðàçoâàíèÿ,

îáîáùåííûå óðàâíåíèÿ Êèëëèíãà.

ÓÄÊ 514.7

1 Àíàëèòè÷åñêèå êîíôîðìíûå ïðåîáðàçîâàíèÿ

Ðàññìîòðèì ðèìàíîâî ïðîñòðàíñòâî Vn, îòíåñåííîå ê ïðîèçâîëüíîé ñè-

ñòåìå êîîðäèíàò {x1, x2, . . . , xn}. Â îêðåñòíîñòè ëþáîé åãî ôèêñèðîâàííîé

òî÷êè M0(x
n
0 ) ïîñòðîèì ïðîñòðàíñòâî âòîðîãî ïðèáëèæåíèÿ Ṽ 2

n (y
n; g̃ij(y)),

îïðåäåëèâ åãî ìåòðè÷åñêèé òåíçîð g̃ij(y) ñëåäóþùèì îáðàçîì:

g̃ij(y) = gij
◦

+
1

3
Ril1l2j
◦

yl1yl2 , (1.1)

ãäå gij
◦

= gij(M0), Ril1l2j
◦

= Ril1l2j(M0).

Ïîäîáíî òîìó êàê â ([3]) èçó÷àëèñü àíàëèòè÷åñêèå äâèæåíèÿ â ïðîñòðàí-

ñòâå Ṽ 2
n áóäåì èññëåäîâàòü àíàëèòè÷åñêèå áåñêîíå÷íî ìàëûå êîíôîðìíûå

ïðåîáðàçîâàíèÿ:
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y′h = yh + tξ̃h(y), (1.2)

ãäå ξ̃h(y) óäîâëåòâîðÿåò îáîáùåííûì óðàâíåíèÿì Êèëëèíãà ([1],[2])

Lξ̃ g̃ij =
∂ξ̃α

∂yi
g̃αj +

∂ξ̃α

∂yj
g̃αi + ξ̃α

∂g̃ij
∂yα

= ψ(y)g̃ij (1.3)

Êîìïîíåíòû âåêòîðà ñìåùåíèÿ ξ̃h(y) èùåì â âèäå àíàëèòè÷åñêèõ ôóíê-

öèé

ξ̃h(y) =

∞∑
k=0

ah·
k

, (1.4)

ãäå ââåäåíî îáîçíà÷åíèå

ah·
k

= ah·l1...lky
l1 . . . ylk (k = 0, 1, . . .) ah

0
= ah (1.5)

Â ñîîòíîøåíèÿõ (1.5) ah· , a
h
·l1 , a

h
·l1...lk - íåêîòîðûå ïîñòîÿííûå, ïðè÷åì

ah·l1...lk (k ≥ 2) ñèììåòðè÷íû ïî ëþáîé ïàðå íèæíèõ èíäåêñîâ.

Â ïðîñòðàíñòâå Ṽ 2
n ðàññìîòðèì àíàëèòè÷åñêóþ ôóíêöèþ n äåéñòâèòåëü-

íûõ ïåðåìåííûõ:

ψ(y) =

∞∑
k=0

b
k

(1.6)

Â (1.6) ââåäåíû îáîçíà÷åíèÿ

b
k
= bl1...lky

l1 . . . ylk (1.6′)

bh
k

=
1

k + 1

∂ b
k+1

∂yα
gαh
0

(k = 1, 2, . . .) (1.6′′)

Èìååò ìåñòî óòâåðæäåíèå.

Ëåììà 1 Äëÿ òîãî ÷òîáû ðÿäû (1.4) îïðåäåëÿëè êîìïîíåíòû âåêòîðà

ñìåùåíèÿ áåñêîíå÷íî ìàëûõ êîíôîðìíûõ ïðåîáðàçîâàíèé â ðèìàíîâîì ïðî-

ñòðàíñòâå âòîðîãî ïðèáëèæåíèÿ Ṽ 2
n , íåîáõîäèìî, ÷òîáû ÷ëåíû ýòèõ ðÿäîâ

îïðåäåëÿëèñü èç óðàâíåíèé è ðåêóððåíòíûõ ñîîòíîøåíèé:

a(ij) = b gij
0

(1.7)
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ah·
p

= −p− 3

p− 1
aα·
p−2

thα +
1

p

(
b
p−1

yh − 1

2
bh
p−2

gl1l2
0

yl1yl2
)

(p = 2, 3, . . .)

(1.8)

thk =
1

3
Rh·l1l2k
◦

yl1yl2 (1.9)

Äîêàçàòåëüñòâî. Ïîäñòàâèì ñîîòíîøåíèÿ (1.1), (1.4)-(1.6) â îáîáùåí-

íûå óðàâíåíèÿ Êèëëèíãà (1.3) è ïðèâåäåì ïîäîáíûå ÷ëåíû(
a(ij) − bgij

)
+

[
2 a(ij)

1

+
1

3
aα· Rα(ij)l
◦

yl − b
1
gij
◦

]
+

+

{
3 aij

2

+
1

3

[(
aα(iRj)l1l2α
◦

−bRil1l2j
◦

)
yl1yl2 + aα·

1
Rα(ij)l
◦

yl
]
− b

2
gij
◦

}
+

+

∞∑
k=3

{
(k + 1) a(ij)

k

+
1

3

[
(k − 1)

