
Proceedings of the
International Geometry Center
Vol. 10, no. 2 (2017) pp. 8–23

Warped product semi-slant submanifolds
in locally conformal Kaehler manifolds

Koji Matsumoto

Abstract. In 1994, in [13], N. Papaghiuc introduced the notion of semi-slant
submanifold in a Hermitian manifold which is a generalization of CR- and
slant-submanifolds. In particular, he considered this submanifold in Kaehle-
rian manifolds, [13]. Then, in 2007, V. A. Khan and M. A. Khan considered
this submanifold in a nearly Kaehler manifold and obtained interesting results,
[11]. Recently, we considered semi-slant submanifolds in a locally conformal
Kaehler manifold and gave a necessary and sufficient conditions for two dis-
tributions (holomorphic and slant) to be integrable. Moreover, we considered
these submanifolds in a locally conformal Kaehler space form, [4]. In this
paper, we define 2-kind warped product semi-slant submanifolds in a locally
conformal Kaehler manifold and consider some properties of these submani-
folds.

1. INTRODUCTION
A Hermitian manifold M̃ with structure (J, g̃) is called a locally conformal

Kaehler (an l.c.K.-) manifold if each point x ∈ M̃ has an open neighbour-
hood U with differentiable function ρ : U → R such that g̃∗ = e−2ρ g̃|U is a
Kaehlerian metric on U , that is, ∇∗J = 0, where J is the almost complex
structure, g̃ is the Hermitian metric, ∇∗ is the covariant differentiation with
respect to g̃∗ and R is a real number space, [14]. A typical example of an
l.c.K.-manifold which is not Kaehlerian is Hopf manifold, [14].

Then we know the following statement, see [10]:
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Proposition 1.1. A Hermitian manifold M̃(J, g̃) is l.c.K. if and only if
there exists a global closed 1-form α which is called Lee form satisfying

(∇̃V J)U = −g̃(α♯, U)JV + g̃(V,U)β♯ + g̃(JV, U)α♯ − g̃(β♯, U)V (1.1)
for any V,U ∈ TM̃ , where ∇̃ denotes the covariant differentiation with
respect to g̃, α♯ is the dual vector field of α, the 1 form β is defined by
β(X) = −α(JX), β♯ is the dual vector field of β and TM̃ is the tangent
bundle of M̃ .

An l.c.K.-manifold M̃(J, g̃, α) is called an l.c.K.-space form if it has a
constant holomorphic sectional curvature. Then, [10], the Riemannian cur-
vature tensor R̃ with respect to g̃ of an l.c.K.-space form with the constant
holomorphic sectional curvature c is given by the following formulas:

4R̃(X,Y, Z,W ) = c
{
g̃(X,W ) g̃(Y, Z)− g̃(X,Z) g̃(Y,W )+

+ g̃(JX,W ) g̃(JY, Z)− g̃(JX,Z) g̃(JY,W )−
− 2g̃(JX, Y ) g̃(JZ,W )

}
+

+ 3
{
P (X,W ) g̃(Y,Z)− P (X,Z)g̃(Y,W )+

+ g̃(X,W )P (Y, Z)− g̃(X,Z)P (Y,W )
}
−

− P̃ (X,W ) g̃(JY, Z) + P̃ (X,Z) g̃(JY,W )−

− g̃(JX,W ) P̃ (Y,Z) + g̃(JX,Z) P̃ (Y,W )+

+ 2
{
P̃ (X,Y ) g̃(JZ,W ) + g̃(JX, Y ) P̃ (Z,W )

}

(1.2)

for any X,Y, Z,W ∈ TM̃ , where P and P̃ are respectively defined by

P (X,Y ) = −(∇̃Xα)Y − α(X)α(Y ) +
1

2
∥α∥2 g̃(X,Y ), (1.3)

and
P̃ (X,Y ) = P (JX, Y ) (1.4)

for any X,Y ∈ TM̃ , where ∥α∥ is the length of the Lee form α.
Let (M1, g1) and (M2, g2) be two Riemannian manifolds. Then we put

M = M1 × M2 be the product manifold of M1 and M2. For a positive
differentiable function f on M2, we define a Riemannian metric tensor g on
M as

g(U, V ) = ef
2
g1(π1∗U, π1∗V ) + g2(π2∗U, π2∗V ) (1.5)

for any U, V ∈ TM , where π1 (resp. π2) denotes the projection operator of
M to M1 (resp. M2) and π1∗ (resp π2∗) is the differential of π1 (resp. π2).
Then the Riemannian manifold M is called a warped product manifold of
M1 and M2 with the warping function f and we write it M1 ⊗f M2, [12].
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Let ∇, ∇1 and ∇2 be the covariant differentiation with respect to g, g1
and g2, respectively. Then, we have from (1.5)

∇XY = ∇1XY − f2ef
2
g1(X,Y )(d2 log f)∗,

∇XZ = ∇ZX = f2(Z log f)X,

∇ZW = ∇2ZW

(1.6)

for any X,Y ∈ TM1 and Z,W ∈ TM2, where d2 log f means the differential
of log f and (d2 log f)∗ is the dual vector field of d2 log f .

