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On the integrability problem for systems
of partial differential equations in one

unknown function, I

Antonio Kumpera

Abstract. We discuss the integration problem for systems of partial diffe-
rential equations in one unknown function and special attention is given to
the first order systems. The Grassmannian contact structures are the basic
setting for our discussion and the major part of our considerations inquires
on the nature of the Cauchy characteristics in view of obtaining the necessary
criteria that assure the existence of solutions. In all the practical applica-
tions of partial differential equations, what is mostly needed and what in fact
is hardest to obtains are the solutions of the system or, occasionally, some
specific solutions. This work is based on four most enlightening Mémoires
written by Élie Cartan in the beginning of the last century.

Анотація. В статті вивчається проблема інтегровності систем S дифе-
ренціальних рівнянь в частинних похідних від однієї невідомої функції,
причому особливу увагу приділено системам першого порядку. З геомет-
ричної точки зору ми маємо систему Пфаффа так званої канонічної кон-
тактної структури, яка визначається грасмановим пучком контактних
елементів певного порядку. Наш підхід є двояким: з одного боку ми ви-
користовуємо характеристики Картана для зведення проблеми до міні-
мальної кількості змінних, а з іншого – досліджуємо характер характе-
ристик Коші для отримання необхідних критеріїв існування розв’язків
для системи Пфаффа P = P(S), асоційованої з заданою системою рів-
нянь в частинних похідних S і отриманої обмеженням вищевказаної ка-
нонічної контактної структури на підмноговид S, що визначає дане рів-
няння. Ми також показуємо, що інтегровність системи S еквівалентна
регулярності характеристик Коші пов’язаних з відповідною розмірністю.
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Перша частина статті носить вступний характер і є підготовчою для
другої частини в якій вивчатимуться диференціальні рівняння в частин-
них похідних довільних порядків. Ця робота базується на чотирьох ро-
ботах Елі Картана написаних на початку минулого століття (див. бібліо-
графію).
Тим не менш, представлене в ній детальне обговорення характеристик

Дарбу, Коші та Картана, виявляє деталі, які, наскільки нам відомо, не
були ніде опубліковані. Зокрема, вищезгаданий результат про інтегру-
вання (див. теореми 7.12 і 7.17) видається новим кроком у теорії інтегру-
вання диференціальних систем. Також у розділі 5 наведено два головних
приклади: грасманівський пучок гіперплощин та ліувіллєва структура на
кодотичному розшаруванні, які ілюструють багато ідей описаних в даній
роботі.
Наші методи також застосовуються до випадку неінтегровних систем,

і в останніх двох розділах отримано деякі цікаві результати, що ілюстру-
ють їх за допомогою систем прапорів. Останні системи можна розглядати
як “найбільш неінтегровні” системи Пфаффа не дивлячись на те, що єди-
ними інтегральними підмноговидами є, власне, інтегральні криві (тобто
криві, дотичні до лінійних контактних елементів, які зануляються систе-
мою Пфаффа).

CONTENTS
Part I

1 Introduction.
2 Pfaffian systems, definitions and notations.
3 Darboux characteristics.
4 Cartan characteristics.
5 Classical contact structures.
6 Cauchy characteristics.
7 Contact transformations.

1. INTRODUCTION
It is our purpose, in this paper, to study the integrability problem for

systems S of partial differential equations in one unknown function, special
emphasis being given to first order systems. The geometrical setting is
provided by a Pfaffian system, the so-called canonical contact structure,
defined on a Grassmannian bundle of contact elements of a certain order,
our approach being twofold.
Firstly, we make appeal to the Cartan characteristics in view of redu-

cing the problem to the minimum number of variables and, secondly, we
inquire on the nature of the Cauchy characteristics in view of obtaining the
necessary criteria that will assure the existence of solutions for the Pfaf-
fian system P = P(S) canonically associated to S. This latter system is



Partial differential equations 37

obtained by restricting the above mentioned canonical contact structure to
the sub-manifold S that defines the equation. We prove that the integrabi-
lity of S is equivalent to the regularity of the Cauchy characteristics allied
to the appropriate dimension. Partial differential equations of arbitrary
order will be considered in the second part of this paper,
The present first part is essentially a preparatory digression aimed at

setting the necessary foundations for the discussion in the part two where
the desired new results do appear. Nevertheless, our present detailed dis-
cussion of the characteristics brings out details that, to our knowledge, do
not appear in print elsewhere and are the underlying ingredients for our
later discussion in the second part. More so, the above mentioned result on
integrability and stated in the Theorems 7.12 and 7.17 seems a new step in
the integration of differential systems.

2. PFAFFIAN SYSTEMS, DEFINITIONS AND NOTATIONS
Let M be a finite dimensional connected differentiable (C∞) manifold,

T = TM its tangent bundle and T ∗ = T ∗M the co-tangent bundle. A
regular Pfaffian system defined on M is, by definition, a locally trivial
vector sub-bundle P of T ∗. Its annihilator Σ = P⊥ is a sub-bundle of
T , (T/Σ)∗ ≃ P and T ∗/P ≃ Σ∗. Such a sub-bundle of T is called a
regular distribution, occasionally a field of first order contact elements, on
the manifold M .
Given a vector bundle E (or, for that matter, any bundle), we denote

by Γ(E) the module of all the global sections and by Γℓ(E) the pre-sheaf
composed by the local sections. A local automorphism of P (or of Σ) is a
local diffeomorphism φ ofM satisfying the property φ∗P = P, this property
being equivalent, by duality, to φ∗Σ = Σ. The set Aut(P) of all the local
automorphisms of P is a pseudo-group of transformations of order 1 though
not always Lie since it might fail to be complete.
An infinitesimal automorphism of P (or Σ) is a local vector field ξ defined

on M and generating a local 1-parameter group of local automorphisms. It
can be characterized by the condition θ(ξ)Γℓ(P) ⊂ Γℓ(P) or, equivalently,
by θ(ξ)Γℓ(Σ) ⊂ Γℓ(Σ), where θ(ξ) is the Lie derivative along the vector
field ξ. The set L(P) of all the infinitesimal automorphisms of P is a not
necessarily complete infinitesimal pseudo-algebra of order 1. The eventually
singular distribution L induced by L(P) i.e., defined by Lx = L(P)x, x ∈
M , satisfies the integrability criterion of Stefan and Sussmann, its maximal
integral manifolds being the connected components of the orbits of Aut(P).
We say that P is homogeneous when Aut(P) operates transitively and

infinitesimally homogeneous when L(P) is transitive i.e., when L = TM .
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Since M is assumed to be connected, infinitesimal homogeneity implies
homogeneity, the converse statement being however inexact.
Finally, given a second Pfaffian system P ′ on a manifold M ′, we shall

say that (P, x) is locally equivalent to (P ′, x′) when there exists a local
diffeomorphism φ : U → U ′, U and U ′ being open neighborhoods of x and
x′ respectively, such that φ(x) = x′ and φ∗P ′ = P. Two systems P and P ′

are said to be locally equivalent when the above mentioned property holds
for any pair of points (x, x′) ∈M ×M ′.
Occasionally, we shall consider distributions and Pfaffian systems that

are not regular in the sense adopted in the beginning of this section and
shall specify, in each case, the appropriate conditions.

3. DARBOUX CHARACTERISTICS
In this section we only consider scalar differential forms defined on the

manifold M though some of the considerations apply as well to vector
valued forms.
Let ω be an exterior differential form defined on an open subset U of M

and denote by ωx the induced form on TxM . The annihilator of ω at the
point x ∈ U is, by definition, the vector subspace Vx ⊂ TxM defined by

Vx = {v ∈ TxM | i(v)ωx = 0}.
When ω is a 1-form then Vx = kerωx. It is easy to prove that ωx factors to
an exterior form defined on Tx/Vx (i.e., ωx = q∗ω̃x where q is the quotient
map) and that Vx is the largest subspace of TxM having this property. If
the degree of ω is equal to r, then V ⊥

x ⊂ T ∗M is generated by the family
{i(ej1 ∧ · · · ∧ ejr−1)ω},

where {ej} is any set of generators for TxM . Moreover, V ⊥
x is the smallest

sub-space W of T ∗
xM such that ωx belongs to the sub-algebra of ∧T ∗

xM
generated by R+W .
A local automorphism of the form ω is a local diffeomorphism φ of M

such that φ∗ω = ω and an infinitesimal automorphism is a local vector
field ξ generating a local 1-parameter group of local automorphisms. It is
characterized by the condition θ(ξ)ω = 0 in terms of Lie derivatives. The
infinitesimal automorphism ξ is said to be characteristic when i(ξ)ω = 0
which means that ξx ∈ Vx for any point x in the domain of ω. Characteristic
infinitesimal automorphisms are therefore defined in terms of the equations

i(ξ)ω = θ(ξ)ω = 0

or, equivalently, by
i(ξ)ω = i(ξ)dω = 0 (3.1)

in view of the relation θ(ξ) = [i(ξ), d].
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The sum and the constant scalar multiples of infinitesimal automor-
phisms are infinitesimal automorphisms since θ([ξ, η]) = [θ(ξ), θ(η)] and
the bracket of infinitesimal automorphisms is again an infinitesimal auto-
morphism. Furthermore, the formula i([ξ, η]) = [i(ξ), θ(η)] shows that the
bracket of characteristic infinitesimal automorphism remains characteristic
and, finally, the formulas

i(fξ) = fi(ξ) and θ(fξ) = fθ(ξ) + df ∧ i(ξ)

show that fξ is characteristic when ξ is, whatever the function f . In sum,
the set Lc(ω) of all the characteristic infinitesimal automorphisms of ω is
closed under addition, scalar multiplication by an arbitrary function and
under the Lie bracket.
We denote by ∆ ⊂ TM the eventually singular distribution on the ma-

nifold M (or, rather, on the open set U) induced by the family Lc(ω) i.e.,

∆x = {ξx | ξ ∈ Lc(ω)}

and call it the characteristic distribution of ω. Its annihilator ∆⊥ ⊂ T ∗M
is the characteristic system of ω. The distribution ∆ satisfies the integra-
bility criterion of Stefan and Sussmann and its maximal integral manifolds
are the Cauchy characteristics of ω. In view of the equation (3.1), the
elements of Lc(ω) are the local vector fields ξ on M taking values in ∆.
When the dimension of ∆x, x ∈ U , is constant, we say that ω has regu-
lar characteristics in which case ∆ is a regular and integrable distribution
on M (rather on U) and ∆⊥ is a regular Pfaffian system. The following
result enables us to reduce, locally, the form ω to an expression involving
only the characteristic variables i.e., the first integrals of ∆. The proof is
straightforward.

Proposition 3.1. Let ω be an exterior differential form of degree r with
regular characteristics and let {y1, · · · , ys} be a fundamental system of in-
dependent first integrals of ∆ defined in a neighborhood of a given point
x ∈M . Then ω has the local expression

ω =
∑

ai1···ir(y) dy
i1 ∧ · · · ∧ dyir ,

where the sum is extended to all the sequences 1 ≤ i1 < · · · < ir ≤ s.