(
aα·(iRj)l1l2α

◦
− 1

k − 1
b
k−2

Ril1l2j
◦

)
yl1yl2+

+ aα
k−2

Ril1l2j
◦

)
yl1yl2 + aα

k−2
Rα(ij)l
◦

yl
]
− b

k
gij
◦

}
= 0

(1.10)

Òàê êàê ïðèâåäåííûå êîýôôèöèåíòû ïðè yl1 , yl2 , . . . , yln äîëæíû îáðàùàòü-

ñÿ â íóëü, òî èç (1.10) ïîëó÷àåì (1.7), à òàêæå

2!a(ij)l1 +
1

3
aα· Rα(ij)l1
◦

−bl1 gij
0

= 0 (1.11)

3!a(ij)l1l2 +
1

3

[
aα·(iRj)(l1l2)α

◦
+aα·(l1 Rl2)(ij)α

◦
−bRi(l1l2)j
◦

]
= 0 (1.11′)

p!a(ij)l1...lp−1
+

1

3
S

l1...lp−1

[
aα·l1...lp−3(i

Rj)(lp−2lp−1α)
◦

+aα·l1...lp−2
Rα(ij)lp−1

◦
+

+bl1...lp−3 Rilp−2lp−1j
◦

]
− (p− 1)!bl1...lp−1 gij

◦
= 0

(p = 4, 5, . . .)

(1.11′′)

( S
l1...lp−1

îçíà÷àåò îïåðàöèþ ñèììåòðèðîâàíèÿ ïî èíäåêñàì l1 . . . lp−1).

Óðàâíåíèÿ (1.11) ïðîàëüòåðíèðóåì ïî èíäåêñàì j è l1, ðåçóëüòàò ïðîñèì-

ìåòðèðóåì ïî èíäåêñàì i è j, ïðèíÿâ âî âíèìàíèå óðàâíåíèÿ (1.11), ðåçóëü-

òàò ñâåðíåì ñ yiyj gl1h
◦

:

ah·
2

= aαthα +
1

2

(
b
1
yh − 1

2
bh gl1l2
◦

yl1yl2
)

(1.12)

Ïîñòóïàÿ àíàëîãè÷íûì îáðàçîì ñ óðàâíåíèÿìè (1.11′), ïîëó÷àåì
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ah·
3

=
1

3

(
b
2
yh − 1

2
bh
1
gl1l2
◦

yl1yl2
)

(1.13)

Óðàâíåíèÿ (1.11′′) ñâåðíåì ñ yl2yl3 . . . ylp−1 è âîñïîëüçóåìñÿ îáîçíà÷åíè-

ÿìè (1.5), (1.6) è (1.9):

(p− 1)

(
p a(ij)l1
p−2

− bl1
p−2

gij
◦

)
+

1

3

{
(p− 2)

[
3(p− 3)

(
aα(i
p−2

tj)α −
1

p− 2
bl1
p−2

tij

)
+

+

(
aα(i
p−3

Rj)(l1m)α
◦

− 1

p− 2
b
p−3

Ri(l1m)j
◦

+ aα
p−2

Rα(ij)l1
◦

ym

)]
+

aα·l1...lp−2
Rα(ij)lp−1

◦

}
= 0

(1.14)

Ïðîàëüòåðíèðóåì (1.14) ïî èíäåêñàì j è l1, ðåçóëüòàò ïðîñèììåòðèðóåì

ïî èíäåêñàì i è j ïðèíÿâ âî âíèìàíèå óðàâíåíèÿ (1.14), ïîëó÷àåì:

2p(p− 1) al1(ij)
p−2

=
1

3

{
(p− 2)

[
3(p− 3)

(
−2 aαij
p−2

tαl1 −
1

p− 2

(
bl1
p−2

tij − b(i
p−2

tj)l1

))
+

+

(
aα(i
p−3

Rj)(l1m)α
◦

− aα(i
p−3

Rl1)(jm)α
◦

− aα(j
p−3

Rl1)(im)α
◦

+ aαl1
p−3

Rα(ij)m
◦

− aα(i
p−3

Rj)(αm)l1
◦

−

− 2

p− 2
b
p−3

Ri(l1m)j
◦

)
ym
]
+ aα·
p−2

Rα(ij)l1
◦

}
+ (p− 1)

(
b(i
p−2

gj)l1
◦
− bl1
p−2

gij
◦

)

Ñâåðíóâ ïîñëåäíåå ñîîòíîøåíèå ñ yiyj gl1h
◦

è ïðèíÿâ âî âíèìàíèå (1.5),

(1.6), (1.9) è àëãåáðàè÷åñêèå ñâîéñòâà òåíçîðà Ðèìàíà, ïîëó÷àåì (1.8).

Çàìå÷àíèå 1 Ôîðìóëû (1.8) äàþò âûðàæåíèå ð-õ ÷ëåíîâ ðÿäîâ (1.4) ÷åðåç

èõ (ð-1)-å ÷ëåíû, îáúåêòû ïðîñòðàíñòâà Ṽ 2
n â îêðåñòíîñòè òî÷êè M0 è

÷ëåíû ðÿäîâ (1.6).

Èñïîëüçóÿ íàéäåííûå ðåêóððåíòíûå ïðåäñòàâëåíèÿ, ïîëó÷èì ôîðìóëó

îáùåãî ÷ëåíà ðÿäîâ (1.4).

