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Àíîòàöiÿ Äîñëiäæó¹òüñÿ ñòðóêòóðà ðîçâ'ÿçêiâ ìàòðè÷íîãî ðiâíÿííÿ

XA0 = A1, äå A0 i A1 � (n × m)-ìàòðèöi íàä ïîëåì F, X � íåâiäîìà

(n × n)-ìàòðèöÿ. Íåõàé d(λ) = λn + d1λ
n−1 + · · · + dn−1λ + dn ∈ F[λ] �

óíiòàëüíèé ìíîãî÷ëåí ñòåïåíÿ n. Â ñòàòòi âñòàíîâëåíî óìîâè, çà ÿêèõ äëÿ

ðiâíÿííÿ XA0 = A1 iñíó¹ ðîçâ'ÿçîê iç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ).

Êëþ÷îâi ñëîâà Ìàòðè÷íå ëiíiéíå ðiâíÿííÿ, õàðàêòåðèñòè÷íèé ìíîãî÷ëåí
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Âñòóï

Íåõàé F � ïîëå. Ââåäåìî íàñòóïíi ïîçíà÷åííÿ:Mn,m(F) òàMn,m(F[λ]) � ìíî-
æèíè (n×m) ìàòðèöü íàä ïîëåì F òà êiëüöåì ìíîãî÷ëåíiâ F[λ] âiäïîâiäíî;
In � îäèíè÷íà (n×n)-ìàòðèöÿ; 0n,k � íóëüîâà (n×k)-ìàòðèöÿ. Íàäàëi ÷åðåç
d
(k)
A (λ) ïîçíà÷àòèìåìî íàéáiëüøèé ñïiëüíèé äiëüíèê (í.ñ.ä.) ìiíîðiâ k-ãî ïî-

ðÿäêó ìàòðèöi A(λ) ∈ Mn,m(F[λ]), äå k = 1, 2, . . . ,min{n,m}. ßêùî B(λ) ∈
Mn,n(F[λ]) � íåîñîáëèâà ìàòðèöÿ, òî ÷åðåç B∗(λ) ïîçíà÷àòèìåìî (êëàñè÷íó)

ïðè¹äíàíó äî íå¨ ìàòðèöþ, òîáòî B∗(λ)B(λ) = B(λ)B∗(λ) = In detB(λ).

Ðîçãëÿíåìî ìàòðè÷íå ðiâíÿííÿ

XA0 = A1, (1)



24

DOI: http://dx.doi.org/10.15673/2072-9812.4/2014.41436

Â. Ì. Ïðîêiï

äå A0, A1 ∈Mn,m(F) i X íåâiäîìà (n× n)-ìàòðèöÿ. Âiäîìî [1], ùî ðiâíÿííÿ

(1) íàä ïîëåì F ðîçâ'ÿçíå òîäi i òiëüêè òîäi, êîëè

rankA0 = rank

[
A0

A1

]
. (2)

Íåçâàæàþ÷è íà òå, ùî óìîâà (2) ðîçâ'ÿçíîñòi ðiâíÿííÿ (1) ¹ äîñèòü ïðî-

ñòîþ, áàãàòî àâòîðiâ äîñëiäæóâàëè çàäà÷ó ïðî iñíóâàííÿ ðîçâ'ÿçêiâ öüîãî

ðiâíÿííÿ, ÿêi íàëåæàòü äî ïåâíèõ êëàñiâ. Òàê â ðîáîòàõ [2]�[4] äîñëiäæó-

âàëèñü óìîâè, çà ÿêèõ äëÿ ðiâíÿííÿ (1) íàä ïîëåì äiéñíèõ ÷èñåë iñíóþòü

ñèìåòðè÷íi ðîçâ'ÿçêè. Äàëüíiøi äîñëiäæåííÿ ïîøóêó óìîâ, çà ÿêèõ äëÿ

ðiâíÿííÿ (1) íàä ïîëåì äiéñíèõ àáî êîìïëåêñíèõ ÷èñåë iñíóþòü äîäàòíüî

(àáî âiä'¹ìíî) âèçíà÷åíi, êîñîñèìåòðè÷íi, óíiòàðíi, åðìiòîâi, ðåôëåêñèâíi òà

*êîíãðóåíòíi ðîçâ'ÿçêè, íàâåäåíi â ðîáîòàõ [5]�[10].

Ç îãëÿäó íà ñêàçàíå âèùå, çàêîíîìiðíî âèíèêà¹ íàñòóïíà çàäà÷à. Íåõàé

ðiâíÿííÿ XA0 = A1, äå A0, A1 ∈ Mn,m(F), ñóìiñíå. Íåõàé, äàëi, d(λ) =

λn+d1λ
n−1+· · ·+dn−1λ+dn ∈ F[λ] � óíiòàëüíèé ìíîãî÷ëåí ñòåïåíÿ n. Âêàçà-

òè óìîâè, çà ÿêèõ äëÿ ðiâíÿííÿ XA0 = A1 iñíó¹ ðîçâ'ÿçîê X0 = D ∈Mn,n(F)
iç çàäàíèì õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ), òîáòî det(Inλ−D) = d(λ).

