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Ïîäà¹ìî âèâåäåííÿ ðiâíÿííÿ ðóõó òðåòüîãî ïîðÿäêó äëÿ âiëüíî¨
ðåëÿòèâiñüêî¨ äçè è iç çàñàäè âàðiÿöiéíîñòè â ïî¹äíàííi ç âèìîãîþ
éîãî ñàìîçìiííîñòè ùîäî ïåðåòâîðåíü Ëîðåíöà.

1. Âñòóï.

Öÿ ïðàöÿ ïîêëèêàíà äîïîâíèòè ïîïåðåäíi äîñëiäæåííÿ ïðî âàðiÿöiéíiñòü
ðiâíÿíü ðóõó, ùî ìiñòÿòü òðåòþ ïîõiäíó âiä êîîðäèíàòè ÷àñòêè, ïåðåâå-
äåíi ó ñòàòòÿõ [1�3]. Íàïðèêiíöi ïîïåðåäíüî¨ ðîçâiäêè [2] âñòàíîâëåíî, ùî
ðiâíÿííÿ
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)
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(1)
ïðè ïîñòiéíèõ µ òà s îïèñó¹ ðóõ âiëüíî¨ äçè è ç ìàñîþ

m = µ

(
1− (s · u)2

s2u2

)3/2

, (2)

äå çíà÷êîì s ïîçíà÷åíèé äåÿêèé ÷îòèðè-âåêòîð íåïðàâäèâîãî
”
ñïiíó“ (êðó-

òíÿ) öi¹¨ äçè è. Âåëè÷èíà
s · u
∥u∥

(3)

¹ ïåðøèì iíòå ðàëîì ðiâíÿííÿ (1). Ó äàíié ðîçâiäöi ðîçãëÿäàòèìåìî ñàìî-
çìiííi ùîäî ãðóïè ðóõiâ âàðiÿöiéíi ðiâíÿííÿ ó ÷îòèðèâèìiðíîìó ïðîñòîði
ñïåöiÿëüíî¨ òåîði¨ âiäíîñíîñòè. Çîêðåìà, ïîêàæåìî, ùî ðiâíÿííÿ (1) ìî-
æíà îòðèìàòè ç âàðiÿöiéíî¨ çàñàäè. ßê òåõíi÷íó ïåðåäóìîâó, ðîçøèðèìî

PACS 2006 numbers 11.15.Kc, 02.40.Ky, 45.20.Jj, 45.50.-j

Ñòàòòÿ ïîäà¹òüñÿ â àâòîðñüêié ðåäàêöi¨
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ïðàâäîìiðó âàðiÿöiéíîñòè, îïèñàíó â ðîçâiäöi [1] äëÿ ðiâíÿíü ó ÷àñîâîìó
â�iäìiði, íà âèïàäîê òåîði¨ â îäíîìàíiòíèõ (

”
îäíîðiäíèõ“) ñïiâðÿäíèõ. Äî-

êëàäíî ðîçãëÿíåìî ïîâ'ÿçàííÿ i âiäïîâiäíiñòü ìiæ ìîâîþ òà òåõíi÷íèì àïà-
ðàòîì äîñëiäæåííÿ îáåðíåíîãî âàðiÿöiéíîãî çàâäàííÿ â ÷àñîâié â�iäìiðíîñòi
òà ó ôîðìàëiçìi â�iäìiðíî¨ áàéäóæîñòè.

2. Âàðiÿöiéíiñòü i â�iäìiðíà áàéäóæiñòü

Ðiâíÿííÿ (1) ¹ ïàðàìåòðè÷íî-iíâàðiÿíòíèì (ùå êàæóòü â�iäìiðíî�áàéäó-
æèì, àáî áåçâiäìiðíèì) ùîäî çìiíè ïàðàìåòðà (â�iäìiðó) óçäîâæ éîãî iíòå-
 ðàëüíèõ ñòåæîê. Äëÿ çàïèñó ïîäiáíèõ áåçâiäìiðíèõ ñóòíîñòåé, çàìiñòü òàê
çâàíèõ îäíîìàíiòíèõ ñïiâðÿäíèõ, �øâèäêîñòåé uα , u̇α , üα , . . . , uα(r) , �

ìîæíà âèêîðèñòîâóâàòè ñïiâðÿäíi òîðêàííÿ, �øâèäêîñòi vi , v′i , v′′i ,. . . ,
vi(r) , âiäíåñåíi äî çìiííî¨ t = x0 . Â òðåòüîìó ïîðÿäêó ïåðåðàõóíîê ìiæ
çìiííèìè âiäáóâà¹òüñÿ çãiäíî çi âçîðîì:

vi =
1

ṫ
ui

v′i =
1

(ṫ)3

(
ṫu̇i − ẗui

)
(4)
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(ṫ)5
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[
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t
]
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}
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Ïîçíà÷èìî áóêâîþ pr ïåðåõiä âiä çìiííèõ uα , u̇α , üα , . . . , uα(r) äî çìií-

íèõ vi , v′i , v′′i ,. . . , vi(r) .