Ëåììà 2 Äëÿ òîãî ÷òîáû ðÿäû (1.4) îïðåäåëÿëè êîìïîíåíòû âåêòîðà

ñìåùåíèÿ àíàëèòè÷åñêèõ áåñêîíå÷íî ìàëûõ êîíôîðìíûõ ïðåîáðàçîâàíèé â

ïðîñòðàíñòâå Ṽ 2
n , íåîáõîäèìî, ÷òîáû ah óäîâëåòâîðÿëè óðàâíåíèÿì (1.7),
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à âñå ïîñëåäóþùèå ÷ëåíû ðÿäîâ èìåëè âèä:

ah·
2

= aαthα +
1

2

(
b
1
yh − 1

2
bh gl1l2
◦

yl1yl2
)

ah·
2p

=
(−1)p+1

2p− 1
aαt(p)hα +

1

2p

(
b

2p−1
yh − 1

2
bh

2p−2
gl1l2
◦

yl1yl2
)
+

+
(−1)p

4(2p− 1)

p−1∑
s=1

2p− 2s− 1

p− s
bα

2p−2s−1
t(s)hα gl1l2

◦
yl1yl2 (p = 2, 3, . . .)

(1.15)

ah·
3

=
1

3

(
b
2
yh − 1

2
bh
1
gl1l2
◦

yl1yl2
)

ah·
5

=
1

12
bα
1
thα gl1l2
◦

yl1yl2 +
1

5

(
b
4
yh − 1

2
bh
3
gl1l2
◦

yl1yl2
)

ah·
2p+1

=
1

2p+ 1

(
b
2p
yh − 1

2
bh

2p−1
gl1l2
◦

yl1yl2
)
+

1

2p

[
p+ 1

2p+ 1
bα

2p−3
thα+

+

p−1∑
s=2

(−1)s+1(p− s)
2p− 2s+ 1

bα
2p−2s+1

ts(h)α

]
gl1l2
◦

yl1yl2 (p = 3, 4, . . .)

(1.16)

Äîêàçàòåëüñòâî. Èç ñîîòíîøåíèÿ (1.8) ïðè p = 2 èìååì

ah·
2

= aα· t
h
α +

1

2

(
b
1
yh − 1

2
bh gl1l2
◦

yl1yl2
)

(1.17)

Äàëåå èç (1.8) ïðè p = 4 ñ ó÷åòîì (1.17) ñëåäóåò, ÷òî

ah·
4

= −1

3
aα· t

(2)h
α +

1

3 · 4
bhthα gl1l2

◦
yl1yl2 +

1

4

(
b
3
yh − 1

2
bh
2
gl1l2
◦

yl1yl2
)

(1.18)

Íî ê òàêîìó æå ðåçóëüòàòó ìû ïðèõîäèì èç (1.15) ïðè p = 2. Òàêèì

îáðàçîì, ôîðìóëû (1.15) âåðíû äëÿ p = 2. Ïóñòü îíè èìåþò ìåñòî äëÿ

p = m, ò.å.

ah·
2m

=
(−1)m+1

2m− 1
aαt(m)h

α +
(−1)m

4(2m− 1)

[
2m− 3

m− 1
bα

2m−4
thα +

2m− 5

m− 2
bα

2m−6
t(2)hα +

+
2m− 7

m− 3
bα

2m−5
t(3)hα + . . .+ bαt(m−1)hα

]
gl1l2
◦

yl1yl2 +
1

2m

(
b

2m−1
yh − 1

2
bh

2m−2
gl1l2
◦

yl1yl2
)

Äîêàæåì, ÷òî îíà èìååò ìåñòî è äëÿ p = m+ 1.

Äåéñòâèòåëüíî, èç Ëåììû 1 ñëåäóåò, ÷òî

ah·
2m+2

=

[
−2m− 1

2m+ 1
aα
2m

thα +
1

2m+ 2

(
b

2m+1
yh − 1

2
bh
2m

gl1l2
◦

yl1yl2
)]

(1.19)

Ó÷èòûâàÿ (1.19), ïîëó÷àåì, ÷òî



DOI 10.15673/2072-9812.2/2014.29621

Áåñêîíå÷íî ìàëûå êîíôîðìíûå ïðåîáðàçîâàíèÿ â Ṽ 2
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ah·
2m+2

= −2m− 1

2m+ 1

{
(−1)m+1

2m− 1
aβt

(m)α
β +

(−1)(m+1)

4(2m− 1)

[
2m− 3

m− 1
bβ

2m−4
tαβ+

+
2m− 5

m− 2
bβ

2m−6
t
(2)α
β + + . . .+ bβt

(m−1)α
β

]
gl1l2
◦

yl1yl2 +
1

2m

(
b

2m+1
yh−

− 1

2
bα

2m−2
gl1l2
◦

yl1yl2
)}

+
1

2m+ 2

(
b

2m+1
yh − 1

2
bh
2m

gl1l2
◦

yl1yl2
)

Ðàñêðûâàÿ ñêîáêè è ïðèíèìàÿ âî âíèìàíèå àëãåáðàè÷åñêèå ñâîéñòâà òåí-

çîðà Ðèìàíà, ïðèõîäèì ê (1.15). Àíàëîãè÷íî äîêàçûâàåòñÿ ñïðàâåäëèâîñòü

ôîðìóë (1.16).

Èññëåäóåì ñõîäèìîñòü ðÿäîâ, ÷ëåíû êîòîðûõ íàõîäÿòñÿ èç ôîðìóë (1.15)

è (1.16). Ñïðàâåäëèâî óòâåðæäåíèå.