ßêùî æ òàêèé ðîçâ'ÿçîê iñíó¹, òî çàïðîïîíóâàòè ìåòîä éîãî çíàõîäæåííÿ. Â

äàíié ñòàòòi âñòàíîâëåíî óìîâè, çà ÿêèõ äëÿ ñóìiñíîãî ðiâíÿííÿ XA0 = A1

iñíó¹ ðîçâ'ÿçîê X0 = D iç çàäàíèì õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ).

Êðiì öüîãî, âêàçàíî êëàñ ñóìiñíèõ ìàòðè÷íèõ ðiâíÿíü íàä ïîëåì F, ÿêi ìà-
þòü ðîçâ'ÿçîê iç êîæíèì óíiòàëüíèì ìíîãî÷ëåíîì d(λ) ∈ F[λ] ñòåïåíÿ n.

1 . Äîïîìiæíi ðåçóëüòàòè

Ìàòðè÷íîìó ðiâíÿííþ XA0 = A1, äå A0, A1 ∈ Mn,m(F), ïîñòàâèìî ó âiä-

ïîâiäíiñòü ìàòðè÷íó â'ÿçêó A(λ) = A0λ − A1 ∈ Mn,m(F[λ]). Î÷åâèäíî,

ùî ðiâíÿííÿ XA0 = A1 ðîçâ'ÿçíå òîäi i òiëüêè òîäi, êîëè äëÿ ìàòðè÷-

íî¨ â'ÿçêè A(λ) iñíó¹ çîáðàæåííÿ ó âèãëÿäi äîáóòêó A(λ) = (Inλ − D)A0,

äå D ∈ Mn,n(F). Òåïåð ìàòðè÷íié â'ÿçöi A(λ) òà óíiòàëüíîìó ìíîãî÷ëåíó

d(λ) = λn + d1λ
n−1 + · · ·+ dn−1λ+ dn ∈ F[x] ñòåïåíÿ n ïîñòàâèìî ó âiäïîâiä-

íiñòü ìàòðèöi

M(A) =


A0 −A1 0n,m . . . . . . 0n,m

0n,m A0 −A1 0n,m . . . 0n,m

. . . . . . . . . . . . . . . . . .

0n,m . . . . . . 0n,m A0 −A1




(n− 1),
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N(A, d) =
[
A0d1 +A1 A0d2 . . . A0dn−1 A0dn

]
.

Ìàòðèöi M(A) i N(A, d) âèìiðíîñòi n(n− 1)×mn òà n×mn âiäïîâiäíî.

Äîâåäåìî, ùî iç ðîçâ'ÿçíîñòi ðiâíÿííÿ XA0 = A1 âèïëèâà¹ ðîçâ'ÿçíiñòü

ðiâíÿííÿ ZM(A) = N(A, d).

Ëåìà 1 . Íåõàé ìàòðèöÿ D ∈Mn,n(F) ç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì

det(Inλ−D) = d(λ) = λn+d1λ
n−1+ · · ·+dn � ðîçâ'ÿçîê ðiâíÿííÿ XA0 = A1,

äå A0, A1 ∈Mn,m(F). Íåõàé, äàëi,

B(λ) = Inλ
n−1 +B1λ

n−2 +B2λ
n−3 + · · ·+Bn−2λ+Bn−1 ∈Mn,n(F[x])

� âçà¹ìíà ìàòðèöÿ äëÿ ìàòðèöi Inλ−D. Òîäi ìàòðèöÿ

Z0 =
[
B1 B2 . . . Bn−2 Bn−1

]
¹ ðîçâ'ÿçêîì ðiâíÿííÿ ZM(A) = N(A, d).

Äîâåäåííÿ . Íåõàé ìàòðèöÿ D ∈Mn,n(F) iç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì

det(Inλ − D) = d(λ) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ XA0 = A1, òîáòî DA0 = A1.

Îòæå, ìàòðè÷íà â'ÿçêà A(λ) = A0λ − A1 äîïóñêà¹ çîáðàæåííÿ ó âèãëÿäi

äîáóòêó

A(λ) = (Inλ−D)A0. (3)

Íåõàé, äàëi, B(λ) = Inλ
n−1 + B1λ

n−2 + · · · + Bn−2λ + Bn−1 ∈ Mn,n(F[λ])
� ïðè¹äíàíà ìàòðèöÿ äëÿ ìàòðèöi Inλ − D. Ïîìíîæèâøè îáèäâi ÷àñòèíè

ðiâíîñòi (3) çëiâà íà B(λ) çäîáóâà¹ìî

B(λ)A(λ) = d(λ)A0.