Íåõàé ó çìiííèõ vi , v′i , v′′i ,. . . , vi(k) çàäàíà äåÿêà ëÿ ðàíæåâà ãóñòèíà

Λ = L
(
t; xi, vi, v′

i
, v′′

i
, . . . , vi(k)

)
dt , (5)

ÿêié âiäïîâiäà¹ âàðiÿöiéíå ðiâíÿííÿ

Ei

(
t; xi, vi, v′

i
, v′′

i
, . . . , vi(s)

)
= 0 . (6)

Íåõàé, äàëi, ó çìiííèõ vi , v′i , v′′i ,. . . , vi(k) ïîñòàâëåíî âàðiÿöiéíå çàâäà-
ííÿ ç ôóíêöi¹þ Ëÿ ðàíæà

L = ṫ
(
L ◦ pk

)
. (7)

Ïîïåðåäíiì äîñëiäæåííÿì [4] âñòàíîâëåíà òàêà ïðàâäà:

Ði÷ 1. ßêùî âàðiÿöiéíå ðiâíÿííÿ (6) âiäïîâiäà¹ ëÿ ðàíæåâié ãóñòèíi (5),
òî âàðiÿöiéíå ðiâíÿííÿ

{Eα}
def
=

(
−ui Ei ◦ ps

ṫ Ei ◦ ps
)

= 0 (8)

âiäïîâiäà¹ ôóíêöi¨ Ëÿ ðàíæà (7).
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Ðiâíÿííÿ (8) ïîðÿäêó s+1 îïèñó¹ â
”
îäíîðiäíîìó“ âèãëÿäi òi æ áåçâiä-

ìiðíi iíòå ðàëüíi ñòåæêè, êåðîâàíi âàðiÿöiéíèì çàâäàííÿì (7), ùî é ðiâ-
íÿííÿ (6). Ôóíêöiÿ Ëÿ ðàíæà L âî÷åâèäü çàäîâîëüíÿ¹ òàê çâàíi óìîâè
Öåðìåëî, ÿêi ¹ êðèòåði¹ì ïàðàìåòðè÷íî¨ áàéäóæîñòè âiäïîâiäíîãî âàðiÿ-
öiéíîãî çàâäàííÿ. Â äðóãîìó ïîðÿäêó öi óìîâè çàïèñóþòüñÿ îñü ÿê:

uβ
∂

∂uβ
L+ 2u̇β

∂

∂u̇β
L = L

uβ
∂

∂u̇β
L = 0.

Äëÿ ïîøóêó ñàìîçìiííèõ âàðiÿöiéíèõ ðiâíÿíü âèêîðèñòîâó¹ìî äâà ìi-
ðèëà � ìiðèëî âàðiÿöiéíîñòè i ìiðèëî ñàìîçìiííîñòè.

3. Êðèòåðié âàðiÿöiéíîñòè

Ðîçãëÿäàòèìåìî êîìïîíåíòè âàðiÿöiéíîãî ðiâíÿííÿ (6), ÿê êîìïîíåíòè îñü
ÿêî¨ äèôåðåíöiéíî¨ îäèí-ôîðìè:

α = Eidx
i. (9)

Äëÿ äîâiëüíîãî s ∈ N íåõàé Ωs(Q) îçíà÷à¹ àëãåáðó äèôåðåíöiéíèõ
ôîðì íà ìíîãîâèäi T sQ = {xi, vi, v′i, v′′i, . . . , vi(s−1)

} . Íàãàäà¹ìî ïîíÿòòÿ
óïîõiäíåííÿ â ñòåïåíîâàíèõ àëãåáðàõ, íàäiëåíèõ óçàãàëüíåíèìè ïåðåìi-
æíèìè ñïiââiäíîøåííÿìè, ÿêîþ i ¹ àëãåáðà Ωs(Q) . ßêèéñü ñîái äiëà÷ D
çâåòüñÿ óïîõiäíåííÿì ñòåïåíÿ q , ÿêùî äëÿ áóäü-ÿêî¨ äèôåðåíöiéíî¨ ôîð-
ìè ϖ ñòåïåíÿ p i áóäü-ÿêî¨ èíüøî¨ äèôåðåíöiéíî¨ ôîðìè w ñïðàâäæó-
¹òüñÿ ñïiââiäíîøåííÿ D(ϖ ∧ w) = D(ϖ) ∧ w + (−1)pqϖ ∧ D(w) . Ìîæíà
ðîçâèíóòè äåÿêå ÷èñëåííÿ â àëãåáði Ωs(Q) øëÿõîì âïðîâàäæåííÿ äiëà-
÷iâ, � çîâíiøíüîãî äèôåðåíöiÿëà d i ïîâíî¨ (àáî æ ôîðìàëüíî¨

”
÷àñîâî¨“)

ïîõiäíî¨ Dt , � îñü çà ÿêèìè ïðèïèñàìè:

df =
∂f

∂xi
dxi +

∑
r

∂f

∂vi(r)
dvi(r), dv

2 = 0 ;

Dtf =
∂f

∂t
+ vi

∂f

∂xi
+
∑
r

vi(r+1)

∂f

∂vi(r)
, Dtd = dDt.