By virtue of (1.6), the curvature tensor R with respect to g is written
as

R(X1, X2, X3, X4) = ef
2
[R1(X1, X2, X3, X4)−

− f4ef
2∥∇2 log f∥2{g1(X1, X4)g1(X2, X3)−

− g1(X1, X3)g1(X2, X3)}],

R(X1, Z1, Z2, X2) = −f2ef
2{

(2 + f2)(Z1 log f)(Z2 log f)+
+∇2Z1∇2Z2 log f

}
g1(X1, X2),

R(Z1, Z2, Z3, Z4) = R2(Z1, Z2, Z3, Z4),

Other = 0,

(1.7)

and the Ricci tensor ρ with respect to g is separated as

ρ(X1, X2) = ρ1(X1, X2)−

− f2ef
2{

(2 + n1f
2)∥∇2 log f∥2 + δ2d2

}
g1(X1, X2),

ρ(X1, Z1) = 0,

ρ(Z1, Z2) = ρ2(Z1, Z2)−
− n1f

2
{
(2 + f2)(∇2Z1 log f)(∇2Z2 log f) +∇2Z1∇2Z2 log f

}
,

(1.8)

for any X1, X2 ∈ TM1 and Z1, Z2 ∈ TM2, where R1 (resp. R2) is the
Riemannian curvature tensor with respect to g1 (resp. g2) and ρ1 (resp.
ρ2) is the Ricci tensor with respect to g1 (resp. g2), d2 (resp. δ2) means
the differential (resp. codifferential) with respect to g2, ∥∇2 log f∥ is the
length of ∇2 log f with respect to g2 and n1 = dimM1.

Finally, if we respectively put τ , τ1 and τ2 the scalar curvature with
respect to g, g1 and g2, then from (1.8), we can easily have

τ = ef
2
τ1 + τ2 − (n1 − 1)n1f

4∥∇2 log f∥2. (1.9)
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2. SEMI-SLANT-SUBMANIFOLDS IN AN ALMOST HERMITIAN MANIFOLD
In general, between a Riemannian manifold (M̃, g̃) and its Riemannian

submanifold (M, g), we know the Gauss and Weingarten formulas
∇̃XY = ∇XY + σ(X,Y ), ∇̃XN = −ANX +∇⊥

XN (2.1)

for any X,Y ∈ TM and N ∈ T⊥M , where ∇ is the covariant differenti-
ation with respect to g, σ is the second fundamental form and AN is the
shape operator with respect to N and ∇⊥ is the normal connection, [6].
The second fundamental form σ and the shape operator A are related by
g̃(ANY,X) = g̃(σ(Y,X), N) for any Y,X ∈ TM and N ∈ T⊥M .

The Gauss equation is given by
R̃(U, V,W,Z) = R(U, V,W,Z) + g̃(σ(U,Z), σ(V,W )

− g̃(σ(U,W ), σ(V,Z)),
(2.2)

for any U, V,W,Z ∈ TM , [6].
A submanifold M is said to be totally geodesic, if the second fundamental

form σ identically vanishes, [6].
We recall a warped product submanifold in a Riemannian manifold.
Let (M̃, g̃) be a Riemannian manifold. A submanifold (M, g) is called a

warped product submanifold of M̃ if it satisfies
(i) M is a product manifold of 2 submanifolds M1 and M2,
(ii) two submanifolds are orthogonal with respect to g̃,
(iii) for certain Riemannian metric g1 in M1, g2 in M2 and a certain

positive differentiable function f in M2, the metric tensor g is defined
by

g(U, V ) = ef
2
g1(π1∗U, π1∗V ) + g2(π2∗U, π2∗V ) (2.3)

for any U, V ∈ TM is the induced metric of g̃, [5].
By virtue of (1.7) and (2.3) the Riemannian curvature R̃ is separated

as
R̃(X1, X2, X3, X4) = ef

2{
R1(X1, X2, X3, X4)

− f4ef
2∥ log f∥2g1(X1, X4)g1(X2, X3)− g1(X1, X3)g1(X2, X4)

}
+ g̃(σ(X1, X4), σ(X2, X3))− g̃(σ(X1, X3), σ(X2, X4)),

R̃(X1, X2, X3, Z1) = g̃(σ(X1, Z1), σ(X2, X3))− g̃(σ(X1, X3), σ(X2, Z1)),

R̃(X1, X2, Z1, Z2) = g̃(σ(X1, Z2), σ(X2, Z1))− g̃(σ(X1, Z1), σ(X2, Z2)),

R̃(X1, Z1, Z2, X2) = −f2ef
2{(2 + f2)(Z1 log f)(Z2 log f) (2.4)