Ëåììà 3 Ðÿäû (1.4), ÷ëåíû êîòîðûõ îïðåäåëÿþòñÿ ôîðìóëàìè (1.15) è

(1.16) ñõîäÿòñÿ àáñîëþòíî è ðàâíîìåðíî íà ìíîæåñòâå

|Rh·l1l2k
◦

yl1yl2 | ≤ 3c

n
(c < 1)

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâåäåì äëÿ (1.15) (äëÿ (1.16) äîêàçû-

âàåòñÿ àíàëîãè÷íî). Î÷åâèäíî, ÷òî

| ah·
2p
| ≤ | (−1)

(p+1)

2p− 1
aα· t

(p)h
α|+ |

1

2p
b

2p−1
yh|+ 1

4p
| bh
2p−2

gl1l2
◦

yl1yl2 |+

1

4
| (−1)

p

2p− 1

p−1∑
s=1

2p− 2s− 1

p− s
bα

2p−2s−2
t(s)hα | · | gl1l2

◦
yl1yl2 |

Îöåíèì êàæäûé ìîäóëü îòäåëüíî. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

max
{
|thk |
}
=
c

n
, max

{
|ah|

}
= c1.

Òîãäà ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

|t(2)hk | = |thα · tαk | ≤ |thα| · |tαk | ≤
c

n
· c
n
· n =

c2

n

|t(3)hk | ≤ c3

n

. . .

|t(p)hk | ≤ cp

n

Ïîýòîìó



42

DOI 10.15673/2072-9812.2/2014.29621

Ñ.Ì. Ïîêàñü

| (−1)
(p+1)

2p− 1
aαt(p)hα | ≤ c1 ·

cp

n

Ñëåäîâàòåëüíî, ðÿäû

∞∑
p=2

(−1)p

2p− 1
aαt(p)hα ìàæîðèðóþòñÿ ÷èñëîâûì ðÿäîì

∞∑
p=2

cp, êîòîðûé ñõîäèòñÿ ïðè c < 1. Ïî òåîðåìå Âåéåðøòðàññà ([5]) óêàçàí-

íûå ðÿäû ñõîäÿòñÿ àáñîëþòíî è ðàâíîìåðíî íà ìíîæåñòâå

|Rh·l1l2k
◦

yl1yl2 | ≤ 3c

n
,

ãäå c < 1. Äàëåå, ðÿäû

∞∑
p=2

1

2p
b

2p−1
è

∞∑
p=2

1

p
bh

2p−2
ñõîäÿòñÿ â ñèëó àíàëèòè÷íîñòè

ôóíêöèè ψ(y) èç (1.6).

Ðàññìîòðèì ðÿäû:

λh =

∞∑
p=2

p−1∑
s=1

2p− 2s− 1

2p− 2s− 2
bα

2p−2s−2
t(s)hα (1.20)

Íåòðóäíî ïîêàçàòü, ÷òî (1.20) ìîæíî çàïèñàòü â ýêâèâàëåíòíîì âèäå:

λh =

∞∑
k=0

2k + 1

k + 1
bα
2k

∞∑
s=1

t(s)hα ( bα
◦

= bα)

Ïîýòîìó

|
∞∑
p=2

p−1∑
s=1

2p− 2s− 1

p− s
bα

2p−2s−2
t(s)hα| = |

∞∑
s=1

t(s)hα

∞∑
k=0

2k + 1

k + 1
bα
2k
| ≤

≤ 2

∞∑
s=1

∞∑
k=0

|t(s)hα bα
2k
|

Íî

|t(s)hα bα
2k
| ≤ |t(s)hα| · | bα

2k
| = cs

n

n∑
m=1

| bm
2k
|

Òàêèì îáðàçîì,

∞∑
s=1

∞∑
k=0

|t(s)hα bα
2k
| ≤

∞∑
s=1

∞∑
k=0

cs

n

(
| b1
2k
|+ | b2

2k
|+ . . .+ | bn

2k
|
)

=
1

n

∞∑
s=1

cs
∞∑
n=0

(
n∑

m=1

| bm
2k
|

)
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×èñëîâîé ðÿä

∞∑
s=1

cs ñõîäèòñÿ ïðè c < 1, ðÿäû

∞∑
k=0

n∑
m=1

| bm
2k
| ñõîäÿòñÿ â

ñèëó àíàëèòè÷íîñòè ôóíêöèè ψ(y) èç (1.6). Ëåììà äîêàçàíà.

Èç óðàâíåíèé (1.8) è (1.10) èìååì:

2p a(ij)
2p−1

=

{
−2p− 3

2p− 1

[
(2p− 2) aα(i

2p−3
tj)α− aα

2p−2
µαij

]
+

+
1

p

[
(p− 1)

(
b(i

2p−2
gj)l
◦

yl − bij
2p−3

gl1l2
◦

yl1yl2

)
+ bij
2p−1

gij
◦

]} (1.21)

(2p+ 3) a(ij)
2p+2

=

{
− p

p+ 1

[
(2p+ 1) aα(i

2p

tj)α− aα
2p+1

µαij

]
+

+
1

2p+ 3

[
(2p+ 1)

(
b(i

2p+1

gj)l
◦

yl − bij
2p

gl1l2
◦

yl1yl2

)
+ bij
2p+2

gij
◦

]} (1.22)

Ïîäñòàíîâêà ñîîòíîøåíèé (1.1), (1.8), (1.10), (1.7) è (1.22) â óðàâíåíèÿ

(1.8) äàåò

a(ij) = b gij
0

4p

2p+ 1

(
aα(i

2p−1
tj)α+ aα

2p
µαij

)
+

p

p+ 1

(
b(i
2p

gj)l
◦

yl − b
2p+1

gij
◦
−

− bij
2p−1

gl1l2
◦

yl1yl2

)
− b

2p−1
tij = 0 p = 1, 2, . . .