Äëÿ òîãî, ùîá çàïðîâàäæåíå âèùå îçíà÷åííÿ ñòàëî ïîâíèì, íåîáõiäíî âè-
ìàãàòè àáè d áóëî óïîõiäíåííÿì ñòåïåíÿ 1 , òîäi ÿê Dt ùîá áóëî óïîõiäíå-
ííÿì ñòåïåíÿ 0 . Äëÿ ïîäàëüøèõ ðàõóíêiâ ìè ïîòðåáóâàòèìåìî ùå îäíîãî
äiëà÷à, � óïîõiäíåííÿ ñòåïåíÿ 0 , �ùî éîãî ïîçíà÷èìî ι , i ÿêîãî îçíà÷è-
ìî çà ïîñåðåäíèöòâîì äi¨ íà ôóíêöi¨ òà îäèí-ôîðìè (ÿêi ðàçîì ëîêàëüíî
ïîðîäæóþòü àëãåáðó Ωs(Q) ), òàêèì ÷èíîì:

ιf = 0, ιdxi = 0, ιdvi = dxi, ιdvi(r) = (r + 1) dvi(r−1)
.
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Íåõàé òåïåð äiëà÷ deg âèìiðþ¹ ñòåïiíü äèôåðåíöiéíî¨ ôîðìè. Íîâå
ïîíÿòòÿ ëÿ ðàíæåâîãî äèôåðåíöiÿëó δ âïðîâàäæó¹òüñÿ ÷åðåç ñâîþ äiþ
íà åëåìåíòè ç Ωs(Q) :

δ =

(
deg+

∑
r

(−1)r

r!
Dt

rιr

)
d .

Îïåðàòîð δ ìà¹ âëàñòèâiñòü δ2 = 0 . Äëÿ äèôåðåíöiéíî-ãåîìåòðè÷íèõ îá'-
¹êòiâ (5) i (9) ìà¹ìî ñïiââiäíîøåííÿ:

α = δL. (10)

Òåïåð êðèòåðié òîãî, ùî äîâiëüíà ñiì'ÿ âèðàçiâ
{
Ei

}
ó ôîðìóëi (9) ¹ ëiâîþ

÷àñòèíîþ âàðiÿöiéíîãî ðiâíÿííÿ äëÿ äåÿêîãî ëÿ ðàíæiÿíó, çàïèñó¹òüñÿ íà-
ñòóïíèì ÷èíîì [5]:

δα = 0 . (11)

Ïðàâäîìiði (11) ìîæíà íàäàòè êîîðäèíàòíîãî âèðàçó [6, 7]:

δα =

r∑
s=0

(
∂Ei

∂vjs−1

−
r∑

k=s

(−1)k
k!

(k − s)!s!
Dk−s

t

∂Ej

∂vik−1

)
dvjs−1 ∧ dxi = 0 ,

çâiäêiëü âèïëèâà¹ ñèñòåìà äèôåðåíöiéíèõ ðiâíÿíü ç ÷àñòêîâèìè ïîõiäíèìè

∂Ei

∂xj
− ∂Ej

∂xi
+

r∑
k=0

(−1)kDk
t

(
∂Ei

∂vjk−1

− ∂Ej

∂vik−1

)
= 0 ; (12a)

∂Ei

∂vjs−1

−
r∑

k=s

(−1)k
k!

(k − s)!s!
Dk−s

t

∂Ej

∂vik−1

= 0 , 1 6 s 6 r . (12b)

Çàïèñàíà òóò ñèñòåìà ðiâíÿíü ¹ ðiâíîçíà÷íîþ ç íàñòóïíîþ (ÿêà îòðèìà-
íà iç ñèñòåìè (12b) ïîøèðåííÿì îáñÿãó çìiíè áóêâè s àæ äî çàëó÷åííÿ
çíà÷åííÿ s = 0 ):

∂Ei

∂vjs−1

−
r∑

k=s

(−1)k
k!

(k − s)!s!
Dk−s

t

∂Ej

∂vik−1

= 0 0 6 s 6 r . (13)

Äîâåäåííÿ. Óñêiñíåííÿ âèðàçó (13) ïðè s = 0 äà¹ ðiâíÿííÿ (12a).
Íàâïàêè, ó ðiâíÿííi (12a) âiääiëiìî äîäàíîê, ÿêèé âiäïîâiäà¹ k = 0 :

2
∂Ei

∂xj
− 2

∂Ej

∂xi
+

r∑
k=1

(−1)kDk
t

∂Ei

∂vjk−1

−
r∑

k=1

(−1)kDk
t

∂Ej

∂vik−1

= 0 .