+∇2Z2∇2Z1 log f}g1(X1, X2) + g̃(σ(X1, X2), σ(Z1, Z2))
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− g̃(σ(X1, Z2), σ(Z1, X2)),

R̃(X1, Z1, Z2, Z3) = g̃(σ(X1, Z3), σ(Z1, Z2))− g̃(σ(X1, Z2), σ(Z1, Z3)),

R̃(Z1, Z2, Z3, Z4) = R2(Z1, Z2, Z3, Z4)+

+ g̃(σ(Z1, Z4), σ(Z2, Z3))− g̃(σ(Z1, Z3), σ(Z2, Z4)),

for any X1, X2, X3, X4 ∈ TM1 and Z1, Z2, Z3, Z4 ∈ TM2, where R1 (resp.
R2) is the Riemannian curvature tensor with respect to g1 (resp. g2).

For a vector field U ∈ TM , the angle between JU and TM is called the
Wirtingar angle of U .

A differentiable distribution Dθ : x → Dθ
x on M is said to be a slant one

if for each Ux ∈ Dθ
x, the Wirtingar angle of Ux is constant (= θ) for any

x ∈ M . In this case, the Wirtingar angle is said to be the slant angle. In
particular, if TM is slant, then the submanifold is called a slant one, [9]. A
slant submanifold is holomorphic (resp. totally real) if its slant angle θ = 0
(resp. θ = π

2 ). A slant submanifold is said to be proper if it is neither
holomorphic nor totally real.

A submanifold M in M̃ is called a semi-slant submanifold if there exists a
differentiable distribution D : x → Dx ⊂ TxM on M satisfying the following
conditions:

(i) D is holomorphic, i.e., JDx = Dx for each x ∈ M and
(ii) the complementary orthogonal distribution Dθ : x → Dθ

x ⊂ TxM is
slant with slant angle θ, where TxM is the tangent vector space of M
at x, [13].

Remark 2.1. A semi-slant submanifold is a CR-submanifold if the slant
angle is equal to π

2 , [1], [2], [3], [7], [8], etc.
A semi-slant submanifold M is said to be proper if it is neither CR-,

holomorphic, nor totally real.
In a submanifold M of an almost Hermitian manifold M̃(J, g̃), for any

U ∈ TM and ξ ∈ T⊥M , we write
JU = TU + FU, Jξ = tξ + hξ, (2.5)

where TU (resp. FU) means the tangential (resp. normal) component of
JU and tξ (resp. hξ) means the tangential (resp. normal) component of Jξ.

For a semi-slant submanifold M of an almost Hermitian manifold M̃ , the
tangent bundle TM and the normal bundle T⊥M of M are decomposed as

TM = D ⊕Dθ, T⊥M7 = FDθ ⊕ ν, (2.6)

where ν denotes the orthogonal complementary distribution of FDθ in
T⊥M .
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Further, in a semi-slant submanifold M we write

U = T1U + T2U, (2.7)

for any U ∈ TM , where T1U (resp. T2U) denotes the D (resp. Dθ) com-
ponent of U .

By virtue of (2.7) and (2.7), we can write

JU = JT1U + TT2U + FT2U, (2.8)

where JT1U ∈ D, TT2U ∈ Dθ and FT2U ∈ FDθ ⊂ T⊥M . Thus if we put

QU = JT1U + TT2U (2.9)

for any U ∈ TM , then Q is an automorphism on TM .
The covariant differentiation ∇̄ of T1, T2, T , F , t and h are defined as

(∇̄UT1)V = ∇U (T1V )− T1∇UV,

(∇̄UT2)V = ∇U (T2V )− T2∇UV,

(∇̄UT )V = ∇U (TV )− T∇UV,

(∇̄UF )V = ∇⊥
U (FV )− F∇UV,

(∇̄U t)ξ = ∇U (tξ)− t∇⊥
Uξ,

(∇̄Uh)ξ = ∇⊥
U (hξ)− h∇⊥

Uξ

(2.10)

for any U, V ∈ TM and ξ ∈ T⊥M .
Moreover, if we define the covariant differentiation ∇̄ of Q

(∇̄UQ)V = ∇U (QV )−Q∇UV (2.11)

for any U, V ∈ TM , then using (2.10), we have

(∇̄UQ)V = (∇̃UJ)T1V + J(∇̄UT1)V + (∇̄UT )(T2V )

+ T (∇̄UT2)V + Jσ(U, T1V )− σ(U, JT1V )
(2.12)

for any U, V ∈ TM . In particular, for any X,Y ∈ D, the equation (2.12) is
written as

(∇̄XQ)Y = (∇̃XJ)Y +FT2∇XY +tσ(X,Y )+hσ(X,Y )−σ(X,TY ). (2.13)

Now, for U, V ∈ TM , we write

(∇̃UJ)V = PUV +QUV, (2.14)

where PUV (resp. QUV ) denotes the tangential (resp. normal) part of
(∇̃UJ)V .
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3. SEMI-SLANT SUBMANIFOLDS IN AN L.C.K.-MANIFOLD
Let M be a semi-slant submanifold of an l.c.K.-manifold M̃(J, g̃, α).

