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O peryisipHbIX TKaHSX, OIIPeJdeJIeHHBIX
IJIIOPUTAaPMOHUYECKNMU PYHKITUSIMU

JI. M. ITuzkakosa, A. M. Ilenexos

Abstract. As is known, the function of two variables z = f(x,y) on the
plane of the variables (z,y) in the neighborhood of a regular point defines a
three-web formed by the foliations © = const, y = const, and f(z,y) = const.
A three-web is called regular if it is equivalent (locally diffeomorphic) to a
three-web formed by three families of parallel lines. In this case, the equation
of the three-web has the form z = f (a(x) + B(v)).

In one of the works of the authors of this article, all regular three-webs,
determined by some well-known partial differential equations, in particular,
determined by harmonic functions, were found. In the present paper, the
results are generalized for pluriharmonic functions of the form

u=f(x1,.. ., TryY1,---,Yr).
First, a function of this type on a manifold of dimension 2r determines a
(2r + 1)-web formed by foliations of codimension 1:
x; = const, yi =const, (i=1,2,...,71), u = const.
A (2r + 1)-web is called regular if in some local coordinates its equation can
be written as
u= f(pr(@1) +...+or(ar) +Pi(yr) + .. 4+ Pr(yr)).
In the present paper, we find all pluriharmonic functions defining regular
(2r + 1)-webs (Theorem 1).
On the other hand, each pluriharmonic function
u=f(z1,...,Tr,Y1,---,Yr)

defines a three-web W (r,r,2r — 1) on a 2r-dimensional manifold formed by
two r-dimensional foliations x; = const and y; = const and one foliation
u = const of codimension 1. This three-web is called regular if its equation
in some local coordinates can be written as

U= f(SO(:El?:CZa"WxT‘)+w(y17y25"'7y7‘))'

In this work found all pluriharmonic functions defining regular W (r, r, 2r—1)-
webs (Theorem 2).
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Amnoranis. 4k sinomo, dyHKIa qBOX 3MiHHUX z = f(x,y) BU3HAYA€E Ha
ronwHl (z,y) B OKOJ peryssipHOl TOYKH JIesiKy TPU-TKAHUHY, YTBODEHY
nrapyBaaaMu ¢ = const, y = const Ta f(z,y) = const. Tpu-rkanuna ma-
3UBAETBCA PE2YAAPHOI0, AKIIO BOHA eKBiBasieHTa (TOOTO JIOKAIbHO mudeo-
MopdHA) TPU-TKAHUHI, YTBOPEHiit TPhOMa CiM’sIMU HapaJlesIbHUX IpsiMuX. B
LBOMY BUIIAJIKY DIBHsSIHHs TKanuHu Mae surisy z = f (a(x) + B(y)).

B oxniit 3 pobit aBTopiB 1i€l cTarTi Oyau 3HalieH] BCi perysdapHi Tpu-
TKAHWHU, IO 38/IAI0ThCA JCAKUMH BIJIOMAMHI PIBHAHHAMEA B YACTUHHUX MOXIi-
JHUX, 30KPeMa, BU3HAYAIOTbCS rapMOHiitHnMy GyHKIiavu. B maniit podori i
PE3YJIBTATH Y3araJbHIOITHCS Ha BUMAJIOK IUIIOPirapMOHiYHIX (DYHKIH Bu Ly

U= f(T1, Ty Y1y e Yr)-
IMo-nepme, Taka HyHKITiS HA MHOTOBHI PO3MipHOCTI 27 BusHadae (2r+1)-
TKaHUHY, yTBOPEHY IapyBaHHAMU KOBUMIpy 1 By

x; = const, yi = const, (1=1,2,...,r), u = const.

(2r + 1)-TKaHMHA HA3MBAETBCS PE2YAAPHON, SIKIIO B JESKUX JIOKAJIBHUX KO-
opauHaTax 11 PIBHAHHS MOXKe OyTH 3allUCAHO y BULJIAIL

u=f(pr(@1) + ...+ or(zr) +1(y1) + ...+ Ur(yr)).