Âèêîíàâøè ìíîæåííÿ â îáîõ ÷àñòèíàõ îñòàííüî¨ ðiâíîñòi òà ïðèðiâíÿâøè

êîåôiöi¹íòè ïðè îäèíàêîâèõ ñòåïåíÿ λ â ëiâié òà ïðàâié ÷àñòèíàõ, îòðèìó¹ìî

ñèñòåìó ðiâíîñòåé 

B1A0 = d1A0 +A1,

B2A0 − B1A1 = d2A0,

. . . . . . . . . . . . . . .

Bn−1A0 − Bn−2A1 = dn−1A0,

− Bn−1A1 = dnA0.

Çâiäñè âèïëèâà¹, ùî ìàòðèöÿ Z0 =
[
B1 B2 . . . Bn−2 Bn−1

]
çàäîâîëüíÿ¹ ðiâ-

íiñòü Z0M(A) = N(A, d). Îòæå, ðiâíÿííÿ ZM(A) = N(A, d) ðîçâ'ÿçíå. Ëåìó

äîâåäåíî.
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Òåïåð âñòàíîâèìî çâ'ÿçîê ìiæ ðîçâ'ÿçíiñòþ ðiâíÿííÿ ZM(A) = N(A, d)

òà ìàòðè÷íîþ â'ÿçêîþ A(λ) = A0λ − A1 ∈ Mn,m(F[λ]), ÿêà ïîñòàâëåíà ó

âiäïîâiäíiñòü ìàòðè÷íîìó ðiâíÿííþ XA0 = A1.

Ëåìà 2 . Íåõàé d(λ) = λn + d1λ
n−1 + · · ·+ dn−1λ+ dn ∈ F[λ] i ìàòðèöÿ

Z0 =
[
B1 B2 . . . Bn−2 Bn−1

]
,

äå Bj ∈Mn,n(F); j = 1, 2, . . . , n− 1; � ðîçâ'ÿçîê ðiâíÿííÿ ZM(A) = N(A, d).

Òîäi äëÿ ìàòðè÷íî¨ â'ÿçêè A(λ) = A0λ−A1 òà ìíîãî÷ëåííî¨ ìàòðèöi

B(λ) = Inλ
n−1 +B1λ

n−2 +B2λ
n−3 + · · ·+Bn−2λ+Bn−1

âèêîíó¹òüñÿ ñïiââiäíîøåííÿ B(λ)A(λ) = d(λ)A0.

Äîâåäåííÿ . Ðiâíiñòü Z0M(A) = N(A, d) ðàçîì ç òîòîæíiñòþ A0 = A0 ðiâíî-

ñèëüíà ñèñòåìi ðiâíîñòåé



A0 = A0,

B1A0 − A1 = d1A0,

B2A0 − B1A1 = d2A0,

. . . . . . . . . . . . . . .

Bn−1A0 − Bn−2A1 = dn−1A0,

− Bn−1A1 = dnA0.

(4)

Ïîìíîæèâøè îáèäâi ÷àñòèíè k-ãî ðiâíÿííÿ iç (4) íà λn−k, k = 0, 1, . . . , n; òà

ñêëàâøè ïðè öüîìó ëiâi òà ïðàâi ÷àñòèíè îòðèìó¹ìî

A0λ
n + (B1A0 +A1)λ

n−1 + (B2A0 −B1A1)λ
n−2 + . . .

+ (Bn−1A0 −Bn−2A1)λ−Bn−1A1 =

(λn + d1λ
n−1 + d1λ

n−2 + . . .+ dn−1λ+ dn)A0.

Ç äàíî¨ ðiâíîñòi çäîáóâà¹ìî, ùî äëÿ ìàòðè÷íî¨ â'ÿçêè A(λ) = A0λ − A1

òà ìíîãî÷ëåííî¨ ìàòðèöi B(λ) = Inλ
n−1 + B1λ

n−2 + · · · + Bn−2λ + Bn−1

âèêîíó¹òüñÿ ñïiââiäíîøåííÿ B(λ)A(λ) = d(λ)A0. Ëåìó äîâåäåíî.
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2 . Îñíîâíi ðåçóëüòàòè

Íåõàé ìàòðè÷íå ðiâíÿííÿ XA0 = A1 ñóìiñíå (X � íåâiäîìà n× n ìàòðèöÿ).