Then we have from (1.1) and (2.14)
PUV = −g̃(α♯

1, V )TU + g̃(U, V )(Tα♯
1 + tα♯

2) + g̃(TU, V )α♯
1

− g̃(Tα♯
1 + tα♯

2, V )U,

QUV = −g̃(α♯
1, V )FU + g̃(U, V )(Fα♯

1 + hα♯
2) + g̃(TU, V )α♯

2,

(3.1)

where α♯
1 (resp. α♯

2) means the tangential (resp. normal) component of α♯.
In a semi-slant submanifold in an l.c.K.-manifold, we have from (3.1)2

QXY −QY X = 2g̃(TX, Y )α♯
2 (3.2)

for any X,Y ∈ D.
Using theorems of V. A. Khan and M. A. Khan on integrability of the

distributions D and Dθ of a semi-slant submanifold in an almost Hermitian
manifold, in [4], we proved

Proposition 3.1. (I) The holomorphic distribution D of a semi-slant sub-
manifold M in an l.c.K.-manifold M̃(J, g̃, α) is integrable if and only if

σ(X,TY )− σ(Y, TX) = QXY −QY X = 2g̃(TX, Y )α♯
2 (3.3)

for any X,Y ∈ D.
(II) The slant distribution Dθ of a semi-slant submanifold M in an locally

conformal Kaehler manifold M̃(J, g̃, α) is integrable if and only if
T1

(
∇ZTW −∇WTZ +AFZW −AFWZ+

+ g̃(α1
♯,W )TZ − g̃(α1

♯, Z)TW + 2g̃(TW,Z)α♯
1

)
= 0

(3.4)

or equivalently
T1

{
(∇̄ZT )W − (∇̄WT )Z + T [Z,W ] +AFZW −AFWZ+

+ g̃(α1
♯,W )TZ − g̃(α1

♯, Z)TW + 2g̃(TW,Z)α♯
1

}
= 0

(3.5)

for any Z,W ∈ Dθ.

4. WARPED PRODUCT SEMI-SLANT SUBMANIFOLDS IN L.C.K.-MANIFOLDS
Let D and Dθ be two integrable distributions on a semi-slant submanifold

M of an l.c.K.-manifold M̃(J, g̃, α). Then (3.3) and (3.4) hold true. Let
also MD (resp. MDθ) be the maximal integral submanifold of D (resp. Dθ).
Then M is a product manifold of MD and MDθ , that is,

M = MD ⊗MDθ . (4.1)



Warped product semi-slant submanifolds 15

We call the submanifold MD (resp. MDθ) the holomorphic (resp. slant)
component of M .

We define the following two type warped product submanifolds
M1 := MD ⊗f1 MDθ (4.2)

for a certain differentiable function f1 on MDθ and
M2 := MDθ ⊗f2 MD (4.3)

for a certain differentiable function f2 on MD. We say that M1 (resp. M2)
the first (resp. second) type warped product semi-slant submanifold of an
l.c.K.-manifold.

In this paper, we mainly consider the first type warped product semi-
slant submanifold.

Let M be the first type warped product semi-slant submanifold in an
l.c.K.-manifold M̃ . Then the induced metric tensor g on M from M̃ is
given by

g(U, V ) = ef
2
1 gD(πD ∗ U, πD ∗ V ) + gDθ(πDθ ∗ U, πDθ ∗ V ) (4.4)

for any U, V ∈ TM , where gD (resp. gDθ) denotes the Riemannian metric
on MD (resp. MDθ), πD (resp. πDθ) is the projection operator of M to MD
(resp. MDθ) and f1 is a certain positive differentiable function on MDθ .
Now, we denote by ∇̃, ∇, ∇D and ∇Dθ the covariant differentiations with
respect to g̃, g, gD and gDθ , respectively. Since we have from (1.6)

∇XY = ∇D
XY − f2

1 e
f2
1 (d1 log f1)∗gD(X,Y ),

∇XZ = ∇ZX = f2
1 (Z log f1)X,

∇ZW = ∇Dθ

ZW

(4.5)

for any X,Y ∈ D and Z,W ∈ Dθ, where we put (d1 log f1) is the differential
of log f1 with respect to gDθ .