B npegcrasieniit poboti Mu 3HAXOAUMO BCi IUTIOPUTapMOHIYHI (DYHKIIT, 110
BU3HAYAIOTH pery/spHi (2r + 1)-Tkanunu (Teopema 1).
3 iumoro 6oKy, KOXKHa IJIIOpUrapMOHidHa (DYHKITiA

u:f(:cl7«~~7mr7yl7---7yr)

Ha 27-BUMIPHOMY MHOTOBWJII Bu3Ha4uae Tpu-TKauuuy W (r,r, 2r — 1), yrBOpe-
Hy JBOMa r-BUMIPDHUME IIapyBaHHAME X; = const i y; = const Ta mapysam-
HAM u = const koBuMipy 1. Il TKaHMHA HA3UBAETHCA PE2YAAPHOTO0, AKIIO B
JIeSIKUX JIOKAJIBHUX KOOpAnHATaX 11 IBHAHHS MOXKe Oy TH 3aIICAHO y BATIIAI]

U:f(w(x1:$27~~-7xr) +¢(y17y27"'7yT))'

Mu TakoxK 3HAXOIUMO BCI ITIOPUTapMOHIYHI (DYHKIIIT, 110 BUBHAYAIOTH PEry-
aspHi Tpu-TranuHn W (r,r, 2r — 1) (reopema 2).

B pa6ore [3] paccmarpusatorces pemenus suga z = f (a(x) + B(y)) Heko-
TOPBIX yPABHEHUI B YACTHBIX IPOU3BOJHBIX. B wacTHOCTH, HAMIEHBI Tap-
MoHnYecKue pyHKuuu takoro crpoenusi. Ha mutockoctu (X OY') ykazanuble
dyuKIum onpenessiior, Kak u3secTHo [1], [4], peryssipabie Tpu-TKaHu.

Ilenbro mamHOM PabOTHI AB/IgETCI ODOOIIEHNE IOy I€HHBIX PE3Y/IbTaTOB
JUIS TUTIOPUTAPMOHUYIECKUX (DYHKIIAN BHIA

u:f(xlw-'ax’r?ylr"?y’f’)' (1)

C onmoit croponsl, dyukius (1) onpejiensger B OKPECTHOCTH PEryJIsiPHOI
Toukw mpocTpancTBa R?" mepemennnrx (4, v;) (2r + 1)-Tkanb, ob6pazoBan-
HYyIO 2r+1 coenuamu Kopa3dMepHocTH 1: x; = const, y; = const u u = const
(3mech u panee 4,5,k = 1,2,...,r). Ypasuenue (1) HasblBaeTcs ypaBHEHU-
eM 9Toit TKaHu. (27 + 1)-TKaHb HA3BIBACTCH PE2YAAPHOTU, €CIIU JIOIYCTUMOT
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3aMEHOU IIepeMEHHBIX €€ YpaBHEHUE MOXKHO IIPUBECTH K BUILY

u=f(er(z1) + ...+ @r(zr) + r(y1) + ..+ 0 (yr))- (2)

C apyroit croponsl, ypasrerue (1) onpesenser B mpocrpancTse R?” Tpu-
tkaib W (r,r,2r — 1) co ciloeHusIMU Pa3IMIHON PA3MEPHOCTH: J[BA r-Iapa-
METPUYECKUAX CJIOCHUdA I; = const m y; = const, u 0JHO caoeHUe © = const
kopasmeproctu 1. Tpu-rraus W (r,r, 2r — 1) HasbBaeTCH pe2yaapHol, ecian
dbyuknus (1) umeer Bu

U:f(¢($17$27~--71’r)+¢(y1ay27---ayr))a (3)

i kopoue u = f (p(x;) + ¥ (yi)).
Oyukuums Bujga (1) HA3BIBAETCS NAIOPUZAPMOHUNECKOT, €CJIH BBIIOJIHSI-
I0TCSI CJIEJLYIOIHe yCIoBus [2]:

0%u 0%u
= 4
&maxj + 6y,,6yj 07 ( )
0%u 0%u
e Do (5)
0x;0y;  0x;0y;