Corollary 3.2. Let ω be an exterior differential form with regular charac-
teristics and let us assume that its degree is equal to the co-dimension of ∆.
Then, for any x ∈M , there exist s first integrals {z1, · · · , zs} of ∆, defined
in a neighborhood of x and such that ω = dz1 ∧ · · · ∧ dzs. These forms are
therefore closed and locally decomposable.
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Based on the equation (3.1), we now examine a point-wise approach to
the characteristics and define, for any x ∈ U , the vector sub-space of TxM

∆̃x = {v ∈ TxM | i(v)ωx = i(v)dωx = 0}.
In general, ∆̃ = ∪ ∆̃x is a singular vector sub-bundle of TM since the
dimensions of the fibres can vary and clearly ∆ ⊂ ∆̃. When ω has degree
r, then ∆̃ is defined by the linear equations

[i(w1 ∧ · · · ∧ wr−1)ω](v) = [i(w1 ∧ · · · ∧ wr)dω](v) = 0,

where (w1, · · · , wr) runs through all the r-tuples of vectors in TxM and
therefore its annihilator ∆̃⊥ ⊂ T ∗M is generated by the linear forms

{i(w1 ∧ · · · ∧ wr−1)ωx , i(w1 ∧ · · · ∧ wr)dωx}.
It suffices, of course, to consider r-tuples (ei1 , · · · , eir), where {ei} is a
basis of TxM , such that 1 ≤ i1 < · · · < ir ≤ dimM . Since dim∆x is
lower semi-continuous and dim ∆̃x upper semi-continuous, it follows that
dim ∆̃x, x ∈ U , is constant if and only if ∆ = ∆̃. Furthermore, since the
dimensions are integers and in the present case bounded, they are locally
constant on open dense subsets of U where after the equality of ∆x with
∆̃x also takes place on an open dense subset.
The integer cx = codim ∆̃x is precisely the class of ω at the point x.

When ∆ = ∆̃, then cx is constant (assuming U connected), this integer
being the Cauchy class of the form ω. In what follows, we state the main
results involving the notion of class.

Proposition 3.3. The class of a differential 1-form ω is equal to 2p + 1,
at the point x, if and only if ωx ∧ (dωx)

p ̸= 0 and (dωx)
p+1 = 0. Under

these conditions,
∆̃x(ω ∧ dωℓ) = Vx(ω) ∩ Vx(dω)

for any ℓ = 0, . . . , p.

Proposition 3.4. The class of a differential 1-form ω is equal to 2p, at
the point x, if and only if (dωx)

p ̸= 0 and ωx∧ (dωx)
p = (dωx)

p+1 = 0. This
being the case,

∆̃x(ω ∧ dωℓ) = ∆̃x(dω
q) = Vx(dω)

for any ℓ = 0, · · · , p − 1 and q = 1, · · · , p. If, moreover, ωx ̸= 0 then the
last condition (dωx)

p+1 = 0 is a consequence of the first two.

Proposition 3.5. The class of a closed differential 2-form ω is, at every
point, an even integer. This class is equal to 2p, at the point x, if and only
if ωp

x ̸= 0 and ωp+1
x = 0. Under these conditions,

∆̃x(ω
ℓ) = Vx(ω)
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for any ℓ = 1, · · · , p and ωp
x is decomposable.

Theorem 3.6 (Darboux). Let ω be a differential 1-form of constant class
defined on the manifold M . When this class is equal to 2p+1 then, at any
point x ∈M , there exist local coordinates (xi) vanishing at x and such that
ω has the local expression

ω = dx1 + x2dx3 + · · ·+ x2pdx2p+1.

When this class is equal to 2p and, moreover, when ω is everywhere non-
singular, then it admits the local expression

ω = (1 + x1)dx2 + x3dx4 + · · ·+ x2p−1dx2p.

Theorem 3.7 (Darboux). Let ω be a closed differential 2-form of constant
class equal to 2p defined on the manifold M . Then, at any point x ∈ M ,
there exist local coordinates (xi), vanishing at x, such that ω has the local
expression

ω = dx1 ∧ dx2 + dx3 ∧ dx4 + ·+ dx2p−1 ∧ dx2p.

We finally observe, as a consequence of the Corollary 3.2, that non-
singular n-forms (n = dimM) always have the local expression

ω = dx1 ∧ · · · ∧ dxn,
non-singular closed (n− 1)-forms the local expression

ω = dx1 ∧ · · · ∧ dxn−1,

and non-singular (n− 1)-forms satisfying dωx ̸= 0 the local expression
ω = (1 + x1)dx2 ∧ · · · ∧ dxn

in a neighborhood of x. In all the above displayed expressions of the local
canonical forms, the coordinates xi figuring in these expressions are neces-
sarily first integrals of the characteristic distribution ∆ namely, they are
the so-called characteristic functions.

4. CARTAN CHARACTERISTICS
Let P be a Pfaffian system defined on the manifold M . Inasmuch as

above, an infinitesimal automorphism ξ ∈ L(P) is said to be characteristic
whenever it is tangent to Σ i.e., when ξ ∈ Γℓ(Σ). The set

Lc(P) = L(P) ∩ Γℓ(Σ)

of all the characteristic vector fields of the system is an infinitesimal pseudo-
algebra of order 1. Moreover, it is a pre-sheaf of modules with respect to
the local C∞-functions on M hence fξ is characteristic whenever ξ is, f
being any local function on M . We remark that Frobenius’ integrability
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condition, in terms of brackets, amounts to say that P is integrable if and
only if Lc(P) = Γℓ(Σ). The module Lc(P) induces an eventually singular
integrable distribution

∆ : x ∈M → ∆x = Lc(P)x,

called the characteristic distribution of P, its annihilator ∆⊥ ⊂ T ∗M being
the characteristic system of P. The maximal integral manifolds of ∆ are
the Cartan characteristics of P. Again, P is integrable if and only if ∆ = Σ,
in which case the Cartan characteristics coincide with the integral leaves of
Σ. Since θ(ξ) = i(ξ)d + di(ξ), it follows that Lc(P) is the pre-sheaf of all
the local vector fields ξ on M satisfying the equations

⟨ξ, ω⟩ = ⟨ξ, i(η)dω⟩, (4.1)
for all ω ∈ Γℓ(P) and η ∈ Γℓ(Σ), and therefore Lc(P) is the set of all the
local vector fields onM taking values in∆. When the dimension of∆x, x ∈
M , is locally constant, we shall say that P has regular characteristics.
The result that follows provides a method enabling us to reduce locally
the Pfaffian system P to the sole characteristic variables i.e., to the first
integrals of ∆.

Theorem 4.1 (Cartan). Let P be a Pfaffian system with regular characte-
ristics and {y1, · · · , ys} a fundamental system of independent first integrals
of ∆ defined in a neighborhood of a given point x ∈ M . There exists then
a local basis {ω1, · · · , ωr} of P, defined in a neighborhood of x, such that

ωi =
∑

aij(y
1, · · · , ys)dyj , 1 ≤ i ≤ r.

Given a regular integrable distribution Σ on the manifoldM , we say that
the open set U is simple with respect to Σ when the foliation associated to
the restricted distribution Σ|U admits a quotient, this meaning precisely
that the quotient space U/Σ, modulo the leaves of Σ|U , admits a manifold
structure for which the quotient map ρ : U → U/Σ is a submersion.
The manifold structure of U/Σ is then uniquely determined by the struc-

ture of U .
Expressed in geometrical terms, the previous theorem can be transcribed

as follows enhancing the role of the finite automorphisms.

Corollary 4.2. Let P be a Pfaffian system with regular characteristics, U
an open set of M simple with respect to the characteristic distribution ∆
and ρ : U → U/∆ the quotient submersion modulo the leaves of ∆. Then
there exists a unique Pfaffian system P̃, defined on U/∆, such that

ρ∗P̃ = P|U.
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Moreover, Lc(P̃) = 0, the finite and infinitesimal automorphisms of P|U
are locally ρ-projectable onto the corresponding automorphisms of P̃ (they
are globally projectable when their domains have connected ρ-fibres) and, for
any x ∈ U , there exists an open neighborhood Ux such that the projections

L(P|Ux) → L(P̃|ρ(Ux)) and Aut(P|Ux) → Aut(P̃|ρ(Ux))

are surjective. Finally, any integral manifold Ṽ of P̃ (not necessarily of
maximal dimension) gives rise, by a lift up process, to the integral manifold
ρ−1(Ṽ) of P.
Conversely, the following statement also holds.

Corollary 4.3. Let P be a Pfaffian system defined on the manifold M and
let us assume that, for every x ∈M , there exists an open neighborhood Ux,
a submersion ρx : Ux → Vx onto a manifold Vx and a Pfaffian system P̃x,
defined on Vx, having null characteristics (i.e., Lc(P̃x) = 0) and such that

P|Ux = ρ∗x(P̃x).

The dimension of ∆x is then constant (i.e.,P has regular characteristics),
each Ux is simple with respect to ∆ and the family (ρx) is a foliated atlas
for the characteristic foliation of P.
With the notations of the Corollary 4.2, we shall say that each quotient

manifold U/∆ is a space of characteristic variables for P and the system P̃
will be called a local reduction of P to its characteristic variables. Further-
more, a complete set of local first integrals of ∆ will be called a complete
set, or system, of characteristic variables for P.
It is useful to examine the point-wise approach to the calculation of the

characteristics, this being actually the standard approach. Based on the
relation (4.1), we define, for every point x ∈ M , the vector sub-space of
TxM,

∆̃x = {v ∈ Σx | i(v)dω ∈ Px, ∀ ω ∈ Γℓ(P)}.
Since this space is defined by the linear equations ⟨v, i(w)dω⟩ = 0, with
w ∈ Σx and ω ∈ Γℓ(P), its annihilator ∆̃⊥

x is the subspace of T ∗
xM generated

by
{ωx, i(w)dωx | w ∈ Σx, ω ∈ Γℓ(P)}.

The family ∆̃ = (∆̃x) is, in general, a singular vector sub-bundle of TM
(the fibres might not have, locally, constant dimensions) even if∆ is regular.
The integer sx = codim ∆̃x is called the class of P or of Σ at the point
x ∈ M . We observe that ∆ ⊂ ∆̃ and that Lc(P) is the pre-sheaf of all the
local vector fields ξ on M taking values in ∆̃.
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Furthermore and on account of a semi-continuity argument, the equality
∆ = ∆̃ holds locally if and only if either ∆ or ∆̃ have, locally, constant
dimension. When this equality occurs, the integer s = sx, whose value is
locally independent of the point x, is called the class of the Pfaffian system
P or of the distribution Σ.
Usually, the Darboux and the Cartan Theorems are proved under more

restrictive assumptions on the class constancy though this is quite irrele-
vant. In any case, both distributions ∆ and ∆̃ have locally a constant
dimension in open and everywhere dense subsets of M , the subset corres-
ponding to the later being contained in that corresponding to the former.
One last remark is due namely, that the preceding corollaries admit the
following additional comment. If, in the corollaries, one of the systems P
or P̃ satisfies ∆ = ∆̃ the same will also hold for the other.