Íåâàæêî ïåðåêîíàòèñü â òîìó (äèâ. ïðèêëàä 1), ùî íå äëÿ êîæíîãî óíiòàëü-

íîãî ìíîãî÷ëåíà d(λ) = λn + d1λ
n−1 + · · · + dn äëÿ öüîãî ðiâíÿííÿ iñíó¹

ðîçâ'ÿçîê iç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ). Â öié ÷àñòèíi âñòàíîâèìî

óìîâè, çà ÿêèõ äëÿ ðiâíÿííÿ XA0 = A1 iñíó¹ ðîçâ'ÿçîê X0 = D iç çàäàíèì

õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ).

Òåîðåìà 1 . Íåõàé äëÿ ðiâíÿííÿ XA0 = A1, äå A0, A1 ∈Mn,n(F),

rankA0 = rank

[
A0

A1

]
= n− 1. (5)

ßêùî d
(n−1)
A (λ) = 1, òî äëÿ ðiâíÿííÿ XA0 = A1 iñíó¹ ðîçâ'ÿçîê X0 = D ∈

Mn,n(F) iç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ) = λn + d1λ
n−1 + · · · + dn

òîäi i òiëüêè òîäi, êîëè

rankM(A) = rank

[
M(A)

N(A, d)

]
.

Ïðè öüîìó øóêàíèé ðîçâ'ÿçîê X0 = D îäíîçíà÷íî âèçíà÷à¹òüñÿ çàäàíèì

ìíîãî÷ëåíîì d(λ).

Äîâåäåííÿ . Íåîáõiäíiñòü. Òàê ÿê âèêîíó¹òüñÿ óìîâà (5), òî ðiâíÿííÿ

XA0 = A1 ðîçâ'ÿçíå. Íåõàé ìàòðèöÿX0 = D iç õàðàêòåðèñòè÷íèì ìíîãî÷ëå-

íîì d(λ) ðîçâ'ÿçîê öüîãî ðiâíÿííÿ. Íà ïiäñòàâi ëåìè 1 ðiâíÿííÿ ZM(A) =

N(A, d) ðîçâ'ÿçíå, ùî i äîâîäèòü íåîáõiäíiñòü.

Äîñòàòíiñòü. Íåõàé ìàòðèöÿ Z0 =
[
B1 B2 . . . Bn−1

]
, äå Bj ∈

Mn,n(F); j = 1, 2, . . . , n − 1; � ðîçâ'ÿçîê ðiâíÿííÿ ZM(A) = N(A, d). Çãiä-

íî ëåìè 2 äëÿ ìàòðè÷íî¨ â'ÿçêè A(λ) = A0λ − A1 òà ìíîãî÷ëåííî¨ ìàòðèöi

B(λ) = Inλ
n−1 +B1λ

n−2 +B2λ
n−3 + · · ·+Bn−1 âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

B(λ)A(λ) = d(λ)A0. (6)

Âðàõîâóþ÷è ðiâíiñòü (5) îòðèìó¹ìî rankA(λ) = n − 1. Òàê ÿê d
(n−1)
A (λ) =

1, òî äëÿ ìàòðè÷íî¨ â'ÿçêè A(λ) iñíóþòü ìàòðèöi U(λ), V (λ) ∈ GL(n,F[λ])
òàêi, ùî A(λ) = U(λ) diag (1, . . . , 1, 0)V (λ). Íà ïiäñòàâi öüîãî ç ðiâíîñòi (6)

îòðèìó¹ìî

B(λ)U(λ) diag (1, . . . , 1, 0) = d(λ)A0V
−1(λ).

Çâiäñè âèïëèâà¹

B(λ)U(λ) =W (λ) diag (d(λ), . . . , d(λ), 1). (7)
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Îñêiëüêè deg detB(λ) = n(n− 1) i U(λ) ∈ GL(n,F[λ]), òî ïåðåéøîâøè äî

âèçíà÷íèêiâ â îáîõ ÷àñòèíàõ ðiâíîñòi (7), çäîáóâà¹ìî detB(λ) = dn−1(λ) i

W ∈ GL(n,F[λ]). Îòæå, äëÿ ìàòðèöi G(λ) = diag (1, . . . , 1, d(λ))W−1(λ) ìà¹

ìiñöå ñïiââiäíîøåííÿ

B(λ)U(λ)G(λ) = Ind(λ). (8)

Òàê ÿê degB(λ) = n− 1 i deg b(λ) = n, òî ç ðiâíîñòi (8) âèïëèâà¹, ùî

U(λ)G(λ) = Inλ−D ∈Mn,n(F[λ]) (9)

� ìàòðè÷íà â'ÿçêà ç âèçíà÷íèêîì det(Inλ−D) = d(λ). Âðàõîâóþ÷è ñïiââiä-

íîøåííÿ (8) ðiâíiñòü (6) ïåðåïèøåìî òàê

B(λ)A(λ) = B(λ)U(λ)G(λ)A0 = B(λ)(Inλ−D)A0.