Using Gauss formula and the above equation, we obtain
∇̃XY = ∇D

Y X − f2
1 e

f2
1 (d1 log f1)∗gD(X,Y ) + σ(X,Y ),

∇̃XZ = ∇̃ZX = f2
1 (Z log f1)X + σ(X,Z),

∇̃ZW = ∇Dθ

ZW + σ(Z,W )

(4.6)

for any X,Y ∈ D and Z,W ∈ Dθ.
Due to (4.6) between the Riemannian curvature tensors

• R(U1, U2, U3, U4) with respect to g,
• RD(X1, X2, X3, X4) with respect to gD, and
• RDθ

(Z1, Z2, Z3, Z4) with respect to gDθ ,
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we know the following relations:

R(X1, X2, X3, X4) = ef
2
1 [RD(X1, X2, X3, X4)

− f4
1 e

f2
1 ∥∇Dθ log f1∥2{gD(X1, X4)gD(X2, X3)

− gD(X1, X3)gD(X2, X4)}],

R(X1, Z1, Z2, X2) = −f2
1 e

f2
1
{
(2 + f2

1 )(Z1 log f1)(Z2 log f1)
+∇Dθ

Z1∇Dθ

Z2 log f1
}
gD(X1, X2),

R(Z1, Z2, Z3, Z4) = RDθ
(Z1, Z2, Z3, Z4),

Others = 0,

(4.7)

for any X1, X2, X3, X4 ∈ D and Z1, Z2, Z3, Z4 ∈ Dθ.
By virtue of the above equation and the Gauss equation, we have the

following

R̃(X1, X2, X3, X4) = ef
2
1 [RD(X1, X2, X3, X4)

− f4
1 e

f2
1 ∥∇Dθ log f1∥2{gD(X1, X4)gD(X2, X3)

− gD(X1, X3)gD(X2, X4)}] + g̃(σ(X1, X4), σ(X2, X3))

− g̃(σ(X1, X3), σ(X2, X4)),

R̃(X1, X2, X3, Z1) = g̃(σ(X1, Z1), σ(X2, X3))−
− g̃(σ(X1, X3), σ(X2, Z1)),

R̃(X1, X2, Z1, Z2) = g̃(σ(X1, Z2), σ(X2, Z1))−
− g̃(σ(X1, Z1), σ(X2, Z2)),

R̃(X1, Z1, Z2, Z3) = g̃(σ(X1, Z3), σ(Z1, Z2))−
− g̃(σ(X1, Z2), σ(Z1, Z3)),

R̃(X1, Z1, Z2, X2) = −f2
1 e

f2
1 {(2 + f2

1 )(Z1 log f1)(Z2 log f1)
+∇Dθ

Z1∇Dθ

Z2 log f1}gD(X1, X2)

+ g̃(σ(X1, X2), σ(Z1, Z2))− g̃(σ(X1, Z2), σ(Z1, X2)),

R̃(Z1, Z2, Z3, Z4) = RDθ
(Z1, Z2, Z3, Z4) + g̃(σ(Z1, Z4), σ(Z2, Z3))

− g̃(σ(Z1, Z3), σ(Z2, Z4)),

(4.8)

for any X1, X2, X3, X4 ∈ D and Z1, Z2, Z3, Z4 ∈ Dθ.
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Next, we assume that our ambient manifold is an l.c.K.-space form. Then
the curvature tensor R̃ satisfies (1.2). Using this, we can separate the
curvature tensor R̃ as

4R̃(X1, X2, X3, X4) = c
{
g̃(X1, X4) g̃(X2, X3)− g̃(X1, X3) g̃(X2, X4)+

+ g̃(TX1, X4) g̃(TX2, X3)− g̃(TX1, X3) g̃(TX2, X4)−
− 2g̃(TX1, X2) g̃(TX3, X4)

}
+

+ 3
{
P (X1, X4) g̃(X2, X3)− P (X1, X3) g̃(X2, X4)+

+ P (X2, X3) g̃(X1, X4)− P (X2, X4) g̃(X1, X)
}
−

− P̃ (X1, X4) g̃(TX2, X3) + P̃ (X1, X3) g̃(TX2, X4)−

− P̃ (X2, X3) g̃(TX1, X4) + P̃ (X2, X4) g̃(TX1, X3)+

+ 2
{
P̃ (X1, X2) g̃(TX3, X4) + P̃ (X3, X4) g̃(TX1, X2)

}
,

4R̃(X1, X2, X3, Z1) = 3
{
P (X1, Z1) g̃(X2, X3)− P (X2, Z1) g̃(X1, X3)

}
− P̃ (X1, Z1) g̃(TX2, X3) + P̃ (X2, Z1) g̃(TX1, X3)

+ 2P̃ (X3, Z1) g̃(TX1, X2),

2R̃(X1, X2, Z1, Z2) = −cg̃(TX1, X2) g̃(TZ1, Z2)

+ P̃ (X1, X2) g̃(TZ1, Z2) + P̃ (Z1, Z2) g̃(TX1, X2), (4.9)

4R̃(X1, Z1, Z2, X2) = c
{
g̃(X1, X2) g̃(Z1, Z2) + g̃(TX1, X2)g̃ (TZ1, Z2)

