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in locally conformal Kaehler manifolds 11
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Abstract. In 1994 N. Papaghiuc introduced the notion of semi-slant sub-
manifold in a Hermitian manifold which is a generalization of C'R- and
slant-submanifolds, [4], [10]. In particular, he considered this submanifold
in Kaehlerian manifolds, [13]. Then, in 2007, V. A. Khan and M. A. Khan
considered this submanifold in a nearly Kaehler manifold and obtained in-
teresting results, [9].

Recently, we considered semi-slant submanifolds in a locally conformal
Kaehler manifold and we gave a necessary and sufficient conditions of the two
distributions (holomorphic and slant) be integrable. Moreover, we considered
these submanifolds in a locally conformal Kaehler space form.

In the last paper, we defined 2-kind warped product semi-slant subman-
ifolds in almost hermitian manifolds and studied the first kind submanifold
in a locally conformal Kaehler manifold. Using Gauss equation, we derived
some properties of this submanifold in an locally conformal Kaehler space
form, [3], [11].

In this paper, we consider same submanifold with the parallel second fun-
damental form in a locally conformal Kaehler space form. Using Codazzi
equation, we partially determine the tensor field P which defined in (1.2),
see Theorem 4.1. Finally, we show that, in the first type warped product
semi-slant submanifold in a locally conformal space form, if it is normally flat,
then the shape operators A satisfy some special equations, see Theorem 5.2.

Awnoraris. B 1994 poni H ITanariyk BBiB HOHATTS HAIIBIOXMJIOTO (semi-
slant) i IMHOTOBH/TY IO € 3aHYPEHUM y €pPMITOBHI MHOrOBHJ. Taki miaMHO-
roeuy € y3aragpaennaM C R-migvuorosuais Ta noxmmmx (slant) migmmoro-
BuaiB. Ha 1ux MHOrOBHZaX JOTHUYHE PO3IIAPYBAHHS € IPSMOIO CyMOIO T'OJIO-
MopdHOro Ta moxmIoro posnoiiis, [4], [10]. 3okpema, BiH posrisiias Taky
CTPYKTYPY fK HiIMHOrOBH/I, KEJIEPOBOro MHOTOBHUY, [13]. 3rogom, y 2007 po-
i B. A. Xan, ta M. A. Xan goc/iiKyBain TakKuil i IMHOTOBUI, 3aHYPEHMIT
y HabJIMKEHO KeJIePOBUI MHOTOBH/I, T4 OTPUMAJIHN I[iKaBi pesysbrary, [9].
Hermonasmo, aBTopom 6yJ10 HOCTIIZKEHO HAITIBIOXUII T IMHOTOBUIHA 3aHY-
peHi y JOKaJIbHO KOH(POPMHO-KEJIEPOBI MHOTOBUIA I OTPUMAaHO HEOOXiTHI Ta
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JIOCTATHI yMOBH IHTErpOBHOCTI 060X pO3NOALiB (T0JOMOPMHOro Ta MOXHUIIO-
ro). KpiMm T0oro, BUBYAIKCH HAMIBIIOXMJII I IMHOTOBU/IM JIOKAJIBHO KOH(MDOPM-
HO-KeJIEPOBOI TIPOCTOPOBOI (hopmu.

B ocranniit craTTi aBTOPOM BBEJIEHO J[BA TUIIHA HAIIBIIOXUJIUX T IMHOTOBU-
JiB, III0 € BUKPUBJIEHUMH JOOYTKaMU, 3aHYPEHUX y Maiizke epMiTOBI MHOIO-
BUM T JOCTIIZKEHO ITiIMHOTOBUIN MIEPIIOTO THUITY B JIOKATHHO KOH(MOPMHO-
KeJIepOBUX MHOIOBHJIaX. BUKOpHCTOBYIOUN piBHAHHS layca, Mu orpumasu
JIesIKi BJIACTMBOCTI TAKOrO IiJIMHOTOBHJLY JIOKAJIHHO KOH(OPMHO-KEIEPOBOI
npocroposoi ¢dopwmu, [3], [11].

B npesicraBiieni poboTi poriis a0 ThCsa HAIIBIOX U T IMHOTOBHJIH JIOKAJIb-
HO KOH(OPMHO-KEJIEPOBUX IIPOCTOPOBUX (POPM, SIKi MAIOTH HapasesbHy Apy-
ry dbyumamenTtaabay dopmy. 3a gomomoroio piBHsHHsS Kogmarui 3uaiizeno
Burysa Tenszopy P, mo susnadenuit y (1.2) (mus. Teopemy 4.1). Orpuma-
HO YMOBU Ha omepatop Beitnraprena A 3a SKWX HAMIBIOXUJIAIN T IMHOTOBHU
JIOKAJTbHO KOH(MOPMHO-KEJIEPOBOI TPOCTOPOBOI (hOPMU € BUKPUBJICHUM T00Y-
TKOM 3 IJIOCKOIO HOPMAaJILHOIO 3B’si3HicTIO, (1uB. Teopemy 5.2).