(1.23)

2m+ 1

m+ 1

(
aα(i
2m

tj)α+ aα
2m+1

µαij

)
+

2m+ 1

2m+ 3

(
b(i

2m+1

gj)l
◦

yl − b
2m+2

gij
◦
−

− bij
2m

gl1l2
◦

yl1yl2
)
− b

2m
tij = 0 m = 0, 1, . . .

(1.24)

Òàêèì îáðàçîì, äîêàçàíî óòâåðæäåíèå:

Ëåììà 4 Äëÿ òîãî, ÷òîáû ðÿäû (1.4), ÷ëåíû êîòîðûõ íàõîäÿòñÿ èç ðå-

êóððåíòíûõ ñîîòíîøåíèé (1.8)-(1.10), îïðåäåëÿëè êîìïîíåíòû âåêòîðà

ñìåùåíèÿ àíàëèòè÷åñêèõ áåñêîíå÷íî ìàëûõ êîíôîðìíûõ ïðåîáðàçîâàíèé â

ïðîñòðàíñòâå Ṽ 2
n , íåîáõîäèìî âûïîëíåíèå óðàâíåíèé (1.7), (1.23) è (1.24).

Îáúåäèíÿÿ Ëåììû 1-4, ïîëó÷àåì òåîðåìó.
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Òåîðåìà 1 Äëÿ òîãî, ÷òîáû ðÿäû (1.4) îïðåäåëÿëè êîìïîíåíòû âåêòîðà

ñìåùåíèÿ, àíàëèòè÷åñêèõ áåñêîíå÷íî ìàëûõ êîíôîðìíûõ ïðåîáðàçîâàíèé

â ïðîñòðàíñòâå Ṽ 2
n , íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèå óñëîâèé (1.7),

(1.15), (1.16), (1.23) è (1.24).

Ðàññìîòðèì óðàâíåíèå (1.24) ïðè m = 0:

aα(iRj)(l1l2)α
◦

+ S
l1l2

[
aα·l1 Rα(ij)l2

◦
+bl1(i gj)l2

◦
−bl1l2 gij

◦
−bij gl1l2i

◦
−bRil1l2j
◦

]
= 0

Ñâåðòûâàíèå ïîñëåäíåãî ñîîòíîøåíèÿ ñ gl1l2
◦

gij
◦

íà îñíîâàíèè (1.7) äàåò

bij g
αβ

◦
=

bR

2(n− 1)

Ñâåðòûâàÿ òåïåðü (1.21) ñ gl1l2
◦

gij
◦

è ïðèíèìàÿ âî âíèìàíèå ïîñëåäíåå

ðàâåíñòâî íàõîäèì bij :

bij =
1

n− 2

[
aα·(iRj)α

◦
− bR

2(n− 1)
gij
◦

]
(1.25)

Àíàëîãè÷íî ïîñòóïàÿ ñ óðàâíåíèÿìè (1.23) ïðè p = 1, èñïîëüçóÿ (1.10),

ïîëó÷àåì âûðàæåíèå bl1l2l3 ÷åðåç b, bl1 , al1 , al1l2 è îáúåêòû ïðîñòðàíñòâà Ṽ 2
n

â òî÷êå M0. Äàëåå èç (1.24) ïðè m = 1 íàõîäèì âûðàæåíèå bl1l2l3l4 ÷åðåç

òå æå îáúåêòû. Ïðîäîëæàÿ ýòîò ïðîöåññ, óáåæäàåìñÿ â òîì, ÷òî âñå ÷ëåíû

ðÿäà (1.6) çà èñêëþ÷åíèåì b è b
1
âûðàæàþòñÿ ÷åðåç al1 , al1l2 è îáúåêòû

ïðîñòðàíñòâà Ṽ 2
n â òî÷êå M0.

Çàìå÷àíèå 2 Òàê êàê ÷ëåíû ðÿäîâ (1.4) âûðàæàþòñÿ ÷åðåç ah, ah
1
, b, b

1

è îáúåêòû ïðîñòðàíñòâà Ṽ 2
n â òî÷êå M0, òî ó÷èòûâàÿ óðàâíåíèÿ (1.7),

(1.23) è (1.24). ïðèõîäèì ê èçâåñòíîìó ðåçóëüòàòó ([4]) î òîì, ÷òî ìàêñè-

ìàëüíûé ïîðÿäîê r ãðóïïû Ëè àíàëèòè÷åñêèõ áåñêîíå÷íî ìàëûõ êîíôîðì-

íûõ ïðåîáðàçîâàíèé â ðèìàíîâîì ïðîñòðàíñòâå âòîðîãî ïðèáëèæåíèÿ Ṽ 2
n

óäîâëåòâîðÿåò íåðàâåíñòâó

r ≤ (n+ 1)(n+ 2)