}
+ 3
{
P (X1, X2) g̃(Z1, Z2) + P (Z1, Z2) g̃(X1, X2)

}
− P̃ (X1, X2) g̃(TZ1, Z2)− P̃ (Z1, Z2) g̃(TX1, X2),

4R̃(X1, Z1, Z2, Z3) = 3{P (X1, Z3) g̃(Z1, Z2)− P (X1, Z2) g̃(Z1, Z3)}

− P̃ (X1, Z3) g̃(TZ1, Z2) + P̃ (X1, Z2) g̃(TZ1, Z3)

+ 2P̃ (X1, Z1) g̃(TZ2, Z3),

4R̃(Z1, Z2, Z3, Z4) = c
{
g̃(Z1, Z4) g̃(Z2, Z3)− g̃(Z1, Z3) g̃(Z2, XZ)+

+ g̃(TZ1, Z4) g̃(TZ2, Z3)− g̃(TZ1, Z3) g̃(TZ2, Z4)−
− 2g̃(TZ1, Z2) g̃(TZ3, X4)

}
+

+ 3
{
P (Z1, Z4) g̃(Z2, Z3)− P (Z1, Z3) g̃(Z2, Z4)−

+ P (Z2, Z3)g̃(Z1, Z4)
}
−

− P̃ (Z1, Z4) g̃(TZ2, Z3) + P̃ (Z1, Z3) g̃(TZ2, Z4)−



18 K. Matsumoto

− P̃ (Z2, Z3) g̃(TZ1, Z4) + P̃ (Z2, Z4) g̃(TZ1, Z3)+

+ 2
{
P̃ (Z1, Z2) g̃(TZ3, Z4) + P̃ (Z3, Z4) g̃(TZ1, Z2)

}
for any X1, X2, X3, X4 ∈ D and Z1, Z2, Z3, Z4 ∈ Dθ.

Thus we have from (4.8) and (4.9) that
4{g̃(σ(X1, X4), σ(X2, X3))− g̃(σ(X1, X3), σ(X2, X4))} =

− 4ef
2
1RD(X1, X2, X3, X4)

+ {c+ 4f2
1 ∥∇Dθ log f1∥2}{g̃(X1, X4)g̃(X2, X3)

− g̃(X1, X3)g̃(X2, X4)}+ c{g̃(TX1, X4)g̃(TX2, X3)

− g̃(TX1, X3)g̃(TX2, X4)− 2g̃(TX1, X2)g̃(TX3, X4)}
+ 3{P (X1, X4)g̃(X2, X3)− P (X1, X3)g̃(X2, X4)

+ P (X2, X3)g̃(X1, X4)− P (X2, X4)g̃(X1, X3)}

− P̃ (X1, X4)g̃(TX2, X3) + P̃ (X1, X3)g̃(TX2, X4)

− P̃ (X2, X3)g̃(TX1, X4) + P̃ (X2, X4)g̃(TX1, X3)

+ 2{P̃ (X1, X2)g̃(TX3, X4) + P̃ (X3, X4)g̃(TX1, X2)},

4{g̃(σ(X1, Z1), σ(X2, X3))− g̃(σ(X1, X3), σ(X2, Z1))} =

3{P (X1, Z1)g̃(X2, X3)− P (X2, Z1)g̃(X1, X3)} (4.10)
− P̃ (X1, Z1)g̃(TX2, X3) + P̃ (X2, Z1)g̃(TX1, X3)

+ 2P̃ (X3, Z1)g̃(TX1, X2),

2{g̃(σ(X1, Z2), σ(X2, Z1))− g̃(σ(X1, Z1), σ(X2, Z2))} =

− cg̃(TX1, X2)g̃(TZ1, Z2) + P̃ (X1, X2)g̃(TZ1, Z2)

+ P̃ (Z1, Z2)g̃(TX1, X2),

4{g̃(σ(X1, X2), σ(Z1, Z2))− g̃(σ(X1, Z2), σ(Z1, X2))} =

4f2
1 e

f2
1 {(2 + f2

1 )(Z1 log f1)(Z2 log f1)
+∇Dθ

Z1∇Dθ

Z2 log f1}gD(X1, X2)

+ c{g̃(X1, X2)g̃(Z1, Z2) + g̃(TX1, X2)g̃(TZ1, Z2)}
+ 3{P (X1, X2)g̃(Z1, Z2) + P (Z1, Z2)g̃(X1, X2)}

− P̃ (X1, X2)g̃(TZ1, Z2)− P̃ (Z1, Z2)g̃(TX1, X2),

4{g̃(σ(X1, Z3), σ(Z1, Z2))− g̃(σ(X1, Z2), σ(Z1, Z3))} =

3{P (X1, Z3)g̃(Z1, Z2)− P (X1, Z2)g̃(Z1, Z3)}
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− P̃ (X1, Z3)g̃(TZ1, Z2) + P̃ (X1, Z2)g̃(TZ1, Z3)