5. CLASSICAL CONTACT STRUCTURES
In this section we consider a distribution Σ of co-dimension 1 namely, a

field of hyperplanes or, equivalently, a Pfaffian system of rank 1 defined on
the manifold M , and recall a few basic facts.

Lemma 5.1. Let P be a Pfaffian system of rank 1. Then, for any point
x ∈ M , the co-dimension of ∆̃x is odd and consequently the class of the
system P is always odd.
When ∆̃x = 0 (resp. dim ∆̃x = 1), then forcibly the dimension of M is

odd (resp. even). The results that follow establish the relationship between
the Darboux class of the local generators ω and the Cartan class of P.

Proposition 5.2. Let P be a Pfaffian system of rank 1 defined on the
manifold M . Then the following properties are equivalent:
(a) The class of P is maximum (i.e., ∆̃x = 0).
(b) dimM = 2n + 1 and any local generator ω ∈ Γℓ(P) − 0 satisfies the

condition ω ∧ (dω)n ̸= 0 everywhere.
(c) dimM = 2n + 1 and, for any point x ∈ M , there exists an element

ω ∈ Γℓ(P)−0, defined in a neighborhood of x, such that ωx∧(dωx)
n ̸= 0.

Pfaffian systems of rank 1 and maximum class equal to dimM are, in
view of the property (b), the classical contact structures on odd dimensional
manifolds defined by a covering (Uα, ωα) where the ωα are differential 1-
forms of maximum Darboux class, defined on the open sets Uα, and satisfy
the compatibility condition ωβ = fβαωα on the overlap Uα ∩ Uβ.
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Proposition 5.3. Let P be a Pfaffian system of rank 1 on the manifold
M . Then, the following properties are equivalent:
(a) The class of P is equal to dimM − 1 or, equivalently, dim ∆̃x = 1.
(b) dimM = 2n + 2 and any local generator ω ∈ Γℓ(P − 0) satisfies

everywhere the condition ω ∧ (dω)n ̸= 0.
(c) dimM = 2n + 2 and, for any x ∈ M , there exists ω ∈ Γℓ(P − 0),

defined in a neighborhood of x, such that ωx ∧ (dωx)
n ̸= 0.

(d) dimM = 2n + 2 and, for any x ∈ M , there exists ω ∈ Γℓ(P − 0),
defined in a neighborhood of x, such that (dωx)

n+1 ̸= 0.
(e) dimM = 2n+2 and, for any x ∈M , there exists ω ∈ Γℓ(P−0), defined

in a neighborhood of x, such that ωx ∧ (dωx)
n ̸= 0 and (dω)n+1 = 0.

Pfaffian systems of rank 1 and class equal to dimM − 1 are, in view
of the property (d), the classical contact structures on even dimensional
manifolds defined by a covering (Uα, ωα) where each ωα is a Pfaffian form of
maximum Darboux class defined on the open sets Uα, these forms satisfying
the compatibility condition ωβ = fβαωα on the overlap. Any such structure
is, locally, the inverse image of an odd classical contact structure.
We next indicate a general result, consequence of the Cartan Theorem,

concerning Pfaffian systems of rank 1 and constant class. Initially, we state
the following

Lemma 5.4. Given a Pfaffian system P on the manifold M , the following
properties are equivalent:
(a) The rank of P is equal to 1 and the class is constant (i.e., ∆ = ∆̃).
(b) There exists, for any x ∈ M , an open neighborhood U, a submersion

ρ : U → U and an odd classical contact structure P̃, on U , such that
P|U = ρ∗P̃.

When these equivalent conditions are satisfied, the equality

class P = class P̃

holds. In particular, the even classical contact structures are precisely those
Pfaffian structures obtained, locally, as inverse images via submersions ρ
with 1-dimensional fibres.

Theorem 5.5. Let P be a Pfaffian system of rank 1 on the manifold M .
Then the following properties are equivalent:
(a) The class of P is constant and equal to 2p+ 1.
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(b) Any ω ∈ Γℓ(P − 0) satisfies, everywhere, the conditions

ω ∧ (dω)p ̸= 0 and ω ∧ (dω)p+1 = 0.

(c) For any x ∈ M , there exists a form ω ∈ Γℓ(P − 0), defined in a
neighborhood of x, such that

ωx ∧ (dωx)
p ̸= 0 and ωx ∧ (dωx)

p+1 = 0.

(d) For any x ∈ M , there exists a form ω ∈ Γℓ(P − 0), defined in a
neighborhood of x, such that

ωx ∧ (dωx)
p ̸= 0 and (dω)p+1 = 0.

(e) If dimM > 2p + 1, then, for any x ∈ M , there exists ω ∈ Γℓ(P − 0),
defined in a neighborhood of x, such that

(dωx)
p+1 ̸= 0 and ωx ∧ (dωx)

p+1 = 0.

Corollary 5.6. Two Pfaffian structures (P,M) and (P ′,M ′), of rank 1
and constant class, are locally equivalent if and only if dimM = dimM ′ and
class P = class P ′. In particular, any such Pfaffian structure is transitive.
We shall now illustrate the previous discussion by examining two among

the most relevant classical contact structures namely, the Grassmann or
canonical contact structure on the manifold of hyperplanes and the Liouville
structure on the cotangent bundle.
Example 5.7. The Grassmannian bundle of hyperplanes. Let M be a
manifold of dimension equal to n+1 and let us denote by G(M) the Grass-
mannian bundle of all the hyperplanes contained in the various tangent
spaces to the manifold M .
We indicate the elements of G(M) by H or by Hx whenever it is desirable

to specify the base point x ∈ M (Hx ⊂ TxM) and by π : TM → M
the standard projection. Local coordinates can be assigned to G(M) as
follows: Let Ha be an element of G(M) and (U, xi), 1 ≤ i ≤ n + 1, any
coordinate system on M with domain U , containing the point a. There
exists a sequence 1 ≤ i1 < · · · < in ≤ n + 1 for which the restricted linear
forms dxi1 |Ha, · · · , dxin |Ha constitute a basis of H∗

a .
Let us assume for convenience that ij = j, denote by y the remaining

coordinate xn+1 and consider the subset U ⊂ π−1U of all the hyperplanesH
for which the family {dxi|H}, 1 ≤ i ≤ n, is free. Coordinates (xi, y, pj) can
now be assigned to any element H ∈ U by simply taking the coordinates
(xi, y) of π(H) and writing

dy|H =
∑

pidx
i, 1 ≤ i ≤ n. (5.1)
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If N ⊂ M is a sub-manifold of co-dimension 1 and TaN ∈ U then, by the
inverse function theorem, N is locally, in a neighborhood of a, the graph of
a function y = f(x1, · · · , xn), pi(TaN) = (∂f/∂xi)b, and b = (xi(a)).
We observe that G(M) can be identified with the real projective bundle

RP (T ∗M) since any hyperplane H ⊂ TxM is annihilated by a line in T ∗
xM .

A simple computation shows that the coordinates pi are, up to a sign, the
inhomogeneous projective coordinates in the fibres of RP (T ∗M). More
precisely, pi = −p̃i/p̃n+1, 1 ≤ i ≤ n, where the (p̃1, · · · , p̃n+1) are homoge-
neous coordinates on the fibres of RP (T ∗M).
We next consider the line bundle Φ on G(M) whose fibre, at the point

H, is equal to Tπ(H)M/H. This bundle is simply the quotient π−1(TM)/E ,
where E is the canonical vector bundle on G(M) with fibre EH = H. The
fundamental form Ω on G(M) with values in Φ can now be defined as the
quotient of Tπmod E namely,

Ω(v) = Tπ(v)modH,
for any v ∈ THG(M). Taking the coordinates (U ;xi, y, pj) introduced ear-
lier and observing that the vector field ∂/∂y, on G(M), factors to an every-
where non-vanishing local section [∂/∂y] of the bundle Φ, we infer from the
relation (5.1) that

Ω | U = ω[∂/∂y],

where
ω = dy −

∑
pidx

i.

Let Σ = kerΩ ⊂ TG(M) and P = Σ⊥. The Pfaffian system P is called the
canonical contact structure on G(M) and, since it is generated on the open
set U by the contact form ω, we infer from the Proposition 5.2 that P is an
odd classical contact structure. A simple computation of the characteristic
system will now show that the class of P is equal to 2n + 1. In fact, it
suffices to observe that ΣH = Tπ−1(H) and thereafter determine a set of
free generators for ∆̃⊥

H .
It is interesting to observe that ΣH is composed by those tangent vectors

v to the point H corresponding to the infinitesimal motions tangent to H
i.e., the infinitesimal motions of the base point x that are contained in H.
Example 5.8. The Liouville structure on the cotangent bundle. Let us
now turn our attention to the Liouville structure on T ∗M . For this, we
define the distribution Σ on the cotangent bundle T ∗M by assigning, to
each point µ, the hyperplane Σµ = (Tµq)

−1(kerµ) where q : T ∗M → M is
the standard projection.
Denoting by λ the Liouville form on T ∗M defined by λµ = q∗µ i.e.,

λµ(v) = ⟨(Tµq)v, µ⟩, it follows that Σµ = kerλµ hence the Pfaffian system
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P = Σ
⊥, defined on the manifold T ∗M , is generated by the Liouville form λ.

The distribution Σ as well as the Pfaffian system P are regular on T ∗M−0,
where 0 stands for the null section, the latter being called the Liouville
structure on the co-tangent bundle. Taking local coordinates (xi, pi), the
Liouville form assumes the expression λ =

∑
pidx

i hence its Darboux class
is equal to 2n + 2 (dimM = n + 1) and consequently, according to the
Proposition 5.2, P is an even classical contact structure on T ∗M . It is
nevertheless interesting to have a closer look at the characteristic system.
A straightforward calculation, using the above specified coordinates, will

show that the characteristic subspace ∆̃µ is contained in the tangent space,
at the point µ, to the fibre T ∗

xM, x = q(µ), and, since we can identify
canonically TµT ∗

xM with T ∗
xM , it also follows that ∆̃µ is the 1-dimensional

subspace of TµT ∗
xM generated by µ. The tangent co-vector µ belongs there-

fore to ∆̃µ.
We shall try, next, to retrace the above considerations within a more

geometrical context. Let L be the Liouville vector field on T ∗M namely,
the infinitesimal generator of the 1-parameter group of homothetical trans-
formations (t, µ) 7→ ht(u) = etµ. A simple calculation shows, under the
above-mentioned identification, that L is the vertical vector field (tangent
to the fibres) defined by Lµ = µ and, therefore, that L =

∑
pi∂/∂pi in local

coordinates. The previous discussion also shows that L generates ∆̃ = ∆
on T ∗M − 0, a result that follows directly upon using the homothetical
transformations. Let us also observe that θ(L)λ = λ and, since ⟨L, λ⟩ = 0,
that the Liouville vector field is characteristic, hence the characteristic al-
gebra of P is precisely equal to the set of all the multiples {fL} where f is
an arbitrary function.
The maximal integral manifolds of the characteristic distribution ∆ are

the rays, emanating from the origin, in the various fibres of T ∗M − 0,
hence the characteristic foliation admits a quotient manifold (T ∗M − 0)/∆
that is diffeomorphic to a sphere bundle over M . The Pfaffian system
P then factors to a system P̃ on the quotient manifold, the class of P̃
being maximum and equal to dim(T ∗M − 0)/∆ = 2n + 1. The system
P̃ is therefore an odd classical contact structure as predicted, locally, by
Lemma 5.4.
We can however do slightly better. From the commutativity of the diag-

ram
T ∗M − 0

��

// RP (T ∗M)

��
M M
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and the sole definitions of Σ and Σ, it follows that Σ projects onto Σ via the
quotient map though the Liouville form λ cannot project onto a generator of
P. However, restricting our attention to the open subsets where pn+1 ̸= 0,
we can replace the generator λ of P by the local generator

(1/pn+1)λ = dxn+1 +
∑

(pi/pn+1)dx
i,

the later form projecting onto RP (T ∗M) and giving rise to the standard
generator ω = dy −

∑
pidx

i of P since pi/pn+1 = −p̃i/p̃n+1 and xn+1 = y,
the right hand side tildet coordinates being those considered in the first
example.
The system P̃ obtained by reducing P to its characteristic variables sits

on the twofold covering space (T ∗M−0)/∆ of G(M). It is rather interesting
that P̃ can further be reduced to P. As a consequence of the last corollary,
we can also state the following

Corollary 5.9. Any odd classical contact structure is locally equivalent
to the Grassmann structure on the manifold of hyperplanes and any even
structure is locally equivalent to the Liouville structure on a co-tangent
bundle.