Ïiä ïåðøèì çíàêîì ñóìè çàìiíiìî
∂Ei

∂vjk−1

éîãî âèðàçîì ç ðiâíÿííÿ (12b):

r∑
k=1

(−1)kDk
t

∂Ei

∂vjk−1

=

r∑
k=1

(−1)kDk
t

r∑
s=k

(−1)s
s!

(s− k)!k!
Ds−k

t

∂Ej

∂vis−1

.
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Ïåðåìiíiìî ïîðÿäîê ñóìóâàííÿ:
∑r

k=1

∑r
s=k =

∑r
s,k=1
s>k

=
∑r

s=1

∑s
k=1 . Ïiä-

ðàõóéìî ñóìó çà k :
s∑

k=1

(−1)k
s!

(s− k)!k!
=

s∑
k=0

(−1)k
(
s

k

)
−
(
s

0

)
= 0− 1 = −1 .

Âðåøòi ðiâíÿííÿ (12a) ïåðåõîäèòü ó

2
∂Ei

∂xj
− 2

∂Ej

∂xi
−

r∑
k=1

(−1)kDk
t

∂Ej

∂vik−1

−
r∑

k=1

(−1)kDk
t

∂Ej

∂vik−1

= 0 ,

ÿêå çáiãà¹òüñÿ ç ïîäâî¹íèì ðiâíÿííÿì (13) ïðè s = 0 .

Ïðàâäîìiðà (13) îòðèìóâàëàñÿ ðiæíèìè àâòîðàìè. Ùîäî îãëÿäó ïè-
ñüìåí ç öüîãî ïðèâîäó âiäñèëà¹ìî äî êíèãè [8].

Çîñåðåäèìîñÿ íà ðiâíÿííÿõ òðåòüîãî ïîðÿäêó. � î÷åâèäíèì, ùî âèðàç,
ÿêèé âiäïîâiäà¹ ëiâié ÷àñòèíi òàêîãî ðiâíÿííÿ, ìà¹ àôiííèé âèãëÿä ùîäî
íàéñòàðøèõ ïîõiäíèõ. Çàñòîñó¹ìî äåÿêi çâè÷íi âåêòîðíi ïîçíà÷êè: êðàïêà
äîëi îçíà÷à¹ çãîðòêó ðÿäî÷êà ç íàñòóïíèì ñòîâïöåì, à ÷àñîì òàêîæ ïîçíà-
÷àòèìå ìàòðè÷íå ìíîæåííÿ ìiæ ìàòðèöåþ i íàñòóïíèì ñòîâïöåì. ×àñòêî-
âî ðîçâ'ÿçóþ÷è ñèñòåìó ðiâíÿíü (13) i ïî ìîæëèâîñòi ñïðîùóþ÷è, ìîæíà
äiéòè âèñíîâêó, ùî çàãàëüíèé âèãëÿä ðiâíÿíü Îéë¹ðà�Ïóàñîíà òðåòüîãî
ïîðÿäêó ¹ îñü:

A . v′′+(v′. ∂v)A . v′+B . v′+ c = 0 , (14)

äå ñêiñíà ìàòðèöÿ A , ñèìåòðè÷íà ìàòðèöÿ B i ñòîâïåöü c , � óñi çàëåæàòü
îä t , xi , vi òà çàäîâîëüíÿþòü îñü ÿêó ñèñòåìó äèôåðåíöiéíèõ ðiâíÿíü ç
÷àñòêîâèìè ïîõiäíèìè:

∂
v[i
Ajl] = 0

2B[ij] − 3D1Aij = 0

2 ∂
v[i
Bj] l − 4 ∂

x[i
Aj] l + ∂

xl
Aij + 2D1∂vl

Aij = 0

∂
v(i
cj) −D1B(ij) = 0

2 ∂
vl
∂
v[i
cj] − 4 ∂

x[i
Bj] l +D1

2 ∂
vl
Aij + 6D1∂x[i

Ajl] = 0

4 ∂
x[i
cj] − 2D1∂v[i

cj] −D1
3 Aij = 0 .

(15)

Òóò äèôåðåíöiéíèé äiëà÷ D1 ¹ îáòÿòèì äî íàéíèæ÷îãî ïîðÿäêó äiëà÷åì
ïîâíî¨ ïîõiäíî¨ äëÿ çìiííèõ xi ,

D1 = ∂t+ v . ∂x .

4. Êðèòåðié âàðiÿöiéíîñòè â îäíîìàíiòíèõ ñïiâðÿäíèõ.