1. INTRODUCTION

A Hermitian manifold M with structure (J, §) is called a locally conformal
Kaehler (an 1.c.K. manifold) if each point = € M has an open neighborhood
U with a differentiable function p : U — R such that §* = e 2°§|y is a
Kaehlerian metric on U, that is, V*J = 0, where J is an almost complex
structure, g is a Hermitian metric, V* is the covariant differentiation with

respect to ¢*, and R is a real number space, [14], [10].

Proposition 1.1. A Hermitian manifold M with structure (J,§) is an
l.c. K.-manifold if and only if there exists a global closed 1-form «, called
Lee form, satisfying

(Vv U = =§(, U)JV + §(V.U)F + §(JV,U)o* — (5, U)V
for any V,U € TM, where V denotes the covariant differentiation with
respect to §, of is the dual vector field of «, the 1-form B is defined by

B(X) = —0£(JX), [ is the dual vector field of 5, and TM is the tangent
bundle of M.

An l.c.K.-manifold ]\Z[(J,g,a) is called an l.c.K.-space form if it has a
constant holomorphic sectional curvature. Then, [9], the Riemannian cur-
vature tensor R with respect to § of an l.c.K.-space form with the constant
holomorphic sectional curvature c is given by the following formula:

AR(X,Y, Z,W) = { (X, W)g(Y, Z) — (X, Z)§(Y, W)+
+9(JX,W)g(JY,Z) — g(J X, Z)g(JY, W) —
—25(JX,Y)g(JZ, W)} +
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+3{P(X,W)g(Y,Z) — P(X,2)§(Y,W)+
+ (X, W)P(Y,Z) - g(X,Z)P(Y, W)} +  (1.1)
— P(JX,W)g(JY, Z)+ P(JX, Z)§(JY, W) +
—Gg(JX,WYP(JY,Z) +§(JX,Z)P(JY,W) +
+2{P(JX,Y)G(JZ, W)+ G(JX,Y)P(JZ, W)}
forany X, Y, Z, W € TM, where P is defined by
P(X,Y)=—=(Vxa)Y —a(X)a(Y) + 5|al?5(X,Y), (1.2)

for any X,Y € TM, where ||a| is the length of the Lee form a with respect
to g.
Let (M,g) = My ®f M be a warped product Riemannian manifold of
(Mji,g1) and (Mo, g2) with a warping function f, [12]. Then g is given by
g(U,V) = e g1 (mU, 11 V) + ga(m2.U, 12, V) (1.3)

for any U,V € TM, where m (resp. my) denotes the projection operator of
M to M (resp. Ms) and 7y, (resp 7o) is the differential of 71 (resp. o).

Let V, V1 and Vs be the covariant differentiation with respect to g, g1
and go, respectively. Then we have from (1.3)

VxY = VixY — f2e/*g1(X,Y)(Da log f),
VxZ=VzX = fA(Zlog f)X, (1.4)
VW = Vaz W

for any X, Y € TM; and Z,W € T M,, where we put
(Azlog f)(Z) = (dzlog f)(Z).

By virtue of (1.3) and (1.4), the curvature tensor form R(X,Y, Z, W) is
given by

R(X1, Xo, X3, X4) = &I [Rl(Xl,XQ,Xg,X4) -
— f1eP (Vs log £11{g1(X1, Xa)g1 (X2, X5) —
- 91(X1,X3)91(X2,X4)}]7
R(X1, 21, Z2, Xo) = = {27 {2+ f2)(Zalog f)(Zilog )+ (1.5)
+ Vaz,Vaz, log f} g1 (X1, X2),

R(Zy,Z9,7Z3,Z4) = Ro(Zh, Za, Z3, Zy),
Other =0,
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for any Xl,Xg,Xg,X4 S TM1 and Zl, ZQ, Zg, Z4 € TMQ, where R1 and Rg
be the Riemannian curvature forms with respect to g; and go, respectively.
Next, using (1.5), the Ricci tensor p(U, V') is separated as

p(X1,X2) = pr(X1, Xa) — f2e" {(2+ n1 f2)]| V2 log f|* +
+ dadz log f}g1 (X1, X2),
p(X1,71) =0,
p(Z1, Za) = p2(Z1, Z2) — na f2{(2+ f*)(Vaz, log f)(Vaz, log f) +
+ Vaz,Vaz, log [},

where p; (resp. p2) denotes the Ricci tensor with respect to g; (resp.g2).
Finally, if we respectively put 7, 7 and 73 the scalar curvature with respect
to g, g1 and go. It easily follows that

= ef2T1 + 75 — (n1 — )ny f4]|Va log f|%.

2. SEMI-SLANT-SUBMANIFOLDS IN AN ALMOST HERMITIAN MANIFOLD.

In generall, for a Riemannian manifold (M, §) and its Riemannian sub-
manifold (M, g) we know the Gauss and Weingarten formulas

VxY =VxY +0o(X,Y), VxN = —AyX + VixN

for all X,Y € TM and N € T-M, where V is the covariant differentiation
with respect to g, o is the second fundamental form, and Ay is the shape
operator or the fundamental tensor of Weingarten with respect to N and
V+ is normal connection, [5], [6]. Also the following identity holds true:

9(ANY, X) = g(o(Y, X), N).
The Codazzi equation and the Ricci equation are respectively given by
R(U,V,W,N1) = §((Vuo)(V.W) = (Vyo) (U, W), Z), (2.1)
R(U,V, N1, No) = RH(U,V, N1, N2) — §([An,, AN, U, V) (2.2)

for all U,V,W,Z € TM and Ni, Ny € T+M, where R* is the normal
curvature tensor, and

(Vyo)(V,W) =Vige(V,W) = o(VyV,W) — o(V,VyW).