6. CAUCHY CHARACTERISTICS
We consider again the canonical contact structure P defined on the

Grassmannian bundle G(M) by the fundamental form Ω, the manifold M
being of dimension n+ 1. We also denote by ω the scalar representative of
Ω in a coordinate patch (U ;xi, y, pi).
Given an n-dimensional sub-manifold N of M , we denote by N1 the set

of all the tangent spaces TxN with x ∈ N (it being desirable to distinguish
N1 from TN). The set N1 is an n-dimensional sub-manifold of G(M) dif-
feomorphic to N via the projection π and is transversal to the fibres of π
i.e., THN1 ∩ THπ−1(x) = 0 for any H = TxN . Manifolds such as N1 will
be called holonomic sub-manifolds of G(M). The following lemma is easily
verified, in local coordinates, using the form ω.

Lemma 6.1. (i) The subspace ΣH = kerHΩ is generated by all the
contact elements THN1 where N1 is an arbitrary holonomic sub-manifold
containing H. Equivalently, the canonical contact system P is generated by
all the local 1-forms that vanish simultaneously on every holonomic sub-
manifold.
(ii) The sub-space ΣH contains THπ−1(x) where x = π(H).
(iii) An n-dimensional sub-manifold N of G(M) transversal to the fibres

of π is locally holonomic if and only if it is an integral manifold of P i.e.,
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ι∗Ω = 0 (or, equivalently, ι∗ω = 0) where ι : N → G(M) is the inclusion
map.
The property (i) shows that P admits, at any point, n-dimensional in-

tegral manifolds that are transversal to the fibres of π and the property (ii)
shows that each fibre π−1(x) is also an n-dimensional integral sub-manifold.
There are however n-dimensional integral manifolds other than those men-
tioned above, for example the sub-manifold defined by the equations:

x1 = · · · = xn−1 = 0, y = xn, pn = 1.

More generally, let N be a q-dimensional sub-manifold of M , 0 ≤ q ≤ n,
and denote by N1 the set of all the hyperplanes H ∈ G(M) that are tangent
to N namely, those verifying TxN ⊂ H where x = π(H) ∈ N . Clearly,
N1 is an n-dimensional sub-manifold of G(M), the restricted projection
π : N1 → N is a submersion and, since ι∗Ω = 0, ι : N1 → G(M), we infer
that N1 is also an integral sub-manifold of P.
In particular, when q = n, N1 becomes a holonomic sub-manifold and,

when q = 0, it is a discrete collection of fibres π−1(x), x ∈ N . We now
show that such sub-manifolds are, generically, all the n-dimensional integral
manifolds of P.

Lemma 6.2. Let N be an n-dimensional integral sub-manifold of P and let
us assume that π|N has constant rank. Then N is, locally, a sub-manifold
of the form N1 with dimN = rankπ|N .
Proof. We can assume, without loss of generality, that π(N ) = N is a
connected q-dimensional sub-manifold of M and that π : N → N is a sub-
mersion. Further, we can also assume that 0 < q < n since the remaining
two cases correspond precisely to the isolated fibres π−1(x) and to the holo-
nomic sub-manifolds. Taking local coordinates (U ;xi, y, pi) on G(M), the
condition that ω = dy − pidx

i vanishes on N implies that ι∗dy is a linear
combination of the restricted differentials ι∗dxi where ι : N → G(M) is the
inclusion map.
Moreover, since the projection N is q-dimensional, we can choose, lo-

cally, n − q functions among the xi, say for convenience {x1, · · · , xn−q},
such that the differentials ι∗dxi = d(xi|N ), 1 ≤ i ≤ n − q, are linearly
independent, the remaining differentials ι∗dxj , j > n − q, and ι∗dy being
linear combinations of these. It then follows, always locally, that on N ,

xj |N = f j(x1|N , · · · , xn−q|N ) and y|N = g(x1|N , · · · , xn−q|N )

hence, on M , the equations

xj − f j(xi) = 0 and y − g(xi) = 0 (6.1)
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define a q-dimensional sub-manifold N . Finally, the vanishing of ω on N
coupled with the local expressions of the functions xj |N and y|N , in terms
of the xi|N , provide further n− q independent equations

∂g/∂xi −
(
pi +

∑
pj∂f

j/∂xi
)
= 0, j > n− q, (6.2)

that, together with the equations (6.1), define locally the sub-manifold N
and, for each x ∈ N , the equations (6.2) define the fibre (π|N )−1(x). It is
now straightforward to verify that the equations (6.2) define precisely, in
coordinates, the set of all the hyperplanes contained in U that are tangent
to N . The proof is complete. □

We also emphasize that the integral manifolds of P have at most the
dimension n. In fact, we shall prove in the sequel that (n+ 1)-dimensional
integral contact elements do not exist, such elements being those linear
sub-spaces W for which ω|W = dω|W = 0.
(a) If W is transverse to the fibres of π, then the linear forms

{dxi|W,dy|W}, 1 ≤ i ≤ n,

are linearly independent hence ω|W ̸= 0.
(b) If W ⊃ THπ

−1(x), where H is the base point of W , then
vj = (∂/∂pj)H ∈W

and consequently i(vj)dω = −dxj vanishes on W . Since ω|W = 0, it also
follows that dy vanishes on W hence this sub-space has at most dimension
n. More generally, let p = dim(THπ

−1(x) ∩W ), p > 0, and let us denote
by (v1, · · · , vp) a basis of the intersection.
Setting vj =

∑
aji∂/∂pi, the matrix a

j
i has rank p and therefore the

linear forms
µj = i(vj)dω = −

∑
ajidx

i, (1 ≤ j ≤ p),

are independent, vanishing on W .
We next consider the sub-space V = Tπ(W ) ⊂ TxM . Since

dimV = n+ 1− p

and since dy|V =
∑
pidx

i|V, pi = pi(H), it follows that a basis of V ∗

can be chosen among the forms αi = dxi|V , say {α1, · · · , αn+1−p}. Taking
vectors w1, · · · , wn+1−p ∈W that satisfy the relations

⟨wk, dx
i⟩ = δik, 1 ≤ i, k ≤ n+ 1− p,

we can write
wk = ∂/∂xk + ∗∂/∂y +

∑
∗∂/∂pi
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and, consequently,

ηk = i(wk)dω = i(wk)
∑

dxℓ ∧ dpℓ ≡ dpkmod (dx1, · · · , dxn).

We thus obtain a family of n + 1 linearly independent 1-forms {µj , ηk}
vanishing on W , whereafter dimW ≤ n.
Remark 6.3. The above indicated proof is, in fact, an argument involving
only the 2n-dimensional vector space ΣH and the exterior 2-form dω|ΣH

of maximum rank equal to 2n. Abstracting the specific context involving
the Grassmannian space G(M) as well as the Pfaffian system P, it actually
proves a well known result concerning Lagrangean linear sub-spaces.
Let V be a 2n-dimensional real or complex vector space and ω an exterior

2-form of rank 2n defined on V . Then the largest dimension of a linear sub-
spaceW ⊂ V on which ω vanishes is equal to n. This algebraic result, alone,
limits the dimension of the integral sub-manifolds of P.
We now turn our attention to the Cauchy problem for partial differential

equations and, initially, restrict our discussion to first order systems since
these already exhibit all the nuances of the theory and, to a great extent,
simplify the language. By definition, a first order partial differential equa-
tions in one unknown function, on the manifold M , is a sub-manifold S of
co-dimension 1 contained in G(M).
To simplify the terminology we shall replace the full expression simply

by differential equation and observe that, in the present context, it is far
more befitting to consider contact elements rather than first order jets of
local sections as is usually done. A solution of S is an n-dimensional sub-
manifold N of M such that N1 ⊂ S.
Taking coordinates (U ;xi, y, pi), the sub-manifold S can be described,

locally, by means of an equation F (xi, y, pi) = 0 and, if N is the graph of
a certain function y = f(x1, · · · , xn), this sub-manifold will be a solution
of S if and only if the function f is a solution of the partial differential
equation

F (xi, y, ∂y/∂xi) = 0. (6.3)
We indicate by Ω|S the restriction of Ω to the sub-manifold S i.e., the form
ι∗Ω, where ι : S ↪→ G(M) is the inclusion, and by P|S the Pfaffian system
on the manifold S generated by Ω|S. It is, according to the general the-
ory of partial differential equations, the canonical contact Pfaffian system
restricted to the equation.
We finally denote by Σ|S the annihilator of the aforementioned Pfaffian

system, this annihilator being equal to the kernel of Ω|S or, equivalently,
the intersection Σ ∩ TS. Inasmuch, if ω denotes a local generator of P,
then its restriction ι∗ω to S becomes a local generator of P|S.
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To integrate the differential equation S, in the sense given to this prob-
lem by Sophus Lie, consists in determining the n-dimensional integral sub-
manifolds of the Pfaffian system P|S and, of course, the integral manifolds
corresponding to the solutions of the differential equation S will be precisely
those sub-manifolds transverse to the fibres of π.
In Section 7 we shall examine the integration procedure for such Pfaffian

systems, as conceived by Sophus Lie, via the geometry of contact transfor-
mations. At present, we simply compute the class of P|S, the method being
essentially the same as that employed for P. In the paragraphs that follow,
the symbol ∗ indicates a coefficient that needs not be written explicitly.
We observe initially that Ω|S cannot vanish on any open subset U of

S for then U would be a 2n-dimensional integral manifold of P which is
never the case. However, since Ω|S can eventually vanish on nowhere dense
closed subsets, we shall assume that P|S is a regular Pfaffian system on
the whole manifold S in the sense that (Ω|S)H ̸= 0 for all H ∈ S (i.e., the
form Ω|S never vanishes) or, equivalently, that

THS + kerΩH = THG(M).