2

2 Êîíôîðìíûå ïðåîáðàçîâàíèÿ âòîðîé ñòåïåíè

Ðàññìîòðèì áåñêîíå÷íî ìàëûå êîíôîðìíûå ïðåîáðàçîâàíèÿ âòîðîé

ñòåïåíè â ïðîñòðàíñòâå âòîðîãî ïðèáëèæåíèÿ Ṽ 2
n äëÿ ðèìàíîâà ïðîñòðàí-

ñòâà Vn, ñêàëÿðíàÿ êðèâèçíà R êîòîðîãî â òî÷êå M0 îòëè÷íà îò íóëÿ. Òàê

êàê â ýòîì ñëó÷àå â (1.4)
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ah
p

= 0 (p ≥ 3) (2.1)

òî èç óðàâíåíèé (1.7) è ðåêóððåíòíûõ ñîîòíîøåíèé (1.8) - (1.10) ñëåäóåò

a(ij) = b gij
0

(2.2)

ah·
2

= aα· t
h
α +

1

2

(
b
1
yh − 1

2
bh· gl1l2
◦

yl1yl2
)

(2.3)

1

3
aα·
2
thα +

1

4

(
b
3
yh − 1

2
bh·
2
gl1l2
◦

yl1yl2
)

= 0 (2.4)

[
b

2m−1
yh − 1

2
bh·

2m−2
gl1l2
◦

yl1yl2
]
= 0 (m ≥ 3) (2.5)

[
b
2k
yh − 1

2
bh·

2k−1
gl1l2
◦

yl1yl2

]
= 0 (k = 1, 2, . . .) (2.6)

Íà îñíîâàíèè (2.1) óðàâíåíèÿ (1.23) - (1.24) ïðèíèìàþò âèä:

4

3

[
aα(i
1

tj)α+ aα
2
µαij

]
+

+
1

2

[
b(i gj)l
◦

yl − b
3
gij
◦
− bij

1

gl1l2
◦

yl1yl2
]
− b

1
tij = 0

(2.7)

p

p+ 1

[
b(i
2p

gj)l
◦

yl − b
2p+1

gij
◦
− bij
2p−1

gl1l2
◦

yl1yl2

]
− b

2p−1
tij = 0

(p = 2, 3, . . .)

(2.8)

[
aα(i tj)α+ aα

1
µαij

]
+

+
1

3

[
b(i
1

gj)l
◦

yl − b
2
gij
◦
− bij gl1l2

◦
yl1yl2

]
− b tij = 0

(2.9)

2k + 1

2k + 3

[
b(i

2k+1

gj)l
◦

yl − b
2k+2

gij
◦
− bij

2k

gl1l2
◦

yl1yl2

]
− b

2k
tij = 0

(k = 1, 2, . . .)

(2.10)

Ðàññìîòðèì óðàâíåíèÿ (2.6). Ñâåðíåì îáå ÷àñòè ñ ghl
◦

yl:(
bl1l2...l2k gl2k+1l2k+2

◦

)
yl1 . . . yl2k+2 = 0

Ïîñëåäíåå ñîîòíîøåíèå çàïèøåì â ýêâèâàëåíòíîì âèäå
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S
l1l2...l2k+2

(
bl1l2...l2k gl2k+1l2k+2

◦

)
= 0 (2.11)

Ñâåðòûâàíèå (2.11) ñ gl1l2
◦

gl3l4
◦

. . . gl2k+1l2k+2

◦
äàåò:

bα1α2...α2k
gα1α2

◦
. . . gα2k−1α2k

◦
= 0 (2.12)

Ñâåðíåì òåïåðü (2.11) ñ gl3l4
◦

. . . gl2k+1l2k+2

◦
è ïðèìåì âî âíèìàíèå (2.12):

bl1l2α1α2...α2k−3α2k−2
gα1α2

◦
. . . gα2k−3α2k−2

◦
= 0 (2.13)

Ñâåðòûâàíèå (2.11) ñ gl5l6
◦

. . . gl2k+1l2k+2

◦
ïðè óñëîâèè (2.13) äàåò

bl1l2l3l4α1α2...α2k−5α2k−4
gα1α2

◦
. . . gα2k−5α2k−4

◦
= 0 (2.14)

Ïðîäîëæàÿ ýòîò ïðîöåññ, íà (k − 1) øàãå ìû èìååì

bl1l2...l2k−2αβ g
αβ

◦
= 0 (2.15)

È íàêîíåö, ñâåðíóâ ñ gl2k+1l2k+2

◦
íà îñíîâàíèè (2.15) óáåæäàåìñÿ â òîì,

÷òî

bl1l2...l2k−2
= 0 (k = 1, 2, . . .) (2.16)

Àíàëîãè÷íî èç (2.5) ñëåäóåò

bl1l2...l2m−1
= 0 (m = 3, 4, . . .) (2.17)

Ïîñêëüêó èìååò ìåñòî (2.16), òî âñå óðàâíåíèÿ ñèñòåìû (2.10) âûïîë-

íÿþòñÿ òîæäåñòâåííî. Çàìåòèì, ÷òî ñîãëàñíî (2.17) èç ñêîâîêóïíîñòè (2.8)

îñòàåòñÿ òîëüêî îäíî - ïðè p = 2:

S
l1l2...l5

(
bl1l2l3 Ril4l5

◦

)
= 0 (2.18)

à îñòàëüíûå âûïîëíÿþòñÿ òîæäåñòâåííî. Èç (2.9) íà îñíîâàíèè (2.16)

èìååì:

aα(i Rj)(l1l2)α
◦

+ aα(l1 Rl2)(ij)α
◦

= bRi(l1l2)j
◦

Ñâîðà÷èâàÿ ïîñëåäíåå óðàâíåíèå ñ gl1l2
◦

, ïîëó÷àåì:
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aα(i Rj)α
◦

+ aαβ R
α
·(ij)
◦

β = bRij
◦

Íî èç (2.2) âûòåêàåò, ÷òî

aαβ R
α
·(ij)