The second fundamental form o is called parallel if it satisfies Vo = 0
identically. Also a submanifold M is said to be totally geodesic whenever
c=0on M.
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Let (M,g) = (M1,91) ®f (M2, g2) be a warped product submanifold of
(M ,§). Then the induced metric tensor g of g is given by

(U V) 91(771*U 7T1*V) +g2(7T2*U 7T2*V)

for any U,V € TM. A warped product submanifold M is called M; (resp.
M>) geodesic if the second fundamental form satisfies o(X,Y) = 0 (resp.
o(Z,W) = 0) for all X,Y € TM; and Z,W € TM,. Moreover M is
said to be mized totally geodesic if the second fundamental form o satisfies
o(X,Z)=0forall X € TM; and Z € T'Ms.

By virtue of (1.5) and the Gauss equation, we have

R(X1, Xo, X3, X4) = e { R (X1, Xa, X3, X4) —

— fref’ Hlong (91(X1, X4)g1(X2, X3) — 91 (Xl,X3)91(X2,X4 b+
( (Xl,X4 XQ,Xg ) Xl,X3) (X27X4))a

R(X1, X5, X3, 7)) = §lo(X1, Z1),0(X2, X3) ( (X1, X3),0(X2, Z1)),
R(X1, X2, 21, Z5) = §(0(X1, Z2),0(Xa, Z1)) — §(0(X1, Z1), 0(X2, Z5)),
R(X1, 21, 22, X2) = —f2eI {2+ [)(Z1log f)(Z2 log f)+
+ Vaz,Vaz, log f}gl(Xl,Xz) + Q(U(Xl,Xg), o(Zy, Zg))—
— §(0(X1,22),0(Z1, X2)),
R(X1,Z1,22,23) = §(0(X1, Z3),0(Z1, Z2)) — §(0(X1, Z2),0(Z1, Z3)),
R(Z1, Zs, Zs, Z1) = Ro(Z1, Z2, Z3, Zs) + §(0(Z1, Z4), 0(Za, Z3)) —
—§(0(Z1, Z3),0(Z2, Z4)),

for all Xl,XQ,X3,X4 € TM1 and Zl, ZQ, Z3, Z4 € TM2

For a vector field U € T M, the angle between JU and T'M is called the
Wirtinger angle of U.

A differentiable distribution D? : x — DY, on M is said to be a slant
one if for each U, € DY, the Wirtinger angle of U, is constant (= ) for
any x € M. In this case, the Wirtinger angle is said to be the slant angle.
In particular, if TM is slant, then the submanifold is called slant as well.
A slant submanifold is holomorphic (resp. totally real) if its slant angle
6 =0 (resp. 6 = 7). A slant submanifold is said to be proper if it is not
holomorphic nor totally real.

A submanifold M in M is called semi-slant if there exists a differentiable
distribution D : x — D, C T, M on M satisfying the following conditions
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(i) D is holomorphic, i.e., JD, = D, for each x € M and
(ii) the complementary orthogonal distribution DY :  — DY, C T, M is

slant with slant angle 6, where T, M means the tangent vector space
of M at x, [7].

Remark 2.1. A semi-slant submanifold is a C R-submanifold if the slant
angle is equal to 7, e.g. [1], [2], [§].

In a submanifold M of an almost Hermitian manifold M(J, §), for all
UeTM and £ € T+ M, we write

JU =TU + FU, JE = t& + f€,

where TU (resp. FU) is the tangential (resp. normal) component of JU
and t£ (resp. f€) is the tangential (resp. normal) component of J¢.
Then one can easily check the following relations:

T? +tF = —1, P4+ Ft=—I

(2.3)
FT + fF =0, tF + Tt =0.

For a semi-slant submanifold M of an almost Hermitian manifold M the
tangent bundle 7'M and the normal bundle THM of M are decomposed as

TM =D oD, T+M = FD? ¢ v,

where v denotes the orthogonal complementary distribution of FD? in
T+M.
Next, for an element U € T'M in a semi-slant submanifold M, we write

U=TU+1T5U, (2.4)

where T1U (resp. ToU) denotes the D (resp. DY) component of U.
It follows from (2.3) and (2.4) that

JU = JThU +TTU + F1T5U, (2.5)
where JT'U € D, TT5U € DY and FTLU € FDY ¢ T+-M. Thus if we put
PU =JNIU +TITyU (2.6)

for any U € T M, then
P2U = —TU — ToU — tFT,U (2.7)
for any U € TM.