We consider next the following two cases:
(a) THπ−1(x) ⊂ THS. In this case, vj = (∂/∂pj)H ∈ (Σ|S)H , 1 ≤ j ≤ n,

and dimTπ(THS) = n hence the rank of the linear forms
i(vj)dω|S = −dxj |S and ω|S ≡ dy|Smod (dxi|S)

is precisely equal to n. Further, since
THπ

−1(x) ⊂ (Σ|S)H ,

then
dimTπ[(Σ|S)H ] = n− 1

and we can choose vectors wk ∈ (Σ|S)H , 1 ≤ k ≤ n−1, as well as a sequence
of indices 1 ≤ i1 < · · · < in−1 ≤ n in such a way that ⟨wk, dx

iℓ⟩ = δℓk. It
follows that

i(wk)dω|S ≡ (dpik + ∗dpin)|Smod (dxi|S) ,
where in is the remaining index, whereafter the set of 2n− 1 linearly inde-
pendent 1-forms

{i(vj)dω|S, i(wk)dω|S, ω|S}
generates the characteristic system ∆̃⊥

H of P|S.
(b) THπ−1(x) ̸⊂ THS. In this case,

dim(THπ
−1(x) ∩ THS) = n− 1,

Tπ(THS) = TxM and dimTπ((Σ|S)H) = n.
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Choosing a basis {v1, · · · , vn−1} of the intersection
THπ

−1(x) ∩ (Σ|S)H ,
we obtain n − 1 linearly independent 1-forms µj = i(vj)dω|S since the
dxi|S are linearly independent on S. Moreover, we can choose n vectors
wk ∈ (Σ|S)H such that ⟨wk, dx

i⟩ = δik and therefore obtain further n linear
forms ηk = i(wk)dω|S. The dimension of the intersection being equal to
n − 1, the rank of the forms dpk|S becomes also equal to n − 1 hence the
rank of the forms

ω|S ≡ dy|Smod (dxi|S),
µj ≡ 0mod (dxi|S),
ηk ≡ dpk|Smod (dxi|S)

is at least equal to 2n− 1. Since, by Lemma 5.1, the rank of the characte-
ristic system is always odd and since dimS = 2n, we infer that the above
rank is constant and equal to 2n− 1.
One can prove, by a straightforward though rather long calculation on the

manifold S, that the rank of the forms {µj , ηk} is, modulo ω|S, precisely
equal to 2(n − 1) thus obtaining the desired rank for the characteristic
system. However, if we follow Cartan and compute on the space of all the
variables, namely on G(M), then it is quite easy to arrive at the desired
conclusion and obtain, along the way, a very convenient representation of
the characteristic system. Taking local coordinates (U ;xi, y, pi) on G(M)
and representing S, locally, by the equation F = 0, we observe that a vector
w ∈ THG(M), written as

w =
∑

ui∂/∂xi + a∂/∂y +
∑

vi∂/∂pi ,

belongs to (Σ|S)H if and only if
(i) ⟨w,ω⟩ = 0, hence a =

∑
piu

i and
(ii) ⟨w, dF − ω⟩ = 0, hence∑(

∂F

∂xi
+ pi

∂F

∂y

)
ui +

∑ ∂F

∂pi
vi = 0. (6.4)

Since, by the regularity assumption on P|S, the forms ω and dF are inde-
pendent, the linear relation above is non-trivial and, furthermore, it is the
only relation imposed on the coefficients {ui, vi}. We infer that the space
of linear forms{

i(w)dω =
∑

(uidpi − vidx
i) : w ∈ (Σ|S)H

}
has rank 2n− 1 hence the linear system

{ω, i(w)dω : w ∈ (Σ|S)H}



Partial differential equations 55

has rank 2n, when considered on the manifold G(M), and consequently its
kernel VH has dimension equal to 1.
Moreover, since the linear sub-space (Σ|S)H is odd-dimensional, the re-

stricted 2-form dω|(Σ|S)H has a non-trivial annihilator that is clearly equal
to VH hence the characteristic space (∆̃)H of P|S is also equal to VH and
the restricted system

{ω|S, i(w)dω|S : w ∈ (Σ|S)H} ,
on the manifold S, has rank 2n − 1 as desired. The characteristic distri-
bution ∆̃ = ∆ being of dimension 1, it reduces to a system of ordinary
differential equations. The relations∑

uidpi − vidx
i = 0 and dy −

∑
pidx

i = 0

together with (6.4) provide the system:

dx1

∂F/∂p1
=

dx2

∂F/∂p2
= · · · dxn

∂F/∂pn
=

−dp1
∂F/∂x1 + p1∂F/∂y

=

= · · · = −dpn
∂F/∂xn + pn∂F/∂y

=
dy

Σ pi∂F/∂pi
(6.5)

on the manifold G(M), corresponding to the distribution H 7→ VH , hence
its restriction to S provides the Cartan characteristics of the Pfaffian system
P|S. These characteristics coincide, in view of the equation (6.5), with the
well known characteristic stripes of the partial differential equation (6.3)
i.e., with the Cauchy characteristics of this equation. The system (6.5)
applies as well to the case (a) since neither assumptions (a) nor (b) are
relevant in Cartan’s argument. It should however be observed that the case
(b) is, in fact, the natural context for the partial differential equation (6.3).
The previous results extend easily to systems of partial differential equa-

tions. By definition, such a system of order 1 on the manifold M (and in
one unknown function) is a sub-manifold S of G(M). When codimS = q,
this sub-manifold is locally defined by a system of q independent equations
{Fα = 0}, these being called the local equations of S. A solution of S is
an n-dimensional sub-manifold N of M such that N1 ⊂ S hence, if we are
concerned in studying integrability problems, the systems of co-dimension
q > n+ 1 become irrelevant.
We shall therefore assume that q ≤ n + 1, the integer q being called

the rank of the system S. Taking local coordinates (U ;xi, y, pi), the single
relation (6.3) is now replaced by

Fα(x
i, y, ∂y/∂xi) = 0, 1 ≤ α ≤ q.

Similarly, we introduce the restricted form Ω|S, the restricted Pfaffian sys-
tem P|S, the restricted distribution Σ|S and the restricted generator ω|S.



56 A. Kumpera

We also restrict our attention to those equations S providing regular Pfaf-
fian systems P|S in the sense that they are locally trivial sub-bundles of
T ∗S and call such equations regular. When q ≤ n, the restricted form Ω|S
cannot vanish on any open subset U of S otherwise this open set would
be an integral manifold of P of dimension greater than n. We infer that
the regularity of P|S, when q ≤ n, simply means that (Ω|S)H ̸= 0 for
any H ∈ S. However, when q = n + 1, P|S can be the null system as is
necessarily the case when it admits solutions.
We say that S is integrable when every point H ∈ S belongs to an n-

dimensional integral manifold of the Pfaffian system P|S and now prove
that such a system has regular characteristics. If q = n+1, integrability of
S implies that P|S = 0, the null system admitting regular characteristics
since the manifold S is a characteristic. Moreover, S is locally a holonomic
sub-manifold of G(M).

Theorem 6.4. Let S be a system of regular and integrable first order
partial differential equations of rank q < n+ 1 defined on the manifold M .
Then the associated Pfaffian system P|S, on the manifold S, has regular
characteristics and its class is equal to 2(n− q) + 1.
Proof. We follow Cartan’s argument and begin by taking a local coordinate
system (U ;xi, y, pi) on G(M) as well as local equations Fα = 0 for S. Since
the forms {ω, dFα} are linearly independent, the equation (6.4) is replaced
by a system of independent equations∑(

∂Fα

∂xi
+ pi

∂Fα

∂y

)
ui +

∑ ∂Fα

∂pi
vi = 0,

hence the kernel VH of the system {ω, i(w)dω : w ∈ (Σ|S)H} has dimension
q. Further, the characteristic sub-space ∆̃H of P|S being necessarily con-
tained in VH , it suffices to show, as a consequence of the integrability, that
dim ∆̃H ≥ q. In fact, S being integrable, the linear space (Σ|S)H contains
an n-dimensional sub-space W on which dω vanishes.
Let us write µ = dω|(Σ|S)H . Then, since dim(Σ|S)H = 2n − q, we can

choose a basis {v1, · · · , v2n−q} of (Σ|S)H in such a way that vj ∈ W for
j ≤ n and consequently the characteristic sub-space ∆̃H becomes the kernel
of the linear forms

{i(vk)µ : 1 ≤ k ≤ 2n− q}.

Observing now that µ|W = 0, we infer that i(vj)µ|W = 0 for j ≤ n and
that the forms {i(vk)µ|W : k > n} vanish on a sub-space of dimension at
last equal to n− (2n− q − n) = q hence dim ∆̃H ≥ q as desired. The class
of P is therefore equal to (2n+ 1− q)− q = 2(n− q) + 1. □
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We terminate this section by discussing the integration procedure of the
system P|S via its characteristics. We integrate, in the first place, the cha-
racteristic distribution so as to obtain, locally, the characteristic variables
of P|S.
In the Part II, we shall discuss an algorithm especially devised for this

purpose. Next and according to the Corollary 4.2, we reduce locally the
system P|S to the space of is characteristic variables and observe, in view
of Lemma 5.4, that the quotient system P̃|S is an odd classical contact
structure defined on a space of dimension 2(n− q) + 1.
It will then suffice to take an (n− q)-dimensional integral manifold Ṽ of

P̃|S, this being achieved by reducing P̃|S to its canonical form µ̃ = 0 with

µ̃ = dZ −
∑

PidX
i, 1 ≤ i ≤ n− q,

(recall the previous discussion concerning the integral manifolds of the
canonical contact structure P on G(M)) and lift it to an integral mani-
fold V = ρ−1(Ṽ) of P|S, the dimension of V being equal to (n− q)+ q = n.
From a practical point of view, the above discussion boils down to finding a
generator µ of class 2(n− q)+1 for the system P|S, expressed in canonical
form.
The above integration procedure also provides, as an extra dividend, a

result that puts in evidence the full significance of the characteristics.

Corollary 6.5. Let S be a regular system of partial differential equations
of rank q ≤ n+1 on the manifold M and let us assume that the associated
contact Pfaffian system P|S has regular characteristics of dimension equal
to inf{q, n}. Then S is integrable.
Regularity of the characteristics together with the appropriate dimension

is therefore a necessary and sufficient condition for integrability.