1. Haiiném mmropurapmonunyeckue dyakuuu Buga (2). s Hux ypasHe-
aust (5) mpuMyT BUI:

u” - (- ¥ — @ i) =0, (6)
a ypaBHeHust (4) — By
u" - (@l + i 0f) = 0 mpm i # j, (7)
u
u" - ((90)? + ()%) + ' (@] + ) = 0 mpm i = j. (8)

a) Ecim v’ = 0, To ypasuenns (6) u (7) yaosrersopsiiorcst, a dyHKIus
U ABJISICTCA JIMHEHHOMN:

u=a(pi(er) + ...+ o) +1(y) + o+ Pe(yr)) + 0, (9)
nuist Beex a, b € R. Coornomenus (8) mpuMyT Bu:
W (gl ) =0

Tak kak u' # 0 (u # const), To umeem, aro ¢} (z;) + ! (y;) = 0 must 106BIX
i. Tak KaKk apryMeHTBI T; ¥ Y; HE3aBUCUMBL, TO ¢, = —) = 2¢; = const,
TO €CThb

pi(ri) = cix} + biwi + ai, Gilyi) = —ciyi + maiyi + i,
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JUISE BCEX Gj, by, ¢, my,n; € R. Iogcrasnss naiiaenusie dyHruun ¢;(z;) u
Yi(y;) B (9), momyaaem
' T T
U:ZCi (x%—y?)—i—Zaixi—i-—i-Zbiyi—&—k, (10)
i=1 i=1 i=1
I Beex aq, b, ¢, k € R.
6) Eciu v” # 0, To ypasuenus (6) u (7) npuHEMAIOT CJIeIyIOMAi BUI:
@y - @+ ;W =0 mpu i # j. (7)
alw) _ i)
ei(z;)  Pi(y;)
3aBUCAT OT Pa3HBIX MEPEMEHHBIX, TO 3TU OTHOIIEHHS MOTYT OBITH TOJBKO
pi(xi) _ vi(y)
KOHCTQHTaMH, TO €CTh — =2t = ¢;j = const, mim
¥ (x5) wj(yj )
pi(i) = cije(x), Vi(yi) = cijbi(yzj).

ITockonbKy apryMeHThl pyHKIHIA JIeBBIX U IPABBIX YacTel MOCAeJHIX YPaB-
HEHMil HE3aBUCHMBI, TO OHM BBLIIOJHSAIOTCA TOTIA U TOJILKO TOLIA, KOIIA
Sﬁé(xi) = a4, 7%(3/1‘) = ¢;, a; = const, ¢; = const, oTKyna ;(r;) = a;r; + by,
»i(y:) = ciyi + ki, ai, by, ciy ki € R. B cuy (7') koadbdunuents arux GyHk-
Uil CBA3AHBI YCAOBUAMNA

U3 ypasrenwuii (6') nveem . Tax Kak JieBas U paBasi JacTu

ai-aj+ci-c;=0, i#j. (11)
a; as .. .
ITocnennue ycmoBust MOXKHO IIepenucaTh B Buje — = —— Vi, j. [lonaras
C; Cj
a
o = Pi, HOIYIUM p; = —Pj, Pi = —Pk, Pj = —Pk, & CICI0BATCIIBHO P; = 0.

Takum o6paszom, yciaoBust (11) BBIIOJHSIOTCS TOJIBKO eciaun a; = ¢; = 0,
JUIst BCeX i, T. e. dyHrimn ;(x;) u 1;(y;) aBisoTces nmocrogHabiMEA. VTak,
B ciayuae v’ # 0 mosydaeM TOJIBKO TpUBHAJBHOE peIleHue u = const, To
ecTh TKaHb He cymecTByer. JJokazaHa

Teopema 1. Vpasuenue peeyasaprot (2r + 1)-mxaru, onpedeasemots nato-
puzapmonuveckolt Pynryuet, umeem eud (10).