Çâiäñè çäîáóâà¹ìî, ùî äëÿ ìàòðè÷íî¨ â'ÿçêè A(λ) iñíó¹ çîáðàæåííÿ ó

âèãëÿäi äîáóòêó A(λ) = (Inλ−D)A0, äå D ∈Mn,n(F) � ìàòðèöÿ ç õàðàêòåðè-
ñòè÷íèì ìíîãî÷ëåíîì d(λ). Îòæå, ìàòðèöÿ D ¹ ðîçâ'ÿçêîì ðiâíÿííÿ XA0 =

A1. Êðiì öüîãî, íà ïiäñòàâi ðiâíîñòi (8) îòðèìó¹ìî B(λ)(Inλ−D) = Ind(λ).

Çâiäè çäîáóâà¹ìî, ùî D = B1 − Ind1.
Äîâåäåìî, ùî øóêàíèé ðîçâ'ÿçîê X0 = D îäíîçíà÷íî âèçíà÷åíèé ìíîãî-

÷ëåíîì d(λ). Âðàõîâóþ÷è óìîâó (5) ïðèïóñòèìî, ùî äëÿ ðiâíÿííÿ XA0 = A1

iñíó¹ ùå îäèí ðîçâ'ÿçîê D̃ ∈Mn(F) iç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ),

ÿêèé âiäìiííèé âiä ïîïåðåäíüîãî, òîáòî D̃ 6= D. Òîäi

A(λ) = (Inλ−D)A0 = (Inλ− D̃)A0.

Òàê ÿê A(λ) = U(λ) diag (1, . . . , 1, 0)V (λ), äå U(λ), V (λ) ∈ GL(n,F[λ]), òî íà

ïiäñòàâi ðiâíîñòi (9) çäîáóâà¹ìî

Inλ− D̃ = U(λ) diag (1, ..., 1, d(λ))W1(λ) =

U(λ) diag (1, ..., 1, d(λ))W (λ)W−1(λ)W1(λ) =

(Inλ−D)Q(λ),

äå W1(λ) ∈ GL(n,F[λ]) i Q(λ) =W−1(λ)W1(λ). Çâiäñè âèïëèâà¹, ùî ðiâíiñòü

Inλ− D̃ = (Inλ−D)Q(λ) ìîæëèâà ëèøå ïðè Q(λ) = In.

Îòæå, ìàòðèöÿ D ∈ Mn,n(F), ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ XA0 = A1, îä-

íîçíà÷íî âèçíà÷åíà ñâî¨ì õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ). Îäíî÷àñíî

çäîáóâà¹ìî, ùî ðiâíÿííÿ ZM(A) = N(A, d) ìà¹ ¹äèíèé ðîçâ'ÿçîê, òîáòî

rankM(A) = rank

[
M(A)

N(A, d)

]
= n(n− 1). Òåîðåìó äîâåäåíî.
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Çàóâàæèìî, ùî iç äîâåäåííÿ äîñòàòíîñòi òåîðåìè 1 îòðèìó¹ìî ìåòîä ïî-

áóäîâè ðîçâ'ÿçêó ðiâíÿííÿ XA0 = A1 iç çàäàíèì õàðàêòåðèñòè÷íèì ìíîãî-

÷ëåíîì, ÿêèé áóäó¹ìî çà ðîçâ'ÿçêîì ðiâíÿííÿ ZM(A) = N(A, d).

Òåîðåìà 2 . Íåõàé äëÿ ðiâíÿííÿ XA0 = A1, äå A0, A1 ∈Mn,n(F),

rankA0 = rank

[
A0

A1

]
= n− 1. (10)

ßêùî äëÿ ìàòðè÷íî¨ â'ÿçêè A(λ) = A0λ − A1 í.ñ.ä. ìiíîðiâ (n − 1)−ãî
ïîðÿäêó d

(n−1)
A (λ) = 1, òî äëÿ êîæíîãî óíiòàëüíîãî ìíîãî÷ëåíà

d(λ) = λn + d1λ
n−1 + · · ·+ dn ∈ F[λ]

äëÿ ðiâíÿííÿ XA0 = A1 iñíó¹ ðîçâ'ÿçîê X0 = D ∈ Mn,n(F) iç õàðàêòå-

ðèñòè÷íèì ìíîãî÷ëåíîì d(λ). Ïðè öüîìó ìàòðèöÿ D ìíîãî÷ëåíîì d(λ)

âèçíà÷åíà îäíîçíà÷íî.

Äîâåäåííÿ . Íà ïiäñòàâi ðiâíîñòi (10) ìàòðè÷íå ðiâíÿííÿ XA0 = A1 ðîç-

â'ÿçíå. Íåõàé ìàòðèöÿ X0 = D ∈ Mn,n(F) iç õàðàêòåðèñòè÷íèì ìíîãî÷ëå-

íîì det(Inλ−D) = d(λ) = λn+d1λ
n−1+ · · ·+dn ¹ ðîçâ'ÿçêîì öüîãî ðiâíÿííÿ.