β

◦
= bRij

◦
,

ïîýòîìó

aα(i Rj)α
◦

= 0 (2.19)

Ñâåðíåì (2.19) ñ gij
◦

, âîñïîëüçîâàâøèñü (2.2) è òåì, ÷òî ñêàëÿðíàÿ êðè-

âèçíà îòëè÷íà îò íóëÿ, ïîëó÷àåì:

b = 0 (2.20)

Ïðèíèìàÿ âî âíèìàíèå ñîîòíîøåíèÿ (2.16), (2.17) è (2.20), âèäèì, ÷òî

ôóíêöèÿ ψ(y) â (1.6) èìååò âèä

ψ(y) = bly
l + bl1l2l3y

l1yl2yl3 (2.21)

Èçâåñòíî ([1],[2]), ðåøåíèå îáîáùåííûõ óðàâíåíèé Êèëëèíãà (1.3) ïðè

ψ = const îïðåäåëÿåò âåêòîð ñìåùåíèÿ áåñêîíå÷íî ìàëûõ ãîìîòåòè÷åñêèõ

ïðåîáðàçîâàíèé â ðèìàíîâîì ïðîñòðàíñòâå. Ôîðìóëà (2.21) ñâèäåòåëüñòâóåò

î ñïðàâåäëèâîñòè òåîðåìû.

Òåîðåìà 2 Âåêòîð ñìåùåíèÿ áåñêîíå÷íî ìàëûõ ãîìîòåòè÷åñêèõ ïðåîáðà-

çîâàíèé âòîðîé ñòåïåíè â ïðîñòðàíñòâå âòîðîãî ïðèáëèæåíèÿ Ṽ 2
n äëÿ Vn

íåíóëåâîé ñêàëÿðíîé êðèâèçíû â îêðåñòíîñòè òî÷êèM0 ïî íåîáõîäèìîñòè

ÿâëÿåòñÿ âåêòîðîì Êèëëèíãà.

Óðàâíåíèÿ (2.9) â ñîîòâåòñòâèè ñ (2.16) è (2.20) ïðèíèìàþò âèä

aα(i Rj)(l1l2)α
◦

+ aα(l1 Rl2)(ij)α
◦

= 0 (2.22)

Äàëåå èç óðàâíåíèé (2.4) èìååì

[
1

9

(
2aαjl1 Rαl2l3j

◦
+aαl1l2 Rα(jl3)i

◦

)
−

−1

4

(
3bjl1l2 gil3

◦
+bl1l2l3 gij

◦
−bijl1 gl2l3

◦
−bil1l2 gjl3

◦

)]
|
◦
yl1yl2yl3 = 0
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Ïðîñèììåòðèðîâàâ ïîñëåäíåå ñîîòíîøåíèå ïî èíäåêñàì i è j, íà îñíîâà-

íèè (2.7) ïîëó÷àåì

{
aαl1l2 Rα(ij)l3

◦
−1

2
bl1 Ril2l3j
◦

+

+
3

4

[
3

(
bl1l2(i gj)l3

◦
−bijl1 gl2l3

◦

)
+ bl1l2l3 gij

◦

]}
|
◦
yl1yl2yl3 = 0

(2.23)

Óðàâíåíèÿ (2.23) ñâåðíåì c yl è ðåçóëüòàò ïîäñòàâèì â (2.4):(
1

3
bl1l2l3δ

h
l4 +

1

2
bhl1l2 gl3l4

◦

)
yl1yl2yl3yl4 = 0

Èç ïîñëåäíåãî óðàâíåíèÿ ïîäîáíî òîìó, êàê ïîëó÷åíî (2.16), ïîëó÷àåì:

bl1l2l3 = 0 (2.24)

Íà îñíîâàíèè (2.24) óðàâíåíèÿ (2.18) (à òîãäà è âñå óðàâíåíèÿ ñèñòåìû

(2.8)) âûïîëíÿþòñÿ òîæäåñòâåííî.

Ïîäñòàâëÿÿ (2.24) â (2.23), ïîëó÷àåì:(
aαl1l2 Rα(ij)l3

◦
−1

2
bl1 Ril2l3j
◦

)
yl1yl2yl3 = 0 (2.25)

(
aαl1l2 R

h
·l3l4α
◦

)
yl1yl2yl3yl4 = 0 (2.26)

Ëåãêî âèäåòü, ÷òî óðàâíåíèÿ (2.26) (à òîãäà è óðàâíåíèÿ (2.4)) âûïîëíÿ-

þòñÿ òîæäåñòâåííî âñëåäñòâèå (2.25).

Ïðîäèôôåðåíöèðîâàâ (2.26) ïî yi, îïóñòèâ h ñ ïîìîùüþ ghi
◦

, ðåçóëüòàò

ïðîñèììåòðèðóåì ïî èíäåêñàì i è j è ó÷òåì (2.25):(
aαl1(iRj)l2l3α

◦
−1

4
bl1 Ril2l3j
◦

)
yl1yl2yl3 = 0 (2.27)

Òîãäà î÷åâèäíî, ÷òî óðàâíåíèÿ (2.7) åñòü íå ÷òî èíîå, êàê ñóììà óðàâ-

íåíèé (2.25) è (2.27) ïðè óñëîâèè (2.24).