7. CONTACT TRANSFORMATIONS
In this section we study more carefully the geometry of the contact struc-

ture defined on the Grassmannian bundle G(M) by the fundamental form
Ω. Several results are generic statements concerning odd dimensional classi-
cal contact structures and could as well be developed in the general context,
others are more specific to the structure on G(M).
Let P be the canonical contact structure on G(M). The finite automor-

phisms of P are called the (first order) contact transformations and the
infinitesimal automorphisms the infinitesimal contact transformations or
Lie vector fields. In local coordinates (U ;xi, y, pi), contact transformations
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φ are defined by the equation φ ∗ ω ≡ ωmodω and Lie vector fields ξ by
θ(ξ)ω ≡ ωmodω.
Among all the contact transformations, the simplest are those that arise

from the transformations on the base space M . Any local diffeomorphism
φ : U → U ′ of M operates, via Tφ, on the linear contact elements of M
defining thereafter a local diffeomorphism

℘φ : π−1(U) → π−1(U ′)

on G(M) by setting ℘φ(Hx) = Tφ(Hx). The first statement in Lemma 6.1
assures that ℘φ is a contact transformation. The assignment φ 7→ ℘φ is
obviously functorial i.e.,

℘ Id = Id, ℘(ψ ◦ φ) = ℘ψ ◦ ℘φ, ℘(φ−1) = (℘φ)−1

and local i.e., ℘(∪φα) = ∪℘φα where ∪φα denotes the transformation
obtained by patching together the transformations φα that agree on the
overlaps.
We infer, in particular, that a differentiable 1-parameter family (φt) of

local diffeomophisms of M (resp. a local 1-parameter group) gives rise to a
differentiable 1-parameter family (℘φt) onG(M) (resp. a local 1- parameter
group) hence any local vector field ξ, defined on an open set U of M and
generating the local 1-parameter group (φt), gives rise to the Lie vector field
℘ξ = d

dt℘φt|t=0 defined on the open set π−1(U). The assignment ξ 7→ ℘ξ is,
of course, local with respect to the patching of vector fields. Moreover, since
℘ξ can as well be defined by the above derivative where (φt) is replaced by
any differentiable 1-parameter family satisfying φ0 = Id and d

dtφt|t=0 = ξ,
and since

ξ + η =
d

dt
φt ◦ ψt|t=0,

αξ =
d

dt
φαt|t=0, α ∈ R,

[ξ, η] =
d

dt
φ−sψ−sφsψs|t=0, s = |t|1/2,

we infer that the above assignment is functorial with respect to the Lie
algebra sheaf structure i.e.,

℘(ξ + η) = ℘ξ + ℘η, ℘(αξ) = α℘ξ, ℘[ξ, η] = [℘ξ, ℘η].

It should be observed, however, that ℘(fξ) is not equal to f℘ξ unless f is
a constant function and the general expression is, of course,

℘(fξ) = f℘ξ + δ(f)ξ,

where δ is a certain Lie derivative. The transformations ℘φ and ℘ξ are
called the prolongations of φ and ξ, respectively, to the bundle G(M) and
project, via π, onto the initial transformations (π◦℘φ = φ◦π and π∗℘ξ = ξ).
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Lemma 7.1. A necessary and sufficient condition that a contact trans-
formation φ (resp. a Lie vector field ξ) be the prolongation of a base
transformation (resp. a base vector field) is that it projects, via π, onto a
local diffeomorphism φ0 (resp. onto a local vector field ξ0) of M . This
being the case, then φ = ℘φ0 (resp. ξ = ℘ξ0) on the common domain.
The proof will be omitted since it is obvious.
We consider again, as in Section 5, the line bundle Φ on the manifold

G(M) and define, for each Lie vector field ξ, Section hξ = ⟨ξ,Ω⟩ of Φ
whose domain coincides with that of ξ. The section hξ is called the contact
hamiltonian of ξ. According to the notations of Section 5, we denote by
L(P) the set of all the Lie vector fields, P being the canonical contact
structure on the manifold G(M), and by Γℓ(Φ) the set of all the local
sections of Φ.

Lemma 7.2. The mapping L(P) → Γℓ(Φ), ξ 7→ hξ, is bijective.

Proof. We first argue locally. Taking a coordinate system (U ;xi, y, pi)
on G(M), we consider the local section [∂/∂y] = ∂/∂ymod E (cf. the
Example 5.7) of the bundle Φ, induced by the vector field ∂/∂y on G(M).
This section is everywhere non-null and therefore trivializes the bundle Φ
on the open set U .
Since Ω|U = ω[∂/∂y], the hamiltonian hξ = ⟨ξ, ω⟩[∂/∂y] can be replaced

by the scalar function Hξ = ⟨ξ, ω⟩ called the hamiltonian of ξ relative to ω.
Furthermore, since ξ is an infinitesimal automorphism of P, then

θ(ξ)ω = i(ξ)dω + di(ξ)ω = λω

hence
(i(ξ)dω + dHξ) ∧ ω = 0.

A straightforward computation will also show that, conversely, given any
differentiable function f , the equations

i(ξ)ω = f and (df + i(ξ)dω) ∧ ω = 0 (7.1)
have a unique solution ξ, this solution being, of course, a Lie vector field
since the second equation is simply [θ(ξ)ω] ∧ ω = 0. More precisely, the
coordinate expression of ξ is given by

ξ = −
∑ ∂f

∂pi

∂

∂xi
+

(
f −

∑ ∂f

∂pi
pi

) ∂

∂y
+
∑( ∂f

∂xi
+ pi

∂f

∂y

) ∂

∂pi
. (7.2)

The injectivity of the mapping in Lemma 7.2 is now obvious since, assuming
that hξ = 0, the scalar hamiltonian Hξ, defined on any coordinate patch,
also must vanish and therefore ξ = 0. We observe that the injectivity
follows inasmuch from the fact that the system P has null characteristics.
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If f = ⟨ξ, ω⟩ = 0, then ξ is a characteristic vector field of P and consequently
ξ = 0.
In order to prove the surjectivity, we take a local section σ of Φ defined on

an open set U , a coordinate system (U ;xi, y, pi), trivialize the bundle Φ|U by
means of the section [∂/∂y] and consider the unique solution ξ of the equa-
tions (7.1), where f and ω are determined respectively by σ|U = f [∂/∂y]
and Ω|U = ω[∂/∂y] restricted to the open set U ∩ U . We claim that two
such solutions ξ and ξ, defined via two coordinate systems (U ;x, y, p) and
(U ;x, y, p), do agree on the overlap, defining thereafter a unique Lie vector
field on the open set U whose hamiltonian is the given section σ. We leave
the details of the proof to the reader since it only involves straightforward
calculations. □

The Lie bracket defined in L(P) can now be transported, via the isomor-
phism of Lemma 7.2, to a Lie algebra bracket on the space Γℓ(Φ) namely,
the Lagrange bracket for contact hamiltonians. Given a coordinate system
(U ;x, y, p), hamiltonians can be replaced by differentiable functions and
the Lagrange bracket becomes a Lie algebra bracket on functions. If ξ is
a Lie vector field and f = ⟨ξ, ω⟩ the corresponding hamiltonian, then it is
easy to verify that

[f, g] = ξg − g∂f/∂y. (7.3)
We next observe that

⟨ξ, df⟩ = ⟨ξ, df + i(ξ)dω⟩ = ⟨ξ, λω⟩ = λf,

hence ⟨ξ, df⟩H = 0 whenever f(H) = 0 and of course, under these condi-
tions, ⟨ξ, ω⟩H = 0. Expressed in other terms, the Lie vector field ξ with
hamiltonian h ∈ Γℓ(Φ) is tangent to the variety h−1(0) and, at these points,
takes values in the contact structure Σ. We observe that h−1(0) needs not
be a regular sub-manifold of G(M) since the function f can admit singu-
larities. Nevertheless, for any H ∈ h−1(0), the curve exp tξ(H) is entirely
contained in h−1(0) since the relation ⟨ξ, df⟩ = λf is equivalent to ξf = λf
and therefore equivalent, when H ∈ G(M) is fixed, to the linear homoge-
neous equation

d

dt
f(exp tξ(H)) = λ(exp tξ(H))f(exp tξ(H)),

in the unknown function f(exp tξ(H)). If H ∈ h−1(0), then

f(H) = 0 = f(exp 0ξ(H)),

hence f(exp tξ(H)) ≡ 0. We infer that exp tξ(H) is an integral curve of the
system P contained in the level variety h−1(0).
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Lemma 7.3. Let ξ be a Lie vector field with hamiltonian h and N a
regularly embedded sub-manifold of G(M) contained in h−1(0). Let us
further assume that N is an integral manifold of P (i.e., Ω|N = 0) and
that ξH ̸∈ THN for any H ∈ N (i.e., the vector field ξ is transversal to N ).
Under these assumptions, the union of all the flow lines of ξ containing
points of N is, for small values of t, a regularly embedded integral sub-
manifold of P. More precisely, we can choose, for any H ∈ N , an open
neighborhood VH ⊂ N and a constant ϵH such that

∪
H

∪
t,K

exp tξ(K),

H ∈ N , K ∈ VH , |t| < ϵH , is an integral manifold Ñ of P whose dimension
is equal to dimN + 1.
Proof. It will suffice to argue locally and glue together the local integral
manifolds thus obtained. Let us take a point H ∈ N and choose appro-
priately a neighborhood V of H in N as well as a constant ϵ > 0 such
that exp tξ(K), K ∈ V, |t| < ϵ, is defined. The transversality condition
on ξ implies that the mapping ]ϵ, ϵ[×V → G(M), (t,K) 7→ exp tξ(K), is an
immersion for small T whereupon its image is a regularly embedded sub-
manifold for, eventually, a smaller constant ϵ and a smaller neighborhood
V. We can therefore assume that the image is in fact a sub-manifold Ñ
that is furthermore contained in h−1(0) since H is the hamiltonian of ξ and
V ⊂ h−1(0).
To prove that Ñ is an integral sub-manifold of P, we first observe that

the curves exp tξ(K) are integral curves of P and, since ξ is an infinitesimal
automorphism of this Pfaffian system, we infer that Vt = exp tξ(V) is, for
any fixed value of t, an integral manifold of P. We next observe that the
tangent space to Ñ , at any point L = exp tξ(K), is generated by the tangent
space TLVt together with the vector ξL tangent to the curve exp tξ(K). It
then follows readily that the form Ω vanishes on TLÑ and therefore that
Ñ is an integral manifold of P. □

We now examine more closely the flow of the Lie vector field ξ with
hamiltonian h (or f). From the local expression (7.2), we infer that ξH = 0
if and only if

f(H) =
∂f

∂pi
(H) =

( ∂f
∂xi

+ pi
∂f

∂y

)
(H) = 0, (7.4)

a result that can be obtained as well, from the equation (7.1), as follows:
we observe that these equations provide pointwise conditions on the vector
ξH namely, given any function f and any point H ∈ G(M), there exists a
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unique vector v ∈ THG(M) for which

i(v)ωH = f(H) and dfH + i(v)dωH = 0.