Ïîäiáíèì ÷èíîì âèðàæà¹òüñÿ ïðàâäîìiðà âàðiÿöiéíîñòè äëÿ ðiâíÿííÿ òðå-
òüîãî ïîðÿäêó â îäíîìàíiòíèõ ñïiâðÿäíèõ. Âàðiÿöiéíå ðiâíÿííÿ (8) ïðèáè-
ðà¹ êîíêðåòíiøîãî âèãëÿäó

A . u′′+(u′. ∂u)A . u′+B . u′+ C = 0 , (16)
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äå ñêiñíà ìàòðèöÿ A , ñèìåòðè÷íà ìàòðèöÿ B i ñòîâïåöü C , � óñi çàëåæàòü
âiä xα òà uα , à ùå é çàäîâîëüíÿþòü òàêó ñèñòåìó ðiâíÿíü ç ÷àñòêîâèìè
ïîõiäíèìè:

∂
u[α

Aβλ] = 0

2B[αβ] − 3D1Aαβ = 0

2 ∂
u[α

Bβ]λ − 4 ∂
x [α

Aβ]λ + ∂
xλ

Aαβ + 2D1∂uλ
Aαβ = 0

∂
u(α

Cβ) −D1B(αβ) = 0

2 ∂
uλ

∂
u[α

Cβ] − 4 ∂
x [α

Bβ]λ +D1
2 ∂

uλ
Aαβ + 6D1∂x [α

Aβλ] = 0

4 ∂
x [α

Cβ] − 2D1∂u[α
Cβ] −D1

3Aαβ = 0 .

(17)

Òóò äèôåðåíöiéíèé äiëà÷ D1 ¹ îáòÿòèì äî íàéíèæ÷îãî ïîðÿäêó äiëà÷åì
ïîâíî¨ ïîõiäíî¨ äëÿ çìiííèõ xα ,

D1 = u .∂x .

Òåïåð âêàæåìî, ÿê âèðàõóâàòè ìàòðèöi A , B òà ñòîâïåöü C , ìàþ÷è
â ðîçïîðÿäæåííi ìàòðèöi A , B , ðàçîì iç ñòîâïöåì c .

Ëåìà. Íåõàé ó ðiâíÿííi (16)

A =

(
0 −a
aT A

)
,

B =

(
B00 b̃
b B

)
,

C =
(
C0

C

)
.

Íåõàé òàê ñàìî ó âèðàçi (8)

{Eα} =
(E0

E
)
.

Òîäi âèðàæà¹ìî âåëè÷èíè ðiâíÿííÿ (16) ó âåëè÷èíàõ ðiâíÿííÿ (14):

A =
1

ṫ2
A ◦ p0 ,

B =
1

ṫ
B ◦ p0 ,

C = ṫ c ◦ p0 ,

äå ìàòðèöÿ B ¹ ñèìåòðè÷íîþ, i, îêðiì öüîãî,

A . v + a = 0 , B . v + b = 0 , B00 + b . v = 0 , C0 + C . v = 0 ;
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E = ṫ3
[
A . v′′+(v′. ∂v)A . v′+

1

ṫ
B . v′+

1

ṫ3
c

]
.

B óêëàäi (8) âèêîíó¹òüñÿ óìîâà Âåé¹ðøòðàñà [9]

u . E = 0 .

Çàóâàæåííÿ. Ñêiñíi âëàñòèâîñòi ìàòðèöü, � ìàòðèöi A â óêëàäi (16) i ìà-
òðèöi A â óêëàäi (14), � íàêëàäàþòü ãîñòði îáìåæåííÿ íà ñàìå iñíóâàííÿ
âàðiÿöiéíîãî ðiâíÿííÿ òðåòüîãî ïîðÿäêó â íèæ÷èõ âèìiðàõ:

1. Íå iñíó¹ âàðiÿöiéíîãî ðiâíÿííÿ òðåòüîãî ïîðÿäêó â îäíîâèìiðíîìó
ïðîñòîði (çíà÷îê α ïðèáèðà¹ îäíîãî-¹äèíîãî çíà÷åííÿ, α = 0 );

2. Íå iñíó¹ áåçâiäìiðíîãî (ñåáòî
”
ïàðàìåòðè÷íî�iíâàðiÿíòíîãî“) âàði-

ÿöiéíîãî ðiâíÿííÿ íà ïëîùèíi (çíà÷îê i ïðèáèðà¹ îäíîãî-¹äèíîãî
çíà÷åííÿ, i = 1 ).