Now we easily get from (2.7) the folowing statement:

Proposition 2.2. In a semi-slant submanifold of an almost Hermitian
manifold M, the operator P defined by (2.6) is an almost complex structure
i the holomorphic distribution D.
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The covariant differentiation V of Ty, Ty, T, F, t and f are defined as
follows:

(VuT)V =Vy(ThV) - TiVyV, (VuTo)V = Vy(ToV) - ToVyV,
(VoT)V = Vi (TV) - TV V, (VuF)V = VE(FV) — FVyV,
(Vut)é = Vou(t€) — 1V, (Vuh)E=Vi(fo) - Ve

where U,V € TM and & € T+ M. -
Moreover, if we define the covariant differentiation V of P by

(VyP)V = Vy(PV)— PVyV
then
(VuP)V = (Vu )TV + J(VyTy)V + (VyT)(TLV) +
+T(VyTy)V 4 Jo(U,T1V) — o(U, JT1V).

Write
(Vu)V =PuV +QuV,
where PyV (resp. QuV) denotes the tangential (resp. normal) part of
(VuJ)V.
V. A. Khan and M. A. Khan proved the following statement:

Proposition 2.3. [9]. The holomorphic distribution D on a semi-slant
submanifold of an almost Hermitian manifold is integrable if and only if

OxY — Oy X = o(X,TY) — o(Y,TX)

for any X,Y € D. The slant distribution D? on a semi-slant submanifold
of an almost Hermitian manifold is integrable if and only if

TV(NVzTW —NVwTZ + ApzW — ApwZ + PwZ —PzW) =0
for any Z,W € DY,
Using these proposition, we proved the following result:
Theorem 2.4. [11]. (I) The holomorphic distribution D of a semi-slant
submanifold M in an l.c. K.-manifold M(J, g, ) is integrable if and only if
o(X,TY) —o(Y,TX) = 2§(TX,Y)a

(II) The slant distribution DY of a semi-slant submanifold M in an l,c,K.-
manifold M(J, g, ) is integrable if and only if

Tl(VZTW —VwTZ 4+ Ap;W — Apw Z +
+ G, WITZ — G(ant, Z)TW + 25(TW, Z)al) = 0
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or equivalently

Ti{(VzT)W — (VwT)Z +T[Z, W]+ ApzW — Apw Z +
+ (!, W)TZ — j(oa®, Z)TW + 25(TW, Z)ah } = 0,

where Z,W € DY, and [Z,W] is the Lie bracket of Z and W.

3. WARPED PRODUCT SEMI-SLANT SUBMANIFOLDS IN AN
L.C.K.-MANIFOLD

_Let M be a semi-slant submanifold of an almost Hermitian manifold
M(J,g). Suppose that the distributions D and DY are integrable, and let
Mp (resp. Mps) be the maximal integral submanifold of D (resp. DY).
Then M is a product manifold of Mp and Mpe, that is,

M = Mp & Mpe. (3.1)
Therefore we can write
TM =TMp & TMps ® FTMps & v, (3.2)

where v is the complementaly orthogonal subbundle of FTMps = FDY
in T+M. We will call the submanifold Mp (resp. Mpe) the holomorphic
(resp. slant) component of M.

Given a differentiable function f; (resp. f2) on Mpe (resp. Mp)), define
the following warped product submanifolds

M, = Mp X Mpeo, Mo = Mpo R, Mp. (3.3)

We say that My (resp. Ms) is the first (resp. second) type warped product
semi-slant submanifold of an almost Hermitian manifold.

In this paper, we mainly consider the first type warped product semi-
slant submanifold in an l.c.K.-manifold.

Let M be the first type warped product semi-slant submanifold in an
l.c.K.-manifold M. Then the induced metric tensor g in M of M is given
by

g(U, V) = 6f2gD(7TD «U,mp* V) + gpe(mpe x U, mpe * V) (3.4)
for any U,V € TM, where gp (resp. gpo) denotes the Riemannian metric

on Mp (resp. Mpo), mp (resp. mpe) is the projection operator of M to Mp
(resp. Mpe) and f is a certain positive differentiable function on Mpe.
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Now, let V, V, VP and VP’ be the covariant differentiations with respect
to g, g, gp and gpe, respectively. Then by (1.4)

VxY = VPxY — f2e/* (A log fgn(X,Y),
VxZ =VzX = f%Zlog f)X, (3.5)
VW =V W,
for any X,Y € D and Z,W € DY, where we put
Aqlog f = gpe(9clog f)Oe

Let M be a semi-slant submanifold with distributions D, DY be an almost
Hermitian manifold M, dimD = 2p, dim D+ = ¢, and dimv = 2s. Then
we take the following generalized adopted frame in M:

(1) {e1,e2,...,ep,€],€3,...,€e5} is an orthonormal frame of D, where
ef = Je; forie {1,2,...,p};
(2) {e2p+1,€2p42;--.,€2p4q} is an orthonormal frame of DY such that the
vectors Fegp i1, Feapya, ..., Fegyq are orthogonal in F DY,
(3) {en+qt1s€ntqt2;---»Entqts eq*z—l—q—&-l’ €;+q+2’ RE e;kz+q+s} is an ortho-
normal frame of v, where e}, .\, = Jeniqta for a € {1,2,...,s};
* _ F€2P+a
(4) e5pa = TFeapral for a € {1,2,...,q}.
Hereafter, for a tensor field T of (0, s)-type, we write T}, ... ., instead of
T(€eurs€puss - --»epu,) With respect to the generalized adapted frame.