In fact, let v′ be a second vector satisfying the above condition. Then
i(v − v′)ωH = 0 i.e., (v − v′) ∈ ΣH and (i(v − v′)dωH) ∧ ωH = 0 hence
(v − v′) = 0 since dωH |ΣH has maximal rank. We infer that ξH = 0 if and
only if

f(H) = 0 and dfH ∧ ωH = 0 (or (i(ξH)dωH) ∧ ωH = 0),

the later condition asserting that ker dfH ⊃ kerωH = ΣH . Therefore, if
dfH∧ωH ̸= 0 everywhere, the flow lines of ξ are 1-dimensional sub-manifolds
of G(M). Replacing now the function f by gf , the equations

i(g ξ)ω = (gf)(H) and (d(gf) + i(g ξ)dω) ∧ ω = 0

are satisfied at any point H ∈ f−1(0) hence the Lie vector field η with
hamiltonian gf coincides with gξ along the variety h−1(0). When g is every-
where non-zero, the flow lines of ξ and g ξ provide the same 1-dimensional
sub-manifolds, the flows differing only by their parametrizations.
Coming back to partial differential equations of order 1, we defined them

in Section 6 as being sub-manifolds S of co-dimension 1 in G(M) and
assumed that P|S is a regular Pfaffian system on this same sub-manifold.
Equivalently, this amounts to say that the restricted fundamental form Ω|S
never vanishes. Such a sub-manifold is defined locally by a non-singular
equation f = 0 (i.e., dfH ̸= 0 for any H ∈ S), any other non-singular
equation, in the neighborhood of the same point H0, being of the form
gf = 0 with g(H) ̸= 0 for any H ∈ S. Such a local equation f = 0 gives
rise to a Lie vector field ξ on G(M) with hamiltonian equal to f , this vector
field being tangent to the sub-manifold S and consequently providing an
infinitesimal automorphism of the Pfaffian system P|S.
Furthermore, since ⟨ξ, ω⟩ = f vanishes on S (locally equal to f−1(0)), we

infer that ξ|S is a characteristic vector field of P|S. Finally, since the regu-
larity condition on P|S simply means that (df ∧ω)H , H ∈ S, is everywhere
non-zero and since the Cauchy characteristics of P|S are 1-dimensional sub-
manifolds, we infer that the vector field ξ|S is also everywhere non-zero and
that its flow lines are open subsets of the characteristics, any other local
non-singular equation f̃ = gf = 0 providing the same flow lines.
In conclusion, the Cauchy characteristics of P|S are unions of flow lines

of Lie vector fields whose hamiltonians arise from local regular equations
for the sub-manifold S.
We can now restate, in the context of contact transformations, the results

of section 6 concerning the Cauchy characteristics of a single equation.
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Theorem 7.4. Let S be a first order partial differential equation on the
manifold M , denote by ξ the Lie vector field with hamiltonian f and assume
that f = 0 is a regular local equation of S. Then ξ is tangent to S and
the flow lines of the restricted vector field ξ|S are open subsets of the (1-
dimensional) Cauchy characteristics of P|S, independently of the particular
choice of the hamiltonian f .
Any maximal (=n) dimensional integral manifold of the Pfaffian system

above is the union of such flows and, given any (n−1)-dimensional regularly
embedded integral sub-manifold N of P|S that is transversal to the Cauchy
characteristics, it can be extended to an n-dimensional integral manifold by
taking the union of all the flow lines of ξ beginning at the points of N .
It is often useful to handle a version of the previous theorem when the

function f is replaced by the hamiltonian h. With this in mind, we claim
that it suffices to determine conditions under which the equation h = 0
is equivalent to a regular local equation f = 0, where h is a local section
of the line bundle Φ, ξ the Lie vector field with hamiltonian h = ⟨ξ,Ω⟩,
f = ⟨ξ, ω⟩ and h = f [∂/∂y].
We recall ([6]) that, given any vector bundle E with base manifold M

and projection π, the following short sequence is exact:

0 → T ∗M ⊗ E
ι−→ J1E

β−→ E → 0 ,

where J1E is the first order jet bundle of the local sections of π : E →M .
Each 1-jet identifies with an n-dimensional linear contact element of E,
transverse to the fibres of π (n = dimM). In particular, the line bundle Φ
with base space G(M) provides the following short exact sequence:

0 → T ∗G(M)⊗ Φ
ι−→ J1Φ

β−→ Φ → 0.

Given a hamiltonian h ∈ Γℓ(Φ), its image H is a sub-manifold of Φ and
therefore H1 = ∪ TyH, y ∈ H, is also a sub-manifold of J1Φ. The set of
points H ∈ G(M) where h vanishes is equal to the projection, in G(M),
of H ∩ OΦ, the second term being the null section, hence at these points,
β(Th(H)H) = 0 and therefore Th(H)H = ι(uH) with uH ∈ T ∗G(M)⊗ Φ. It
is easy to check that h = 0 is a regular equation if and only if uH ̸= 0 at
any point H ∈ G(M) where h(H) = 0.
We now extend the previous results to systems of partial differential

equations and state, firstly, some auxiliary lemmas, establishing thereafter
the desired results. The remark following the relation (7.4) and the fact
that a linear combination, with constant coefficients, of Lie vector fields is
again a Lie vector field implies the following
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Lemma 7.5. Let {ξα} be a family of Lie vector fields with associated
hamiltonians {fα}, consider a fixed element H ∈ G(M) and assume that
the family {(dfα ∧ ω)H} is linearly independent. Then the family {ξα(H)}
is also linearly independent and, if moreover fα(H) = 0 for all α, the above
sufficient condition becomes as well necessary.
Using the local expression of the Lagrange bracket and an argument

involving linear homogeneous ordinary differential equations similar to that
preceding Lemma 7.3, we also derive the following result.

Lemma 7.6. Let {ξα} be a family of Lie vector fields with associated
hamiltonians {fα}, and let {gβ} be an arbitrary family of local functions
on G(M). In order that the family of vector fields {ξα} be tangent to the
variety W defined by the equations gβ = 0 (i.e., ⟨ξ, dgβ⟩ = 0) it is necessary
and sufficient that [fα, gβ]|W = 0 for all the indices α and β. Under these
conditions and restricting our attention to finite subsets of indices α, the
image of the exponential map (tα) 7→ exp(

∑
tαξα)(H) initiating at points

H ∈ W is entirely contained in W.
Again, the remark following the relation (7.4) and the local expression

of the Lagrange bracket yield the following two lemmas.

Lemma 7.7. Let {fα} be a finite family of independent functions defined
locally on G(M), {ξα} the corresponding family of Lie vector fields, W the
regularly embedded sub-manifold defined by the equations {fα = 0}, {gβ} an
arbitrary family of functions vanishing on W and {ηβ} the corresponding
family of Lie vector fields. Under these conditions:
(a) Each ηβ|W is a linear combination of the restricted fields ξα|W and,

setting gβ = λαβfα, the equality ηβ|W = λαβξα|W holds.
(b) The condition [fα, fα′ ]|W = 0 carries over to [gα, gα′ ]|W = 0.
We observe that, unless all the Lagrange brackets vanish onW, the vector

fields ξα and ηβ are not necessarily tangent to W, the notations ξα|W and
ηβ|W simply indicating vector fields along the sub-manifold W.

Lemma 7.8. Let ξ and η be two Lie vector fields with hamiltonians f
and g respectively and let us assume that f(H) = g(H) = [f, g](H) = 0,
where H ∈ G(M) is a given point. Then, [ξ, η]H is a linear combination of
{ξH , ηH} and, in coordinates, [ξ, η]H = (∂g/∂y)HξH − (∂f/∂y)HηH .
We next prove a result that extends Lemma 7.3.

Lemma 7.9. Let ξα, 1 ≤ α ≤ ℓ, be a family of linearly independent Lie
vector fields, fα the corresponding family of hamiltonians and N a regularly
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embedded sub-manifold of G(M) contained in the variety W defined by
the equations {fα = 0}. We assume, furthermore, that N is an integral
manifold of P, that

[fα, fβ]|W = 0

and that the linear subspaces ΞH ⊂ THG(M) generated by the vectors
{ξα(H)} are transversal to N at every point H ∈ N (i.e., ΞH ∩THN = 0).
Then the union of all the ℓ-dimensional flows exp

∑
tαξα(H) initiating

at points H ∈ N is, for small values of the parameters (tα) (in a sense
analogous to that of Lemma 7.3), a regularly embedded integral sub-manifold
Ñ of P contained in W, its dimension being equal to dimN + ℓ.
Proof. The condition [fα, fβ]|W = 0 implies that the vector fields ξα are
tangent toW and that each flow exp tαξα(H), initiating at a point H ∈ W,
is contained in W (Lemma 7.6 in the special case where fα = gα). The
transversality condition implies that the union of all these flows initiating at
points of N is, for small values of the parameters tα, a regularly embedded
sub-manifold Ñ of dimension equal to dimN + ℓ.
Lemma 7.5 asserts, further, that the differential forms {dfα ∧ ω} are li-

nearly independent at every point of W hence, a fortiori, the differentials
{dfα} are also linearly independent along W. It follows that W is a regu-
larly embedded sub-manifold of G(M). By Lemma 7.8, the distribution Ξ,
defined onW by the vector fields ξα|W, is integrable and of course the flow
exp

∑
tαξα(H) is, in a neighborhood of H, an open subset of the integral

leaf of Ξ containing the point H.
We next observe that each Lie vector field ξα is an infinitesimal auto-

morphism of the system P and that its restriction ξα|W is a characteristic
vector field of Ξ. The local 1-parameter group generated by any linear
combination, with constant coefficients,

∑
aα ξα(H) transforms integral

manifolds of P into integral manifolds and preserves the leaves of Ξ.
Finally, let K ∈ Ñ be an element of the form K = exp

∑
tαξα(H), with

H ∈ N , and denote by ϕt the local 1-parameter group generated by the
vector field

∑
aα ξα(H). Then, since the transversality is preserved by

diffeomorphisms,
TKÑ = Tϕ1(THN )⊕ Tϕ1(ΞH)

and, on account of the above remarks, it follows that Ω vanishes on
Tϕ1(THN ) = TKϕ1(N )

as well as on Tϕ1(ΞH) = ΞK , hence it also vanishes on TKÑ , the sub-
manifold Ñ being therefore an integral manifold of P contained in W. □

Remark 7.10. The existence of the integral manifold Ñ being only as-
sured locally, we can relax the Lagrange bracket condition by requiring
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that [fα, fβ]|W vanishes only in a neighborhood of N and we can as well
only require that the vector fields {ξα} be linearly independent along the
sub-manifold N . We could also compute directly the tangent space, at the
point K, to the flow exp

∑
tαξα(H) by using the formula of [5, Proposition

4.1]. However, Lemma 7.8 seems to be a more convenient technical device.
We finally need the following linear algebraic result:

Lemma 7.11. Let µ be an exterior 2-form of rank 2n defined on a real or
complex vector space V, H a hyperplane of V, µ1 the induced form on H
and A = {v ∈ V |i(v)µ = 0} the annihilator of µ.
(a) If dimV = 2n then rankµ1 = 2n− 2.
(b) If dimV = 2n+ 1 and if A ∩H = 0, then rankµ1 = 2n.
(c) If dimV = 2n+ 1 and if A ∩H ̸= 0, then rankµ1 = 2n− 2.
Proof. (a). Since dimH = 2n−1, the form µ1 has a non-trivial annihilator
A1. However, v ∈ V 7→ i(v)µ ∈ V ∗ being an isomorphism, the kernel of
the restricted map v ∈ V 7→ (i(v)µ)|H ∈ H∗ is 1-dimensional and therefore
dimA1 = 1.
(b) and (c). Under the present hypotheses, dimA = 1. If A ∩ H = 0,

then the annihilator A1 is necessarily trivial otherwise any non-null vector
v ∈ A1 would also belong to A. If A ∩ H ̸= 0 or, equivalently, if A ⊂ H,
then A ⊂ A1 and, factoring all the data to the quotient space V /A, we
recover the data of the first case. □

Theorem 7.12. Let S be a system of regular first order partial differential
equations of rank q < n + 1, on the manifold M , and {fα = 0} a set of
local equations of S. Let us also denote by ξα the Lie vector field with
hamiltonian fα and assume that

[fα, fβ]|S = 0

for all the indices α and β. Then the following statements hold.
(a) The vector fields {ξα} are tangent to S and the restrictions {ξα|S} are

everywhere linearly independent.
(b) Each ξα|S is a characteristic vector field for the system P|S and the

family {ξα|S} generates the characteristic distribution of P|S.
(c) Each q-dimensional flow exp

∑
tαξα(H), H ∈ N , is locally (i.e., for

small values of the parameters tα) independent of the particular choice
of the local equations of S, being therefore intrinsically associated to
the system S. Moreover, it is locally an open subset of the Cauchy
characteristic containing the point H.
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(d) Any maximal (= n) dimensional integral manifold N of the Pfaffian
system P|S is the union of flows exp

∑
tαξα(H) with H ∈ N .