5. Åâêëiäiâñüêà íåçìiííiñòü

�ðàô iíòå ðàëüíî¨ äîðiæêè t 7→ xi(t) , i = 1, . . . n , âàðiÿöiéíîãî ðiâíÿ-
ííÿ (6) ìîæíà ïðîäîâæèòè äî ïåðåêðîþ t 7→ (t, xi(t), vi(t), v′i(t), v′′i(t))
â'ÿçêè ñòðóìåíiâ J3(R,Rn) → R , iíòå ðàëüíîãî ùîäî âåêòîðíî¨ äèôåðåí-
öiéíî¨ îäèí-ôîðìè ó çìiííié t ,

e = α⊗ dt
(
ãëÿäè (9)

)
= Eidx

i ⊗ dt ,
(18)

çàäàíî¨ íà ïðîñòîði J3(R,Rn) ñòðóìåíiâ ïåðåêðî¨â ïðÿìîêóòíîãî äîáóòêó
R×Rn .

Ïîðÿä ç äèôåðåíöiéíîþ ôîðìîþ (18) çðó÷íî âïðîâàäèòè ùå é òàê çâà-
íèé ¨¨ ëåïàæiâñüêèé åêâiâàëåíò, ùî éîãî ÷èííèêè íå çàëåæàòü îä ïîõiäíèõ
òðåòüîãî ïîðÿäêó:

ϵ = Aijdx
i ⊗ dv′j+ kidx

i ⊗ dt, (19)

k = (v′. ∂v)A . v′+B . v′+ c . (20)

Ïðî öþ âåêòîðíî-çíà÷íó äèôåðåíöiéíó îäèí-ôîðìó, ùî íàáèðà¹ çíà÷åíü
ç ïðîñòîðó T ∗Rn , ìîæíà äóìàòè, ÿê ïðî äåÿêó iíòåðïðåòàöiþ ïîíÿòòÿ
ëåïàæiâñüêî¨ ôîðìè, àëüòåðíàòèâíó äî âèêëàäåíî¨ â êíèçi [8]. Îñêiëüêè ìè
çàöiêàâëåíi â ãîëîíîìíèõ äîðiæêàõ, ÿê çâè÷àéíî, ââàæàòèìåìî âåêòîðíî-
çíà÷íi äèôåðåíöiéíi îäèí-ôîðìè (19) i (18) ðiâíîçíà÷íèìè â ñòîñóíêó äî
ìîäóëÿ òîðêàííÿ íà ìíîãîâèäi J3(R,Rn) ,

ϵ− e = Aijdx
i ⊗ θj3 ,

äå âåêòîðíî-çíà÷íi îäèí-ôîðìè òîðêàííÿ

θ1 = dx− vdt , θ2 = dv − v′dt , θ3 = dv′ − v′′dt (21)
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ïîðîäæóþòü ìîäóëü òîðêàííÿ íà ìíîãîâèäi J3(R,Rn) .
Ùîáè âðàç îõîïèòè, ÿê ñïðàâäi åâêëiäiâñüêèé, òàê i ëæå-åâêëiäiâñüêèé

âèïàäêè, óçãîäíiìî äåÿêi ïîçíà÷êè.
Áóêâîþ η ïîçíà÷iì çíàê + ÷è − êîìïîíåíòè g0 0 çâè÷à¹âîãî äià-

ãîíàëüíîãî ìåòðè÷íîãî òåíçîðà. Ñåðåäèííîþ êðàïêîþ ïîçíà÷iì îïåðàöiþ
ñêàëÿðíîãî äîáóòêó ïîìiæ ìàòðèöÿìè, ÿêi âèðàæàþòü òåíçîðè, àáî æ ïî-
ìiæ âåðâå÷êàìè, ÿêi âèðàæàþòü âåêòîðè, � ñòîñîâíî çâè÷à¹âîãî (ëæå)åâ-
êëiäiâñüêîãî ìåòðè÷íîãî òåíçîðà. Òàêèì ÷èíîì, ñêàëÿðíèé äîáóòîê ¹ íi-
÷èì èíüøèì, ÿê ïðîñòî çãîðòêîþ, äî ÿêî¨ çàëó÷åíèé ìåòðè÷íèé òåíçîð.
Òâiðíèê X (ëæå)åâêëiäiâñüêèõ ïåðåòâîðåíü ó òðèâèìiðíîìó ïðîñòîði ìî-
æíà ïàðàìåòðèçóâàòè äåÿêîþ ñêiñíîþ ìàòðèöåþ Ω i äåÿêèì âåêòîðîì π :

X = − (π · x) ∂t + η tπ .∂x +Ω · (x ∧ ∂x)

+ ηπ .∂v + (π · v) v . ∂v +Ω · (v ∧ ∂v)

+ 2 (π · v) v′. ∂v′ + (π · v′) v . ∂v′ +Ω · (v′ ∧ ∂v′) .