+ 2P̃ (X1, Z1)g̃(TZ2, Z3),

4{g̃(σ(Z1, Z4), σ(Z2, Z3))− g̃(σ(Z1, Z3), σ(Z2, Z4))} =

− 4RDθ
(Z1, Z2, Z3, Z4)

+ c{g̃(Z1, Z4)g̃(Z2, Z3)− g̃(Z1, Z3)g̃(Z2, Z4)

+ g̃(TZ1, Z4)g̃(TZ2, Z3)− g̃(TZ1, Z3)g̃(TZ2, Z4)

− 2g̃(TZ1, Z2)g̃(TZ3, X4)}+ 3{P (Z1, Z4)g̃(Z2, Z3)

− P (Z1, Z3)g̃(Z2, Z4) + P (Z2, Z3)g̃(Z1, Z4)

P (Z2, Z4)g̃(Z1, Z3} − P̃ (Z1, Z4)g̃(TZ2, Z3)

+ P̃ (Z1, Z3)g̃(TZ2, Z4)− P̃ (Z2, Z3)g̃(TZ1, Z4)

+ P̃ (Z2, Z4)g̃(TZ1, Z3) + 2{P̃ (Z1, Z2)g̃(TZ3, Z4)

+ P̃ (Z3, Z4)g̃(TZ1, Z2)},

for any X1, X2, X3, X4 ∈ D and Z1, Z2, Z3, Z4 ∈ Dθ. Let

e1, . . . , ep, e1
∗, . . . , ep

∗,

e2p+1, . . . e2p+q, e2p+1
∗, . . . , e2p+q

∗,

en+q+1, . . . , en+q+s, en+q+1
∗, . . . , en+q+s

∗

be a generalized adapted local frame of M̃ , [4].
Using this frame, the Gauss equation (4.10) is written as

4{g̃(σkh, σji)− g̃(σki, σjh)} =

− 4ef
2
1RD

kjih + f2
1 ∥∇Dθ log f1∥2(δkhδji − δkiδjh)

− 3(Pkhδji − Pkiδjh + Pjiδkh − Pjhδki)

+ P (Jek, eh)g̃(Jej , ei)− P (Jek, ei)g̃(Jej , eh)

+ P (Jej , ei)g̃(Jek, eh)− P (Jej , eh)g̃(Jek, ei)

− 2{P (Jek, ej)g̃(Jei, eh) + P (Jei, eh)g̃(Jek, ej)},

4{g̃(σja, σih)− g̃(σjh, σia)} = 3(Pjaδih − Piaδjh)

− P (Jej , ea)g̃(Jei, eh) + P (Jej , ea)g̃(Jej , eh)

+ 2P (Jeh, ea)g̃(Jej , ei),

2{g̃(σia, σhb)− g̃(σib, σha)} = −cg̃(Jei, eh)g̃(Teb, ea)

+ P (Jeb.ea)g̃(Jei, eh) + P (Jei, eh)g̃(Teb, ea),
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4{g̃(σih, σba)− g̃(σia, σbh)} = 4f2
1 {(2 + f2

1 )(eb log f1)(ea log f1)
+∇Dθ

eb∇
Dθ

ea log f1}δih + c{δihδba + g̃(Jei, eh)g̃(Teb, ea)}
3(Pihδba + Pbaδih)− P (Jei, eh)g̃(Teb, ea)

− P (Jeb, ea)g̃(Jei, eh), (4.11)

4{g̃(σha, σcb)− g̃(σhb, σca)} = 3(Phaδcb − Phbδca)

− P (Jeh, ea)g̃(Tec, eb) + P (Jeh, eb)g̃(Tec, ea)

+ 2P (Jeh, ec)g̃(Teb, ea),

4{g̃(σda, σcb)− g̃(σdb, σch)} = −4RDθ

dcba + c{δdaδcb − δdbδca

+ g̃(Ted, ea)g̃(Tec, eb)− g̃(Ted, eb)g̃(Tec, ea)

− 2g̃(Ted, ec)g̃(Teb, ea)}
+ 3(Pdaδcb − Pdbδca + Pcbδda − Pcaδdb)

− P (Jed, ea)g̃(Tec, eb) + P (Jed, eb)g̃(Tec, ea)

− P (Jec, eb)g̃(Ted, ea) + P (Jec, ea)g̃(Ted, eb)