In the last paper ([11]), using the Gauss equation, we proved

Proposition 3.1. In a first type warped product semi-slant submanifold in
an l.c.K.-space form, the mean curvature ||H|| satisfies the inequality

2p+q
An||H|? +8pf*{(2p = D log £|I* + 22+ %) Y (ealog f)*} +
a=2p+1
2p+q
+ (n? +2n — 3q)c + 3¢ Z {Tha}? — 4(e” 7P + TDB) +
b,a=2p+1
2p+q
+16pf2 Y VP, VP log f +6(n —2) ZPW+
b,a=2p+1 pn=1
2p+q 2p+q
+6 > Piu—6 >  P(Jeyea)Tha > 0. (3.6)
a=2p+1 b,a=2p+1
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In particular, the equality case of (3.6) is that our submanifold is totally
geodesic. Then we have the following equation for the warping function f

2p+q
8pf2{(2p — 1) [l log fI* + 22+ %) D (ealog )} +
a=2p+1
2p+q
+ (n?® +2n — 3q)c + 3¢ Z {Tya}? — 4(ef27'D + TDG) +
b,a=2p+1
2p+q
+16pf2 Y VP, VP log £+ 6(n —2) ZPW+
b,a=2p+1 p=1
2p+q 2p+q
+6 > Puu—6 > P(Jeyeq)Tha = 0.
a=2p+1 b,a=2p+1
From which, we obtain
2p+q
(n? + 2n — 3¢)c + 3¢ Z {Tya}? — AP + TDQ) +
b,a=2p+1
2p+q n
+16pf2 Y VP VP log f+6(n—2) > P+
b,a=2p+1 p=1
2p+q 2p+q
+6 Y Pu—6 > P(Jepea)Tha <0.
a=2p+1 b,a=2p+1

4. SEMI-SLANT SUBMANIFOLDS WITH THE PARALLEL SECOND
FUNDAMENTAL FORM

Using (1.1), the curvature tensor R of the first type warped product
semi-slant submanifold M in an l.c.K.-space form M (c) is separated, with
respect to the generalized adapted frame, as

4Rjihar = 3(PjarSin — Piax0jn),
ARjiprar = —Pjea+Oip, + PizaxOjn,
ARjixhar = —3Ppq0jn + PjrgrOin + 2Pyrardji,
ARjieprar = 3Pjq>0in — Pig+0jn — 2Pha~ i,
ARy ar = 3(Pjrar0in — Prardjn),
2Rjibar = PjiFpa,
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2Rjipar = —0jiFhq + PjiFyq + (Ty Pegr + Fy° Porgs )i,
2R ibar = —Pji Fya,
ARjepar = 3PjaOep — PjraTup + PipFea + 2PjecFoa,
4Rjxchar = 3PjaxOct + Pja=Teh = PjpFea — 2PjcFia,
ARgevar = c(FaaToy — TapFea — 2TucFoa) + 3(PaarOct, — Pea=Oap)—
— (Td Pear + Fi Pera ) Tep + (Ta Pep + Fi Perp) Fea—
— (T.°Pop + FoPory) Fyq + (T Peogr + FoPeoxo )T+
+ 2{(T4* Pec + F4°Pevc) Fyo + (Tp Peqr + Fy Pevo ) Tyc },
ARjiny = 3(Pjr0ip — Pidjn),
ARjipyer = —Pjerdip, + Pirljn,
ARjixpy = —3Ppr0in + Pierlip + 2Pper0ji,
ARjixp+r = 3Pjrdin, — Pirdjn — 2Pnydji,
ARjeiepr = —PjrSin + P,
ARj-i-n+r = 3(Pjerbin — Pi=rbjn),

Rjiar = 07
Q.Eji*ar = (TaePer + Faepe*r)éji’
Rj*z’*ar =0,

ARjpar = 3Pjrbpq — PjerTha,
4R} par = 3Pj+10pa + PjrTha,
AR char = 3(PerOpa — Porbea) — (T Poy + Fo P Pory) Tha
+ (T Per + Fy Pory)Tea + 2(To  Pey + Fo Perr) Ty

for any j,i,h € {1,2,...,p}, d,c,b,a € {2p+ 1,2p 4+ 2,...,2p + ¢} and
re{n+qg+1l,n+q+2,...,m}.