� ìîæëèâèì âêëàñòè ïîíÿòòÿ ñèìåòði¨ ðiâíÿííÿ (14) â çàãàëüíi ðàìöi
íàóêè ïðî íåçìiííiñòü çîâíiøíüî¨ äèôåðåíöiéíî¨ ñèñòåìè. Ñèñòåìà, ïðî
ÿêó íàì éäåòüñÿ, ïîðîäæåíà âåêòîðíî-çíà÷íîþ ïôàôiâñüêîþ ôîðìîþ ϵ ç
óêëàäó (19) òà âåêòîðíî-çíà÷íèìè äèôåðåíöiéíèìè ôîðìàìè òîðêàííÿ θ1
i θ2 ç óêëàäó (21). Íåõàé X(ϵ) îçíà÷à¹ ïîõiäíó Ëi âiä âåêòîðíî-çíà÷íî¨
äèôåðåíöiéíî¨ ôîðìè ϵ óçäîâæ âåêòîðíîãî ïîëÿ X . Óìîâà íåçìiííîñòè
ïîëÿãà¹ â òiì, ùî ìàëè-á iñíóâàòè äåÿêi òàêi ìàòðèöi Φ , Ξ , i Π , çàëåæíi
îä v i v′ , ùî

X(ϵ) = Φ . ϵ+Ξ . (dx− vdt) +Π . (dv − v′dt). (22)

Òàêîæ ïðèïóñêàòèìåìî, ùî A i k in (19) íå çàëåæàòü àíi âiä t àíi âiä x .

Ði÷ 2. Â ÷îòèðèâèìiðíîìó (ëæå)åâêëiäiâñüêîìó ïðîñòîði íå iñíó¹ ñàìî-
çìiííèõ âàðiÿöiéíèõ ðiâíÿíü òðåòüîãî ïîðÿäêó

Äîâåäåííÿ. Óìîâà ñàìîçìiííîñòè (22) ðîçïàäà¹òüñÿ íà îêðåìi òîòîæíîñòi
âiäïîâiäíî äî ïðèðiâíþâàííÿ ÷èííèêiâ ïðè äèôåðåíöiÿëàõ dv′ , dv , dx ,
dt :

[π .∂v + (π · v) v . ∂v +Ω · (v ∧ ∂v]A+ 2 (π · v)A+ A. v ⊗ π − A .Ω = Φ .A
(23)

2 (A . v′)⊗ π + (π . v′)A = Π (24)
−k⊗ π = Ξ (25)

Xk = Φ . k−Ξ . v −Π . v′ (26)

Ñêiñíà ìàòðèöÿ îáøàðó 3 çàâæäè ¹ âèðîäæåíîþ: ÿêùî ïîçíà÷èìî

a
def
= ∗A ,

òî ìàòèìåìî A . a = 0 . Çãîðíiìî, êîëè òàê, ðiâíÿííÿ (23) çi ñòîâïöåì a i

ðîçùåïiìî çà ïàðàìåòðàìè π òà ω
def
= ∗Ω :

a× (π.∂v) a+ (π · v)a× (v. ∂v)a− (π · a) a× v = 0 (27)
a× [ω v∂v]a− a× (ω × a) = 0 . (28)
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Ïîêëàäiìî â ðiâíÿííi (27) π = ω × v i âèêîðèñòàéìî (28):

a× (ω × a)− [ω v a]a× v = 0 .

Çãîðíiìî çi ñòîâïöåì ω :

(a× ω)2 + [a vω]2 = 0 . (29)

Âåëè÷èíà (a×ω)2 = a2ω2− (a ·ω)2 ¹ äîäàòíîþ, ÿêùî ñè íàòóðà ìåòðèêè
äîðiâíþ¹ ±3 . Â ðåøòi âèïàäêiâ, êîðèñòàþ÷è ç òîãî, ùî (a × ω) · ω = 0 ,
çàâæäè ìîæíà âèáðàòè ñòîâïåöü ω òàêèì ÷èíîì, ùîá âåêòîð a × ω íå
ñòðèìiâ â óÿâíèé áiê, (a×ω)2 ≥ 0 . Òîìó iç ñïiââiäíîøåííÿ (29) âèïëèâà¹,
ùî (a × ω)2 = 0 . Ç îãëÿäó íà ðåøòó äîâiëüíîñòè ó âèáîði ω , ïîâèííî
áóòè a = 0 .

6. Âàðiÿöiéíi ðiâíÿííÿ òðåòüîãî ïîðÿäêó äëÿ âiëüíî¨ äçè è.

ßê âèäíî iç Ðå÷i 2, ñïðîáè çáóäóâàòè ïóàíêàðå�ñàìîçìiííå âàðiÿöiéíå ðiâ-
íÿííÿ òðåòüîãî ïîðÿäêó â ÷îòèðèâèìiðíîìó ñâiòi ïðèðå÷åíi íà íåâäà÷ó.
Ìè îáìèíà¹ìî öþ òðóäíiñòü óïðîâàäæåííÿì äî øóêàíîãî ðiâíÿííÿ äîäà-
òêîâîãî âåêòîð�ïàðàìåòðà s , ÿêèé ïåðåòâîðþâàâñÿ á çà âèêàçîì äi¨ ãðóïè
Ëîðåíöà. Ïîòðiáíî, ïîðó÷ iç öèì, ñòåæèòè, àáè íå ïîðóøóâàëàñÿ áóäîâà
ðiâíÿííÿ Îéë¹ðà�Ïóàñîíà (14) ðàçîì ç óìîâàìè (15).