Îòæå, A(λ) = A0λ−A1 = (Inλ−D)A0. Òàê ÿê d
(n−1)
A (λ) = 1, òî çãiäíî òåîðå-

ìè 1 ìàòðèöÿD õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ) âèçíà÷åíà îäíîçíà÷íî.

Êðiì öüîãî

rankM(A) = rank

[
M(A)

N(A, d)

]
= n(n− 1).

Îñêiëüêè rankA0 = n − 1, òî äëÿ A0 iñíó¹ ìàòðèöÿ T ∈ GL(n,F) òàêà,

ùî A0T =
[
Ã0 0n,1

]
, äå Ã0 ∈Mn,n−1(F). Íà ïiäñòàâi öüîãî çäîáóâà¹ìî

A(λ)T = (Inλ−D)A0T = (Inλ−D)
[
Ã0 0n,1

]
=[

Ã0 0n,1

]
λ−

[
Ã1 0n,1

]
=
[
Ã(x) 0n,1

]
,

äå Ã1 = DÃ0 ∈ Mn,n−1(F). Îòæå, ìàòðèöÿ D ∈ Mn,n(F) � ðîçâ'ÿçîê

ðiâíÿííÿ XÃ0 = Ã1. Òàê ÿê d
(n−1)
A (λ) = 1, òî äëÿ ìàòðè÷íî¨ â'ÿçêè

Ã(λ) ∈ Mn,n−1(F[λ]) âèêîíó¹òüñÿ d
(n−1)

Ã
(λ) = 1. Çãiäíî òåîðåìè 1 òà íà-

ñëiäêó 1

rankM(Ã) = rank

[
M(Ã)

N(Ã, d)

]
= n(n− 1).

Òàê ÿê M(Ã) êâàäðàòíà (n− 1)n× (n− 1)n-ìàòðèöÿ, òî ç îñòàííüî¨ ðiâíîñòi

âèïëèâà¹, ùî M(Ã) � íåîñîáëèâà ìàòðèöÿ.
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Òàêèì ÷èíîì, ðiâíÿííÿ ZM(Ã) = N(Ã, d) ðîçâ'ÿçíå äëÿ äîâiëüíîãî

óíiòàëüíîãî ìíîãî÷ëåíà d(λ) ñòåïåíÿ n. Îñêiëüêè ìàòðè÷íi ðiâíÿííÿ XA0 =

A1 i XÃ0 = Ã1 ðiâíîñèëüíi, òî ìàòðè÷íå ZM(A) = N(A, d) ðîçâ'ÿçíå äëÿ

äîâiëüíîãî óíiòàëüíîãî ìíîãî÷ëåíà d(λ) ñòåïåíÿ n. Íà ïiäñòàâi òåîðåìè 1,

ðîçâ'ÿçîê X0 = D ðiâíÿííÿ XA0 = A1 îäíîçíà÷íî âèçíà÷à¹òüñÿ õàðàêòåðè-

ñòè÷íèì ìíîãî÷ëåíîì d(λ) = det(Inλ−D). Òåîðåìó äîâåäåíî.

Ðîçãëÿíåìî ìàòðè÷íå ðiâíÿííÿ

XA0 = A1, (11)

äå A0, A1 ∈Mn,n−1(F). Ðiâíÿííÿ (11) ðîçâ'ÿçíå òîäi i òiëüêè òîäi, êîëè ðîç-

â'ÿçíå ðiâíÿííÿ X
[
A0 0n,1

]
=
[
A1 0n,1

]
. Iç òåîðåìè 1 îòðèìó¹ìî.

Íàñëiäîê 1 . Íåõàé äëÿ ìàòðè÷íî¨ â'ÿçêè A(λ) = A0λ−A1 ∈Mn,n−1(F[λ])
í.ñ.ä. ìiíîðiâ (n − 1)−ãî ïîðÿäêó d

(n−1)
A (λ) = 1. ßêùî rankA0 = n − 1, òî

äëÿ êîæíîãî óíiòàëüíîãî ìíîãî÷ëåíà

d(λ) = λn + d1λ
n−1 + · · ·+ dn−1λ+ dn ∈ F[λ]

äëÿ ðiâíÿííÿ XA0 = A1 iñíó¹ ðîçâ'ÿçîê X0 = D ∈ Mn,n(F) iç õàðàêòå-

ðèñòè÷íèì ìíîãî÷ëåíîì d(λ). Ïðè öüîìó ìàòðèöÿ D ìíîãî÷ëåíîì d(λ)

âèçíà÷åíà îäíîçíà÷íî.