Thus, by virtue of previous formulas the Codazzi equation (2.1) is sepa-
rated as

Hg(Vjoined™) = §(Viojn, ea™)} = 3(Pjadin — Pia*djn),
4{§(vj0-ih*,ea ) ( ]h* a*)

} Pjsg+0ip + Piraxdjn,

} = —3Pi+q=0;n, + Pjra+Oin, + 2Pp+q+dji,
} = 3Pjo+bin, — Piax6jn — 2Ppa0ji,

} ( J* a*5zh -Pi*a* jh);

4{§(vj0_i*h7 €a ) (V *U]ha a*)
4{.&(?'Ji*h* €a ) ( *Ojh*, € a*)
)

4{9( j*O4xh*, €q ) ( i* O j*p*, ea%<
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23(Vjoi, ea”) — §(Viojp, €a™)} = PjiFiq

2{g(Voib,ea”) — G(Virojp, €0} = —C0jiFpq + PjiFpa +
+ {1y Pear + Fy Perar }0ji,
2{3(Vj=0irb,€a*) — §(Vi=0j0p, €0 )} = — Pjjr Fya,

HG(Vioew ea™) — G(Veojb, ™)} = 3Pjar0ch — PjrarTep +

+ Pj*me + 2P Fq,
HGg(Vjow,ea) — G(Veojop, €6*)} = 3Pjrqr0et + PjoxTep —
— PjpFeo — 2PjcFpa,

Hg(Vaoew, ea™) = §(Veoap; €a™)} = c(FaaTep — TapFea — 2TacFra)

+ 3(Piaa*Ocb — Pea*Oan) — (Td Pear + Fa Perar ) Tep
+ (T4 Pep + Fu Poex ) Fea — (1 Pep + Fe Poex ) Fq
+ (Te Pegr + FoPevg ) Tap + 2{ (T4 Pec + Fy°Pee+ ) Fiq
+ (Tp¢ Pear + Fy Porg)Tye },
4{g(Vjoin, er) — G(Viojn, er)} = 3(Pjrbin — Pirdjn),

Kg(Voins.er) — G(Viojpe, €r)} = —Pj=rbip, + Py,

Hg(v ]Uz*haer) —q(V #Tjhser)} = =3Ppp0jn + Pjsypbin, + 2Py dji,
4{g(V jOih*, €r) — (v #Tjh+,er)} = 3Pjr0in — Pirdjn — 2P, 654,
Hg(Vjeoin.er) — §(Vi=0jon, er)} = —Pjrbin + Pirbjn,

U§(Vjeoipns,er) = §(Vis0jens, )} = 3(Pjrdin — Pirdjn),
§(Vjoia,er) = §(Vigja, er) = 0,
Hg(Vjoima,er) — §(Vixoja,er)} = (To°Por + FoPery)dji,
§(Vjaicaser) = §(Vir0jaser) = 0,
4{3(Vjoba, er) — §(VoTjar er)} = 3Pjrbbq — PjrrTha,
4{G(Vjobaser) — §(Vp0jas er)} = 3PjerOpa + PjrTpa,
HG(Veova, er) — §(Voea, €r)} = 3(PerOpa — Porbea) —
— (T Per + FfPory ) Tog + (Ty Per + Fy* Peey ) Teq +
+ 2(T, Per + Fo Pery) T,

for all j,i,h € {1,2,...,p}, d,c,bya € {2p+ 1,2p + 2,...,2p + ¢} and
re{n+q+1l,n+qg+2,...,m}.

Now we assume that the second fundamental form o is parallel, that is,
Vo = 0. Then we have from the above formulae that the tensor field Pz
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is written as
Pj;  Pji+ Pja Pjax  Pjr Pje
Pj«j Pjejr Pjg Pjpgr Pjep Ppopr
(Pga) = Py Pyr Poa  Poar Por Py
Pyi Pyis Pyg Prgr Py Py
Pm' Pri* Pra Pra* Psr Psr*
Ps*i Ps*i* Ps*a Ps*a* Ps*r Ps*r*
(4.1)

O 0 Psa* Psr PST*

0

o 0 O 0 Pb*a* Pb*,,‘ Pb*’!”*
0
0 0 0 Ps*a* Ps*r Psr

for p,q > 1 and a certain function . Thus we have

Theorem 4.1. In the first type warped product semi-slant submanifold M
with parallel second fundamental form o of an l.c.K.-space form M (c), if p
and q are bigger than 1, then the tensor field Pp4 is written by (4.1).

5. NORMALLY FLAT WARPED PRODUCT SEMI-SLANT SUBMANIFOLDS

Finally, we calculate the Ricci equation in a warped product semi-slant

submanifold in an l.c.K.-space form.
By virtue of (1.1), we can separate the Riemannian curvature tensor

R(U,V,W, Z) for U,V,W,Z € TM as
2R(X1, X2, FZ1,FZ5) = —c§(T X1, X2)§(JF Z1, Z2)
+ P(JX1,X2)§(JFZ1,FZs) + P(JFZ,FZ)§(J X1, X>),
2R(X1, Xo, FZ1,8) = P(JFZ1,61)§(J X1, Xa),
2R(X1.X2,1, ) = —ci(J X1, X2)§(J&1, &)
+ P(JX1, Xo2)b(JE1, &) + P(JE1, &)§(T X1, Xa),
AR(Xy, 21, F 2, FZ3) = —P(J X1, FZ3)§(F Z1, F Z5)
+ P(JX1,FZ3)§(FZy,FZ3) + 2P(J X1, Z1)§(JF Zy, F Z3),
AR(X1, 21, FZy,6) = —P(JX1,8)3(F 21, F Zy),
2R(X1,Z1,6,&) = P(J X1, Z1)§(J61, &),