2. Ilycrs mmopurapmonudeckue pyHKIMU UMEOT BT (3), T/1e
(10(:1"13"'71'7“) :So(xz)a w(ylw"?y?“) :¢(yl)

Torna ypasraenusi (5) IpUMyT BUJL:

" / / / / ..
u-@m%—%¢w=0ww (12)
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a ypaBHeHust (4) —

" (Pt ) e (e, T, ) =0 Vi (13)

a) Ecm u” = 0, To ypasuenus (12) ynosiersopsitorcs, a DyHKIUS U
ABJIACTCA JIMHEUHOMN:
U= a(gp(mi) + w(yz)) +b, abeR. (14)

!/ Z
ITpu sTtom ypasuenus (13) mepennmyrces B Buze o - (cpmixj + wyly])
1
Yiy;
Tak kak aprymenTs! dyHKIuit ¢(x;) n 1(y;) HE3aBUCUMBI, TO

Tax xax u' # 0 (u # const), To umeem @y, + = 0 ayist JIIOOBIX 4, j.

i _ R
Pric; = ¢yzyj 2¢;; = const,
TO €CTh yKa3aHHbIe (DYHKIIUU UMEIOT CJIeyIolnee CTPOCHUE

o(xy,...,x Z CijTiT; + Zalxz +k,

Jl

1!)(y1,---,yr = Z CijYilY;j +Zmzyz + p,

,j=1

(15)

rae cij, a;, mg, k,p € R. Ioxcrapiss naiinennsie dyukuun (15) B (14), mo-
JIydaeM
T ' '
U= Z cij (xizj — yiyj) —&-Zaixi—i—Zmiyi—i—b, ¢ij, a;, m;, b € R. (16)
ij=1 i=1 i=1

6) Ecrm v” # 0, To n3 ypasnennit (12) momyanm ¢, -1/1;/], — gogcj by, =0
i
O (@1, )y (Y1, oY)
(Pg&j(xlw-'ax?“) éj(yla"'vyT).
TaK KaK JieBad M IIpaBad JaCTHU 3aBUCAT OT PA3HBIX IMEPEMEHHBIX, TO 3THU
OTHOIIIEHU A MOFyT 6]::ITB TOJIBKO KOHCTaHTaMu, TO €CTb

Oy (w1, me) by (v, Y
= = ¢;; = const.

Solx]'(x17"'7x7’) wj,y]'(y17"'7y7”)

I LA /AN |
Orciona nosyunm ¢, = ¢jj Pl Yy, = Czﬂ/)yj-
Iocneme paBercTBa O3HAYAIOT, 9TO GyHKIUA @), (T1, . .., Zy) TPOIOP-
[IMOHAJBHBI APYT JAPYTY.
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[Moromy mosusrit quddepentman Gyakuun p(xy, ..., T,) IMEET BU;
T
dp = Zcpftidxi = Lpitldwl +...+ @;der =
i=1

= ¢, dey + ...+ el do, = @) d(x1 + ..+ cpar).
[Mocsennee ozuavaer, uro dyHKIM ©(2;) UMEET CIIEYIOee CTPOeHNe:
o1, xr) = plagzy + ...+ apxy), «; €R.
Paccyxnasa anagornauo myist pyHKium 1)(y;), TSIy IuM
V(1Y) = V(@ + .o+ apyr), @ €R
C yuérom crpoenus: dbyukuuit p(x;) u 1(y;) ypasuenue (16) naer:
awary (" (&) + (@)?) + /(" + M) =0, i £0, Vi,

HOCJIG,ZLHGG PaBEHCTBO IIepenuieM B BUIE:
"

u
S == (@) )?).
"
1 0003HAYIUM i =4d. TOI“ILEL IIOJIYyIUM ypaBHEHUHE
u

(,DH + w// —g- ((90/)2 + (¢/)2) ) (17)
Iponuddepennuposas pasencrso (17) 10 X, a 3aTeM 1O Yy, IPUIEM K
yPaBHEHUIO

akamcp’w' (g// ((@/)2 + (wl)z) + 291(80// +’L/J//)) —0.
Tak Kak ¢ u 1) He ABJIAIOTCA nocrosHHbIME, TO ¢'1)' # 0. [lpupasauBas
BBIDAKEHNE B CKOOKaX K HyJIO, ¢ ydaeroM (17) mosyduM ypaBHEHUE

9" +2¢ -g9=0,
wm g” + (%) = 0. Unrerpupys, nonyanm ¢’ + g2 = ¢, c € R.