+ 2{P (Jed, ec)g̃(Teb, ea) + P (Jeb, ea)g̃(Ted, ec)},

for any
k, j, i, h ∈ {1, 2, . . . , 2p}

and
d, c, b, a ∈ {2p+ 1, 2p+ 2, . . . , 2p+ q},

where we put σ(eµ, eλ) = σµλ, etc.
The mean curvature vector H and the mean curvature ∥H∥ are respec-

tively given by

H =
1

n

n∑
µ=1

σµµ, ∥H∥2 = 1

n2

n∑
µ,λ=1

g̃(σµµ, σλλ) (4.12)

and the length ∥σ∥ of the second fundamental form σ is given by

∥σ∥2 =
n∑

µ,λ=1

g̃(σµλ, σµλ) =

n∑
µ,λ=1

m∑
r=n+1

{g̃(σµλ, er)}2 (4.13)

for any local orthonormal frame {e1, e2, . . . , em} of TM̃ .
By virtue of the Gauss equations, we have

n∑
µ,λ=1

(Rµλµλ − R̃µλµλ) = ∥σ∥2 − n∥H∥2. (4.14)
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On the other hand, we have from (4.10) that

4

n∑
µ,λ=1

R̃µλµλ = −(n2 + 2n− 3q)c− 6(n− 2)

n∑
µ=1

Pµµ

− 6

2p+q∑
b=2p+1

Pbb − 3c

2p+q∑
b,a=2p+1

TbaTba + 6

2p+q∑
b,a=2p+1

P (Jeb, ea)Tba,

(4.15)

where Tba = g̃(Tb
cec, ea) for any c, b, a ∈ {2p + 1, 2p + 2, . . . , 2p + q = n}.

We know Tba is skew-symmetric.
Moreover, we have from (1.9) and (4.7) that

4

n∑
µ,λ=1

Rµλµλ=−(ef
2
1 τD + τD

θ
)+ 8pf2

1 {(2p− 1)f2
1 ∥∇Dθ log f1∥2+

+ 2(2 + f2
1 )

2p+q∑
a=2p+1

(ea log f1)2 + 2

2p+q∑
a=2p+1

∇Dθ

ea∇Dθ

ea log f1},
(4.16)

where τD (resp. τDθ) denotes the scalar curvature with respect to gD (resp.
gDθ).

Substituting (4.15) and (4.16) into (4.14), we obtain

4∥σ∥2 = 4n∥H∥2 + 8pf{(2p− 1)f2
1 ∥∇Dθ log f1∥2+

+ 2(2 + f2
1 )

2p+q∑
a=2p+1

(ea log f1)2}+ (n2 + 2n− 3q)c+

+ 3c

2p+q∑
b,a=2p+1

(Tba)
2 − 4(ef

2
1 τD + τD

θ
)+

+ 16pf2
1

2p+q∑
b,a=2p+1

∇Dθ

ea ∇Dθ

ea log f1 + 6(n− 2)

n∑
µ=1

Pµµ+

+ 6

2p+q∑
a=2p+1

Paa − 6

2p+q∑
b,a=2p+1

P (Jeb, ea)Tba.

(4.17)

Thus we have
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Theorem 4.1. In a first type warped product semi-slant submanifold in an
l.c.K.-space form, the mean curvature satisfies the inequality

4n∥H∥2 + 8pf2
1 {(2p− 1)f2

1 ∥∇Dθ log f1∥2

+ 2(2 + f2
1 )

2p+q∑
a=2p+1

(ea log f1)2}+ (n2 + 2n− 3q)c

+ 3c

2p+q∑
b,a=2p+1

{Tba}2 − 4(ef
2
1 τD + τD

θ
)

+ 16pf2
1

2p+q∑
b,a=2p+1

∇Dθ

ea ∇Dθ

ea log f1 + 6(n− 2)

n∑
µ=1

Pµµ

+ 6

2p+q∑
a=2p+1

Paa − 6

2p+q∑
b,a=2p+1

P (Jeb, ea)Tba ≥ 0.

(4.18)

Corollary 4.2. Under the same condition with Theorem 4.1, the equality
case of (4.18) is that the submanifold is locally totally geodesic and the
warping function f1 satisfies

8pf2
1 {(2p− 1)f2

1 ∥∇Dθ log f1∥2+

+ 2(2 + f2
1 )

2p+q∑
a=2p+1

(ea log f1)2}+ (n2 + 2n− 3q)c+

+ 3c

2p+q∑
b,a=2p+1

{Tba}2 − 4(ef
2
1 τD + τD

θ
)+

+ 16pf2
1

2p+q∑
b,a=2p+1

∇Dθ

ea∇Dθ

ea log f1 + 6(n− 2)

n∑
µ=1

Pµµ+

+ 6

2p+q∑
a=2p+1

Paa − 6

2p+q∑
b,a=2p+1

P (Jeb, ea)Tba = 0.

and

(n2 + 2n− 3q)c+ 3c

2p+q∑
b,a=2p+1

{Tba}2 − 4(ef
2
1 τD + τD

θ
)+

16pf2
1

2p+q∑
b,a=2p+1

∇Dθ

ea∇Dθ

ea log f1 + 6(n− 2)

n∑
µ=1

Pµµ+
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+ 6

2p+q∑
a=2p+1

Paa − 6

2p+q∑
b,a=2p+1

P (Jeb, ea)Tba ≤ 0.
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