Ïîäñòàíîâêà (2.3) â (2.25) è (2.24) â (2.21) äàåò ñîîòâåòñòâåííî

C
l1l2l3

[
aα· Rα(l1l2)β
◦

Rβ·(ij)l3
◦

−3

2

(
bαR

α
·(ij)l1
◦

gl2l3
◦
−bl1 Ri(l2l3)j

◦

)]
= 0 (2.28)

ψ(y) = bly
l (2.29)

Â ðåçóëüòàòå ïðîâåäåííûõ ðàññóæäåíèé ïðèõîäèì ê òåîðåìå
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Òåîðåìà 3 Â ïðîñòðàíñòâå âòîðîãî ïðèáëèæåíèÿ Ṽ 2
n äëÿ ðèìàíîâà ïðî-

ñòðàíñòâà Vn íåíóëåâîé ñêàëÿðíîé êðèâèçíû â òî÷êåM0 ñóùåñòâóþò áåñ-

êîíå÷íî ìàëîå êîíôîðìíîå ïðåîáðàçîâàíèå âòîðîé ñòåïåíè âèäà

ξ̃h = ah· + ah·ly
l + ah·l1l2y

l1yl2 ,

îòëè÷íîå îò äâèæåíèÿ òîãäà è òîëüêî òîãäà, êîãäà

a(ij) = 0

aα·(iRj)(l1l2)α
◦

+aα·(l1 Rl2)(ij)α
◦

= 0

ah·
2

= aα· t
h
α +

1

2

(
b
1
yh − 1

2
bh gl1l2
◦

yl1yl2
)

C
l1l2l3

[
aα· Rα(l1l2)β
◦

Rβ·(ij)l3
◦

−3

2

(
bαR

α
·(ij)l1
◦

gl2l3
◦
−bl1 Ri(l2l3)j

◦

)]
= 0

ψ(y) = bly
l (bl 6= 0)

3 Ïðèáëèæåííûå êîíôîðìíûå ïðåîáðàçîâàíèÿ

Ïîäîáíî òîìó, êàê ââîäèëîñü ïîíÿòèå ïðèáëèæåííîãî âåêòîðà Êèëëèí-

ãà ([3]) îïðåäåëÿåòñÿ ïðèáëèæåííûé îáîáùåííûé âåêòîð Êèëëèíãà.

Îïðåäåëåíèå Âåêòîð ξh(x) íàçûâàåòñÿ ïðèáëèæåííûì êîíôîðìíûì

âåêòîðîì Êèëëèíãà âòîðîãî ïîðÿäêà â îêðåñòíîñòè òî÷êè M0 ðèìàíîâà

ïðîñòðàíñòâà Vn, åñëè äëÿ íåãî â ýòîé òî÷êå âûïîëíÿþòñÿ îáîáùåííûå

óðàâíåíèÿ Êèëëèíãà è èõ êîâàðèàíòíûå äèôôåðåíöèðîâàííîå ïðîäîëæåíèå

ïåðâîãî ïîðÿäêà.

Áåñêîíå÷íî ìàëîå ïðåîáðàçîâàíèå ðèìàíîâà ïðîñòðàíñòâà Vn, êîòîðîå

ïîðîæäàåòñÿ ïðèáëèæåííûì êîíôîðìíûì âåêòîðîì Êèëëèíãà âòîðîãî ïî-

ðÿäêà, íàçûâàåòñÿ ïðèáëèæåííûì áåñêîíå÷íî ìàëûì êîíôîðìíûì ïðåîá-

ðàçîâàíèåì âòîðîãî ïîðÿäêà.

Òî àíàëîãè÷íî ñ Òåîðåìîé 8 ([3]) äîêàçûâàþòñÿ óòâåðæäåíèÿ.

Òåîðåìà 4 Ïðèáëèæåííûé êîíôîðìíûé âåêòîð Êèëëèíãà ξh(x) ðèìàíîâà

ïðîñòðàíñòâà Vn íåíóëåâîé ñêàëÿðíîé êðèâèçíû R â òî÷êå M0 îïðåäåëÿ-

åòñÿ â ïðîñòðàíñòâå âòîðîãî ïðèáëèæåíèÿ Ṽ 2
n âåêòîðà âòîðîé ñòåïåíè

ξ̃h(y), êîòîðûé ÿâëÿåòñÿ ïðèáëèæåííûì îáîáùåííûì âåêòîðîì Êèëëèíãà

âòîðîãî ïîðÿäêà â îêðåñòíîñòè òî÷êè M0.
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Òåîðåìà 5 Áåñêîíå÷íî ìàëîå êîíôîðìíîå ïðåîáðàçîâàíèå âòîðîé ñòåïå-

íè â ïðîñòðàíñòâå âòîðîãî ïðèáëèæåíèÿ Ṽ 2
n äëÿ ðèìàíîâà ïðîñòðàíñòâà

Vn íåíóëåâîé ñêàëÿðíîé êðèâèçíû R â òî÷êå M0 ðåàëèçóåò ïðèáëèæåííûå

áåñêîíå÷íî ìàëîå êîíôîðìíîå ïðåîáðàçîâàíèå âòîðîãî ïîðÿäêà â îêðåñòíî-

ñòè òî÷êè M0 èñõîäíîãî Vn, îòíåñåííîãî ê ðèìàíîâîé ñèñòåìå êîîðäèíàò

ñ íà÷àëîì â ýòîé òî÷êå.
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