1) B caygae ¢ = a? pemenne umeer Buy g = —a - cotha (b — 6).
2) B cayuae ¢ = —a? pemenne umeer Bug g = a - tana (b — ).
1

3) B cuyuae ¢ = 0 perenne umeer B[ g = Yo

Bo Beex cayuaax b € R, 0 = ¢(z;) + ¥ (y;).
B nepsom ciygae npu nojcranoske B (17) dyHKImu ¢, nosyaum

¢+ 9" = —a-cotha(b—0)- ((¢')*+ (@)% .
IIpomuddepennmpoBaB 3T0 PABEHCTBO II0 Xk, & 3aTEM TIO ¥y, TOJIYIAM

inha (b— ¢ —
2a3akamg0/¢’ SIIL 3“( =) -0
cosh®a (b — ¢ — 1)
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Tax kax OYHKIUU @ U Y HE ABJILIOTCH TOCTOSHHBIMU, TO OTCIO/Ia HAXO-
M

sinha (b—p —1) =0, p+v =0,

YTO HEBO3MOXKHO, IIOCKOJIBKY (¢ M 1) 3aBUCAT OT Pa3HbIX HE3ABUCHMBIX ap-
I'YMEHTOB.

Bo BTOpoMm ciyuae mosydaeM aHAJOTHYHBIA PE3yJIbTar.

B tperbem ciygae paserncrso (17) mpumer Bug

(" +9") b+ +v) = (¢) + ()% (18)
[IpomuddepenimpoBas paBeHCTBO (18) 10 Tk, a 3aTeM IO Yy, HOJYIUM

SOIII¢I + gp/w/// — 0

i "
Orcrona SO—/ = 12}/ = —p? = const, wm
¥
(,0/” +p2<p/ —0, 1/}/// _p2¢/ —0.

ITycrs " # 0, ¢ # 0, Torma penieHust MOCTCIHUX YPABHEHUI MMEIOT
CJICLYIOIIUN BUI;

@ <§ aiaji> =" cos ( Z%%) sm< Zale> :

(19)
h T
(Z a@yz> = Y coth <pzazyz> + — sinh <pzaiyz> :
i=1 p i=1
roe r,s,g,h € R.
u” 1
Haiinem dbyuknuio u u3 ypaBHeHUs —— = (cM. BBI-

u' b (i) + 9(yi)
me). ITocse unrerpupoBanust, noayanm v = c1 In (b + o(z;) + ¥ (yi)) + ca,
rae ¢p = cp = const.
Takum ob6pazom, yuurbiBas (19), OKOHYATEIBHO TIOJIyIaeM

u=cyln (b + r cos (pz aixi> — sin ( Z alxl>
p i=1

+ g coth (p Z oziyi> + E sinh (p Z oziyi>> + co.
p p

i=1 =1

(20)
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Paccmorpum ciry4aii, korma ¢ = 0, ¢ = 0. Torga dbyakuuu ¢ u 1) umeror
CJIelyIolIee CTPOeHue:

' IS8 2 I8
¥ Z Qi | = ao Z airi | +ay Z QT + az,
i1 i1 i1
T T 2 T
(0 Z a;y; | = bo Z iy |+ Z a;y; + b,
i=1 i=1 i=1

a PYHKIHA U UMEET BUI:

T 2 T
u=ciln (b + ag (Z aimi) + aq Z T+

i=1 i=1
r 9 r
+ bg (Z aiyl) + b1 Z aiyi> +co. (21)
=1 =1

Taxkum obpazoMm, moKazaHa

Teopema 2. Vpasnerue pezyaaprot mranu W(r,r,2r — 1), onpedeasemots
naropuzapmonuseckol gynrkyuet, umeem eud (20) uau (21).
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