AR(Zy, Zy, F Z3,FZy) = c{§(F Zy, FZ4)§(F Z1, F Z3)
— §(FZ1,FZ)§(FZy,FZ3) — 2§(TZy, Z2)§(JF Z3, F Z4)}
— P(JZl, FZ4)§(FZ2, FZg) + P(JZ1, FZ3)§(FZQ, FZ4)
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— P(JZ3, FZ3)§(FZy, FZ4) + P(J Zo, FZ4)§(F Z1, F Z3)
+2{P(J 21, Z2)§(JF Z3, F Z4) + P(JF Z3, F Z4)§(J Z1, Z3)},
4R(Zl, Zo, FZ3,61) = —P(JZ1,8)g(F Z2, FZ3)
+ P(JZ2,81)§(FZ1, FZ3) + 2P(JF Z3,8)§(J Z1, Z3),
2R(Z1, 22.€1,62) = —c§(J 21, Z2)3( 1. &2)
+ P(JZ1, 22)§(J&1, &2) + P(J&1,62)9(J 21, Z2)

for any X1, Xo € D, Z1,Z2,73,Z4 € DY and &1,& € v. Hence we get
from (2.2) that the Ricci equation is separated by

2RYN( X1, Xo, FZ1,FZs) — 23([Arz,, Arz,) X1, Xo) =
—cg(J X1, X2)g(JFZ1, FZs) + P(J X1, X2)g(JF Zy, F Z3)
+ P(JFZ,,FZ3)g(J X1, X2),
2R (X1, X2, FZ1,€1) — 25([Arz,, Ae ) X1, Xo) = P(JFZ1,€)§(J X1, X2),
2R (X1, X2, &1, &) — 2([Ae,, A, ) X1, Xa) = —c§(J X1, X2)G(J&1, &)+
+ P(J X1, X2)g(J€1,&2) + P(J€1,82)G(J X1, Xo),
AR (X1, 21, FZy, FZ3) — 45([Arz,, Arz,) X1, Z2) =
= —P(JX\,FZ3)§(FZy, FZ5) + P(JX1, FZ)§(F 21, F Z3) +
V2P(JX1, 20)§(JF Zs, FZ3),
AR (X1, 21, F 22,€) = 43([Arz,, A ) X1, Z1) = =P(J X1,)§(F Z1, F Z2),
2R (X1, 21,61, &) — 23([Ae,, Ae,) X1, 1) = P(J X1, Z1)§(J1, E2),
AR (21, 2y, F Z3, FZ4) — 43([Arz,, Apz,) 21, Zo) =
=cg(F 21, FZ4)§(FZ3, FZ3) — §(FZ1, F Z3)§(F Z3, F Zs) —
—29(T2y, 22)§(JF Zs, F Z4)} — P(J 21, F Z4)§(F Z3, F Z3) +
v P(JZ1, FZ3)§(F Za, FZy) — P(J Zs, F Z3)§(F Z1, F Zs) +
+ P(JZo, FZ4)§(FZy, FZs) + 2{P(J Z1, Zo)§(JF Z3, F Zs) +
+ P(JFZ3, FZ1)§(TZ1, Z2)},
ARM(Z1, 2o, F Z3, 1) — 43([AFz,. A, ) 21, Zo) = 2P(JF Z3,60)§(T 21, Zo) —
— P(JZ1,6)3(FZ2, FZ3) + P(J Z2,8)§(FZ1, F Z3),
AR (21, Zs,61,&2) — 20([Aey, Aey) 21, Zo) = —c§(J 21, Z2)§ (T, &2) +
+ P(JZ1,22)§(J61,82) + P(J&1,62)9(J 21, Z2)

N~

for any X1, Xo € D, Z1, 79, Z3,Z4 € D and &1,& € v.
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Using the above equation, we have, for a generalized adopted frame, the
following:
2R jiprar — 20([Ape, Aarlej, €i) = —ci(Jej, e)(Je”, ea”) +
+ P(Jej,ei)g(Jep™,e.”) + P(Jey", eq™)g(Jej, €:),
2RLjia*r - 2?([Aa* ) Ar]eja ei) = P(Jea*7 er)g(Jej7 ei)7
QRLjisr — 2~([A657A8r]6j7 ei) = —cg}(,]ej, ei)g}(Jes, 67«) +
+ P(Jej,ei)g(Jes,er) + P(Jes, e)g(Jej, €),
4RJ_icb*a* - 4@([Ab*7Aa*]€i7 ec) = HF@CH{—P(JGZ‘, ea*)(scb +
+ P(Jes, ep")0ca} +2P(Jes, ec)g(Jen”, eq”),
AR  iparr — 43([Aar, Arles, ) = — || Fey|| P(Jei, €r)0pa,
2R  iasr — 29([As, Arlei,eq) = P(Jei eq)g(Jes, er), (5.1)
AR  yeprar — 4G([Ap, Agrleq, ec) =
= c{l|Fecll|Feql|(daadet — dabdea) — 2G(Teq, ec)g(Jep”, eq™)} —
— |[|[Fec|{P(Jeq,ea™)det, — P(Jeq, ep™)dea} —
— |[|[Feq||{P(ec", ep*)dda — P(Jec,eq” )0} +
+2{[|Fecl|P(Jea, ec)g(Jev”, ea”) + P(Jep", ea”)3(Teas ec) },
AR charr — 4G([Aar, Arlec, ep) = 2P(Jeq*, e0)§(Tec, ) +
+ [[Fec| | Fes|[{P(Jep, €r)dca — P(Jec”, €r)0ba},
2RLba5r - 2?]([1437 Ar]eba ea) = _Cg(Teba ea)g(Jera es) +
+ P(Jeba ea)g(‘]657 er) + P(J687 eT)g(Teba ea)a
where Fe, = ||Feg|la*, j,i € {1,2,...,2p}, d,c,b,a € {2p+1,2p+2,2p+q},
and s, € {n+¢,n+q+1,...,m}. By virtue of (2.5), we can formally put