(e) Given an (n− q)-dimensional regularly embedded integral manifold N
of P|S transversal to the Cauchy characteristics, it extends to an n-
dimensional integral manifold Ñ by taking the union of all the flows
exp

∑
tαξα(H) initiating at points H ∈ N .

Proof. Regularity condition Ω|SH ̸= 0, H ∈ S, is obviously equivalent to
the linear independence of the forms {ωH , (dfα)H} and a simple calculation
shows that the later property is equivalent, inasmuch, to the linear inde-
pendence of the forms {(dfα ∧ω)H} hence, since S is regular, we infer from
Lemma 7.5 that the vectors {(ξα)H} are linearly independent along S.
The tangency, to the manifold S, of the vector fields {ξα} follows, by

Lemma 7.6, from the bracket condition [fα, fβ]|S = 0. Observing that
each fα vanishes on S, we also infer that (ξα)H ∈ (Σ|S)H , for any H ∈ S,
hence the restrictions ξα|S are characteristic vector fields of the system P|S.
The remaining statements are now direct consequences of the Theorem 6.4
for dimS = 2n + 1 − q and therefore the dimension of the characteristic
distribution of P|S is equal to

(2n+ 1− q)− (2n− 2q + 1) = q.

It is often useful and always instructive to carry out a complete proof
independently of the Theorem 6.4 and the argument runs as follows. Denote
by Ξ the distribution, on the manifold S, generated by the vector fields ξα|S.
Then Ξ is intrinsically associated to the system S for, by Lemma 7.7, any
other set of local equations for S provides the same distribution.
We also infer, from this Lemma, that the bracket condition is as well

intrinsical. Next, we know from the proof of Lemma 7.9 that each flow
exp

∑
tαξα(H), H ∈ N is, locally, an open subset of the integral leaf of

Ξ containing H hence two such flows, associated to different sets of local
equations for S, will agree in a neighborhood of H, this settling part of the
item (c).
Clearly, the item (e) is a restatement of Lemma 7.9. Since P and there-

fore P|S admit integral manifolds of dimensions at most equal to n and
since a flow is the union of all the integral curves, initiating at H, of the
characteristic vector fields

∑
aα ξα (within the adequate bounds for the

coefficients aα), the statement (d) is a direct consequence of Lemma 7.9,
in the special case where ℓ = 1, for these characteristic fields must then be
tangent to N .
Finally, to prove that the flows exp

∑
tαξα(H), H ∈ S, are locally open

subsets of the Cauchy characteristics, it is enough to prove that the vector
fields {ξα|S} generate the characteristic distribution of P|S. For this, we
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consider the systems

R1 = {f1 = 0}, R2 = {f1 = f2 = 0}, . . . , Rq = R = {fα = 0},

and argue as follows: The restriction dω|ΣH is a 2-form of rank 2n defined
on the vector space ΣH of dimension 2n and (Σ|R1)H is a hyperplane of
ΣH (Σ|R1 means the characteristic system of R1). Therefore, according
to Lemma 7.11, the rank of dω|(Σ|R1)H is equal to 2n − 2. Similarly,
(Σ|R2)H is a hyperplane in the (2n− 1)-dimensional vector space (Σ|R1)H
and, therefore, the rank of dω|(Σ|R2)H is either 2n− 2 or 2n− 4.
Proceeding inductively, we infer that the rank of dω|(Σ|Rp)H is at least

equal to 2n − 2p hence, at the final stage, the rank of dω|(Σ|R)H is at
least equal to 2n − 2q. It follows that the dimension of the characteristic
subspace ∆̃H of P|S is, at most, equal to

dim(Σ|R)H − (2n− 2q) = (2n− q)− (2n− 2q) = q.

Since ΞH ⊂ ∆̃H and since dimΞH = q, we conclude that Ξ = ∆̃.
The reader will have noticed that the present argument is nothing but a

fancy way to deal with the Cartan argument introduced in the proof of the
Theorem 6.4. □
Remark 7.13. We could of course enlarge the integral manifolds of P|S
by taking, step by step, either individual Lie vector fields ξα or sub-families
{ξαi} since such sub-families generate, in view of Lemma 7.8, integrable
sub-distributions of Ξ.
When q = 1, the above theorem reduces to the Theorem 7.4, the bracket

condition then becoming trivial. When q = n, the n-dimensional distribu-
tion Σ|S is, under the hypotheses of the Theorem, generated by its charac-
teristic vector fields and therefore is completely integrable.
We now examine the case q = n + 1 excluded in the statement of the

Theorem. Since the manifold S has, in this case, the dimension n, the
system admits n-dimensional solutions containing any of its points if and
only if Ω|S = 0, the regularity hypothesis Ω|S ̸= 0 being void of sense.

Lemma 7.14. Let N be an n-dimensional integral manifold of the system
P and {f, g} two functions vanishing on N . Then [f, g] also vanishes on
N .
In fact, the corresponding Lie vector fields ξ and η must be tangent to N

otherwise we could enlarge this manifold to an (n+1)-dimensional integral
manifold of P. If, for example, ξH were transverse to N then (df ∧ω)H ̸= 0
hence dfH ̸= 0 and the level variety f−1(0) would become a manifold, in a
neighborhood of H, containing N . We could then, according to Lemma 7.3,
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enlarge the integral manifold N . The tangency of ξ and η implies that of
[ξ, η] and therefore the hamiltonian [f, g] = ⟨[ξ, η], ω⟩ vanishes on N since
ω|N = 0.

Lemma 7.15. Let N be an n-dimensional sub-manifold of G(M) defined
locally by the independent equations {fα = 0} and let us assume that
[fα, fβ]|N = 0. Then Ω|N = 0 and, furthermore, all the Lie vector fields
ξα with hamiltonians {fα}, are tangent to N , their restrictions generating
TN .
The proof will be omitted for being almost a repetition. The above

Lemma shows that a system {fα} of rank n + 1 and satisfying the above
bracket condition defines in fact an integral manifold of P. The associated
Pfaffian system P|N is therefore null, its characteristics are regular and the
characteristic distribution, equal to TN , is generated by the vector fields
ξα|N .

Corollary 7.16. In order that an n-dimensional sub-manifold N of G(M)
be an integral manifold of P, it is necessary and sufficient that [fα, fβ]|N = 0
whatever the choice of the local equations {fα = 0} for N .
We can now settle the integrability problem for the system S namely,

the existence of n-dimensional integral manifolds for the associated Pfaffian
system P|S.

Theorem 7.17. A regular system S is integrable if and only if

[fα, fβ]|S = 0

whatever the choice of the local equations {fα = 0} for S.
When rankS = q = n+ 1, the result is a restatement of the last Corol-

lary. Assuming that q ≤ n, the necessity of the condition follows from
Lemma 7.14 and the sufficiency from the Theorem 7.12 for, under the stated
condition of regularity, the Pfaffian system P|S has regular characteristics
with the appropriate dimension (cf. the Corollary 6.5).
Remark 7.18. We infer, from Lemma 7.7, that the integrability condition,
expressed in terms of the Lagrange bracket, is intrinsically associated to the
equation S. It could as well be restated as follows. The bracket of any two
functions vanishing on S also vanishes on S. Geometrically speaking, the
condition states that, in a neighborhood of any point H ∈ S, there exist q
Lie vector fields ξα with independent hamiltonians vanishing on S and such
that [ξα, ξβ]y ∈ Σy whenever y ∈ S. Since the Lagrangean bracket [f, g]
reduces, on the variety defined by the equations f = g = 0, to the Jacobi
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bracket (cf., Part II, section 2), it follows that the above bracket condition
boils down, when q = n, to the classical Frobenius integrability criterion.
We end up this section by discussing the infinitesimal contact automor-

phisms of the partial differential equations under consideration. The results
will become useful in the second part.
Clearly, a Lie vector field ξ is, in restriction to S, an infinitesimal auto-

morphism of the Pfaffian system P|S if and only if it is tangent to S. Such
a vector field will be called an infinitesimal contact automorphism of the
equation S. Lemma 7.6 then specializes to the following result.

Lemma 7.19. A Lie vector field η with hamiltonian g is an infinitesimal
contact automorphism of the equation S if and only if [g, fα]|S = 0 for any
choice of local equations {fα = 0} for S.
Given an element H ∈ S, we denote by gH the Lie algebra of all the

germs of infinitesimal contact automorphisms of S, at the point H, and set
gH = gH |S, hH = {g : [g, fα]|S = 0},

where g is a germ of a function at the point H and {fα = 0} indicates the
germs, at H, of a set of local equations for S at H.

Theorem 7.20. The Lie algebra gH is isomorphic to hH/(fα)
2, where

(fα) denotes the ideal (in the sense of associative algebras) generated, in
the algebra of all the germs, by the functions fα.
Proof. Let η be an infinitesimal contact automorphism of P|S with hamil-
tonian g and let us assume that η|S = 0. Then g|S = 0 and, by writing
locally g =

∑
λαfα, where {fα} is a set of local equations for S, we infer

that
0 = (dg ∧ ω)H =

∑
λα(H)(dfα ∧ ω)H

whenever H ∈ S, hence λα|S = 0. Conversely, if g ∈ (fα)
2, then η|S = 0.

It should be noted that the infinitesimal contact automorphisms of P|S
coincide with those of its characteristic system. □

In all the preceding discussion, the scalar hamiltonians f can always be
replaced by Φ-valued hamiltonians h except, eventually, when expressions
involving dh and h2 should occur. The differential dh is meaningful and
takes the role of df only at those points where h vanishes. However, the
expression h2 is meaningless and the ideal (fα)2 has to be replaced by the
subset of all the germs of Φ-valued sections h vanishing to order 1 on S.
Among the many Lie vector fields that we had the occasion to deal with

in this section, let us recall those introduced in the very beginning and
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obtained, by prolongation, from vector fields coming from the base spaceM .
In view of Lemma 7.19 and the local expression of such prolongations, the
hamiltonians f of such prolonged vector fields are characterized, locally, by
the condition ∂2f/∂pi∂pj = 0 hence are semi-linear functions with respect
to the variables pi.
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