Íàñëiäîê 2 . Íåõàé äëÿ ìàòðè÷íî¨ â'ÿçêè A(λ) = A0λ−A1 ∈Mn,m(F[λ]),
m > n, í.ñ.ä. ìiíîðiâ (n − 1)−ãî ïîðÿäêó d

(n−1)
A (λ) = 1. ßêùî rankA0 =

rank

[
A0

A1

]
= n− 1, òî äëÿ êîæíîãî óíiòàëüíîãî ìíîãî÷ëåíà

d(λ) = λn + d1λ
n−1 + · · ·+ dn−1λ+ dn ∈ F[λ]

äëÿ ðiâíÿííÿ XA0 = A1 iñíó¹ ðîçâ'ÿçîê X0 = D ∈ Mn,n(F) iç õàðàêòåðè-

ñòè÷íèì ìíîãî÷ëåíîì d(λ). Ïðè öüîìó øóêàíèé ðîçâ'ÿçîê D õàðàêòåðè-

ñòè÷íèì ìíîãî÷ëåíîì d(λ) âèçíà÷åíèé îäíîçíà÷íî.

Äîâåäåííÿ . Òàê ÿê rankA0 = rank

[
A0

A1

]
= n− 1, òî äëÿ ìàòðèöü A0, A1 ∈

Mn,m(F) iñíó¹ ìàòðèöÿ W ∈ GL(m,F) òàêà, ùî

A0W =
[
Ã0 0n,m−n

]
i

[
A0

A1

]
W =

[
Ã0 0n,m−n+1

Ã1 0n,m−n+1

]
,
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äå Ã0, Ã1 ∈ Mn,n−1(F). Î÷åâèäíî, ùî d(n−1)

Ã
(λ) = 1, äå Ã(λ) = Ã0λ − Ã1 ∈

Mn,n−1(F[λ]). Íà ïiäñòàâi íàñëiäêó 1, äëÿ êîæíîãî óíiòàëüíîãî ìíîãî÷ëåíà

d(λ) = λn + d1λ
n−1 + · · · + dn ∈ F[λ] äëÿ ðiâíÿííÿ XÃ0 = Ã1 iñíó¹ ðîçâ'ÿ-

çîê X0 = D ∈ Mn,n(F) iç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ). Ïðè öüî-

ìó ìàòðèöÿ D ìíîãî÷ëåíîì d(λ) âèçíà÷åíà îäíîçíà÷íî. Îñêiëüêè ðiâíÿííÿ

XÃ0 = Ã1 i XA0 = A1 ðiâíîñèëüíi, òî íàñëiäîê äîâåäåíî.

3 . Ïðèêëàäè

Íåõàé F = Q � ïîëå ðàöiîíàëüíèõ ÷èñåë. Ðîçãëÿíåìî íàñòóïíi ïðèêëàäè.

Ïðèêëàä 1 . Íåõàé A0 = A1 =

[
1 1

1 1

]
∈ M2,2(Q). Î÷åâèäíî, ùî ðiâíÿííÿ

XA0 = A1 ðîçâ'ÿçíå íàä ïîëåì Q. Ïîêàæåìî, ùî äëÿ äàíîãî ðiâíÿííÿ íå

iñíó¹ ðîçâ'ÿçêó ç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ) = λ2 + 2λ+ 1. Ïðè-

ïóñòèìî, ùî ìàòðèöÿ X0 = D ∈ M2,2(Q) iç çàäàíèì õàðàòåðèñòè÷íèì

ìíîãî÷ëåíîì d(λ) ¹ ðîçâ'ÿçêîì öüîãî ðiâíÿííÿ. Çãiäíî ëåìè 1 äëÿ ìàòðè÷-

íî¨ â'ÿçêè A(λ) =

[
1 1

1 1

]
λ −

[
1 1

1 1

]
òà ìíîãî÷ëåíà d(λ) ðiâíÿííÿ ZM(A) =

N(A, d) ðîçâ'ÿçíå. Î÷åâèäíî, ùî rank M(A) = rank

[
1 1 −1 −1
1 1 −1 −1

]
= 1. Ïðî-

òå rank

[
M(A)

N(A, d)

]
= rank


1 1 −1 −1
1 1 −1 −1
3 3 1 1

3 3 1 1

 = 2. Òàê ÿê ðiâíÿííÿ ZM(A) =

N(A, d) íåñóìiñíå, òî äëÿ ðiâíÿííÿ XA0 = A1 íå iñíó¹ ðîçâ'ÿçêó X0 = D ç

õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ) = λ2 + 2λ+ 1.