p

Jej =y (Tj'ei + T eps) + Ty ea + Fj'e) + Fyes,
i=1
p . .
Jep-‘rj = Z(T;J,-]ez + Tp+jp+zep+i) + T;+j€a + F;_A,_]‘ea* + Fp—‘rjses’
=1
p . .
Jeq = Z(Tazei + Tap—Heeri) +T,% .+ Facet;k + Fasesa
i=1

p
Jea" = Z(talei + tap—HeP-i-i) +ta‘ec + fae” + fa’es,
=1
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p
Jes = Z(tszei + tsp—Hep-O—i) +tseq + fsaetl* + fSTeT’
i=1
fora,ce {2p+1,2p+2,...,2p+q}, s,re{n+q+1,n+q+2,...,m},
and j € {1,2,..,p}. Since, our frame is a generalized adapted one, we know
in the above equation

T Ty o T 0 -4 0
TPt T, Pt Tt =67 00 0 |, (5.2)
e T8, T 0 0 T
Fe  Fp 0 0
Fp® Fp® ) =1 0 0, (5.3)
e s R 0
tat t Pt (0 0 0
(tsi tsp+i tsa —\0 0 0 (54)
and
fa© fa® 0 0
= . 5.5
<fs“ fr) =0 £ (5:5)

From (5.5), we can easily get that fp, = 0 identically.
Theorem 5.1. With respect to the generalized adapted frame, the tensor
field T, F,t and f satisfy (5.2), (5.3), (5.4) and (5.5), respectively.

Thus due to (5.3), (5.4) and (5.5) the system of equations (5.1) can be
written as follows:

2R jiprar — 25([Apr, Aarlej,e) = 0,
R jiorr — §([Aar, Arlej, ei) = 0,
Rt i — 3([As, Arlej,e) =0,
AR i — 4G([Ap, Agslei, ec) = || Fec||(Piaep — Piep=Oca),s
AR jyaer — 4G([Aax, Aylei, €4) = || Fep|| PerSpa,
2R iasr — 20([As, Arlei, eq) = —Prrag(Jes, er),
ART oy a — 4G([Ape, Aarleq, ec) = cl|[Fec| | Feall (Sdadet — Savdea) +
+ || Fec||[{(Ty° Pear + FiPexa )b — (T4 Pepr + Fy® Pospr )0ca} —
— |Feq|{ Peorv+da — (Te° Pear + Fe Pexar)de },
AR charr — 4G([Aar, Arlec, e) = 0,
2R pasr — 25([As, Arley, ea) = —cThag(Jer, ) + Fy Perag(Jes, er) +
+ P(Jes, ;) Tpa,
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for j,i € {1,2,...,p}, d,c,b,a € {2p+ 1,2p+2,...,2p + ¢ = n} and
s,re{n+qgn+q+1,..,m}. Thus we have

Theorem 5.2. If the first type warped product semi-slant submanifold in
an l.c.K.-space form M( ) is normally flat, that is, R = 0, identically,
then the shape operators Ay satisfy

g([Ab*vA *]ejaei) = 07
9([Aa=, Arlej, €) = 0,
9([As, Arlej,ei) =0,
4g Ab*)Aa*]eiyec) = *”FGCH(Pi*a*(Scb - Pfi*b*éca)’

Agx, Arlei, ep) = — || Fep|| PixrOpa,
9([As, Arlei, eq) = Pirqg(Jes, er),
4§ Ay, Agrleq, ec) = —c||Fel||| Feq||(0dadch — dapdea)+
+ [|[Fec||[{(Ta Pear + Fi Pera*)0cb — (Ta" Pepr + Fa Perp)0ca}—
— | Feall{ Pertr-0da — (Tc Pear + FePera)deb}
9([Aax, Arlec, e) = 0,
2G([As, Arlep, eq) = cTyag(Jer, e5) — Fy Perag(Jes, €;) — P(Jes, €r)Tha,

for j,i € {1,2,...,p}, dye,bya € {2p+ 1,2p+2,...,2p+ q = n} and
s,re{n+qgn+q+1,..,m}.
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