Ïðèêëàä 2 . Ðîçãëÿíåìî ìàòðè÷íå ðiâíÿííÿ XA0 = A1, äå A0 =

 1 1 0

0 0 0

0 1 1


i A1 =

 2 3 1

1 2 1

1 2 1

 . Ëåãêî ïåðåâiðèòè, ùî rankA0 = rank

[
A0

A1

]
= 2 i äëÿ

ìàòðè÷íî¨ â'ÿçêè A(λ) = A0λ − A1 ∈ M3,3(Q[λ]) í.ñ.ä. ìiíîðiâ 2−ãî ïî-

ðÿäêó d
(2)
A (λ) = 1. Îòæå, äëÿ êîæíîãî óíiòàëüíîãî ìíîãî÷ëåíà òðåòüîãî

ñòåïåíÿ d(λ) ∈ Q[λ] äëÿ ðiâíÿííÿ XA0 = A1 iñíó¹ ðîçâ'ÿçîê iç õàðàêòåðè-

ñòè÷íèì ìíîãî÷ëåíîì d(λ).
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Âêàæåìî ðîçâ'ÿçîê öüîãî ðiâíÿííÿ iç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì

d(λ) = λ3. Òåïåð ïîáóäó¹ìî ìàòðèöi

M(A) =

[
A0 − A1 03,3

03,3 A0 −A1

]
=



1 1 0 −2 −3 −1 0 0 0

0 0 0 −1 −2 −1 0 0 0

0 0 1 −1 −2 −1 0 0 0

0 0 0 1 1 0 −2 −3 −1
0 0 0 0 0 0 −1 −2 −1
0 0 0 0 1 1 −1 −2 −1


,

N(A, d) =
[
A0d1 +A1 A0d2 A0d3

]
=

2 3 1 0 0 0 0 0 0

1 2 1 0 0 0 0 0 0

1 2 1 0 0 0 0 0 0

 .

Ìàòðèöÿ Z0 =

2 −5 1

1 −3 1

1 −3 1

0 −2 2

0 −1 1

0 −1 1

 =
[
B1 B2

]
� ðîçâ'ÿçîê ðiâíÿííÿ

ZM(A) = N(A, d).

Òàê ÿê B1−D = I3d1, òî D = B1−I3d1 =

2 −5 1

1 −3 1

1 −3 1

 � øóêàíèé ðîçâ'ÿçîê

ðiâíÿííÿ iç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ) = λ3.

Íàäàëi C � ïîëå êîìïëåêñíèõ ÷èñåë. Çäîáóòi ðåçóëüòàòè ìîæóòü áóòè

âèêîðèñòàíi ïðè ðîçâ'ÿçóâàííi ñèñòåì ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü çi

ñòàëèìè êîåôiöi¹íòàìè. Â öüîìó çâ'ÿçêó ðîçãëÿíåìî ñèñòåìó ëiíiéíèõ äè-

ôåðåíöiàëüíèõ ðiâíÿíü
dY (t)

dt
A0 = Y (t)A1, (12)

äå A0, A1 ∈Mn,m(C) i Y (t) =
[
y1(t) y2(t) . . . yn(t)

]
� íåâiäîìèé âåêòîð-ðÿäîê

âiä çìiííî¨ t. Î÷åâèäíî, ÿêùî ðiâíÿííÿ XA0 = A1 ðîçâ'ÿçíå, òî ñèñòå-

ìà ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (12) òåæ ðîçâ'ÿçíà. Íåõàé ìàòðèöÿ

D ∈ Mn,n(C) � ðîçâ'ÿçîê ðiâíÿííÿ XA0 = A1. Òåïåð ñèñòåìó ëiíiéíèõ äè-

ôåðåíöiàëüíèõ ðiâíÿíü (12) çàïèøåìî ó âèãäÿäi
(

dY (t)
dt − Y (t)D

)
A0 = 0.

Îñêiëüêè ðiâíÿííÿ dY (t)
dt = Y (t)D ðîçâ'ÿçíå, òî ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü

(12) ìè ìîæåìî øóêàòè ç íàïåðåä çàäàíèì ñïåêòðîì. Îòæå, ðåçóëüòàòè ïî-

ïåðåäíüîãî ðîçäiëó ìîæóòü áóòè çàñòîñîâàíi äî ïîøóêó ðîçâ'ÿçêiâ ñèñòåìè

ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (12) ç íàïåðåä çàäàíèìè õàðàêòåðèñòè÷-

íèìè çíà÷åííÿ.
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On solutions of the matrix equation XA0 = A1 with prescribed

characteristic polynomials

We investigate the structure of solutions of a matrix equation XA0 = A1, where

A1, A2 are n ×m matrices over a �eld F and X is unknown n × n matrix. Let

d(λ) = λn+d1λ
n−1+ · · ·+dn−1λ+dn ∈ F[λ] be a monic polynomial of degree n.

In this note we present the conditions under which for the equation XA0 = A1

there exists a solution X0 = D with the characteristic polynomial d(λ).