Íåõàé, îòæå, âèðàç (20) íå ìiñòèòü ÿâíî¨ çàëåæíîñòè âiä çìiííèõ t i x ,
à, çàòå, âåëè÷èíè a = ∗A , B òà c ìiñòÿòü çàëåæíiñòü ùå é âiä ÷îòèðè�
âåêòîðà s =

(
s0, S

)
. Òâiðíèê ïåðåòâîðåíü Ëîðåíöà ïîâèíåí ìiñòèòè ÷àñòü,

ÿêà äiÿòèìå íà ïàðàìåòðè s0 òà S ( η = 1 ):

X = − (π · S) ∂
s0

+ s0 π .∂S + [ω S∂S]

− (π · x) ∂t + tπ .∂x + [ω x∂x]

+ π .∂v + (π · v) v . ∂v + [ω v∂v]

+ 2 (π · v) v′. ∂v′ + (π · v′) v . ∂v′ + [ω v′ ∂v′ ] .

Óìîâà ñàìîçìiííîñòè (22) ðîçïàäà¹òüñÿ íà îêðåìi òîòîæíîñòi, ÿêi óòâî-
ðþþòüñÿ âiä ïðèðiâíþâàííÿ ÷èííèêiâ ïðè äèôåðåíöiÿëàõ dv′ , dv , dx òà
dt :(

π · S ∂
s0

− s0 π . ∂S − [ω S∂S]− π . ∂v − (π · v) v . ∂v − [ω v∂v]
)
a× dv′

− 2 (π · v)a× dv′ − a× v (π · dv′)− a× (ω × dv′) = −Φ . (a× dv′) ; (30)

− 2a× v′ (π · dv)− (π · v′)a× dv = Π . dv ; (31)

−k (π · dx) = Ξ . dx (32)

Xk = Φ . k−Ξ . v −Π . v′ (33)

Îñêiëüêè ñêiñíà ìàòðèöÿ A ¹ âèðîäæåíîþ, ðiâíÿííi (30) ìiñòèòü äåÿêå
ñïiââiäíîøåííÿ, äî ÿêîãî íå âõîäèòü íåâèçíà÷åíèé ÷èííèê Φ . Îñü, ïî-
êëàäiìî ó ðiâíÿííi (30) dv′ = a . Ïðàâà ÷àñòü ðiâíÿííÿ ùåçíå, òàê ùî
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îòðèìà¹ìî äâà ñïiââiäíîøåííÿ ç ïàðàìåòðàìè, âiäïîâiäíî, π òà ω :

a×
[
−π · S ∂

s0
+ s0 π . ∂S + π . ∂v + (π · v) v . ∂v

]
a− (π · a)a× v = 0 ,

(34)
a× ([ω S∂S] + [ω v∂v])a− a× (ω × a) = 0 .

(35)

Â óêëàäi (34) ïîêëàäåìî îäèí ðàç π = s0 ω × v , à çà äðóãèì ðàçîì π =
ω × S , òà é äîäàìî îòðèìàíi âèðàçè. Çãiäíî ç óêëàäîì (35) îäåðæó¹ìî:

− s0 [ω v S]a× ∂
s0
a+ s0

2a× [ω v∂S]a− s0 [ω v a]a× v + a× [ω S∂v]a

+ [ω S v]a× (v . ∂v)a− [ω Sa]a× v + s0a× (ω × a) = 0 .
(36)

Çàïðîâàäüìî ïîçíà÷êó
f = S − s0v .

Ïîêëàäiìî â (35) i ó (36) ω = −f . Ïîìíîæiì (35) íà −s0 i çáóäóéìî
ïiâñóìó ç (36):

−[f v a]a× v + a× (f× a) = 0 . (37)

Òåïåð ïîìíîæiì (37) ñêàëÿðíî íà âåêòîð f :

[a v f]2 + (a× f)2 = 0 . (38)

ßêùî (a× f)2 = 0 , ïðè äîâiëüíèõ s0 , S , v , òî âåêòîð f ïàðàëåëüíèé äî
âåêòîðà a :

a = a(vα) f . (39)

Ðîçâ'ÿçêà (39) çàäîâîëüíÿ¹ ðiâíÿííÿ (34, 35).
Ó òîòîæíiñòü (33) ìîæíà ïiäñòàâèòè íåîçíà÷åíi ÷èííèêè Ξ òà Π iç

(32) òà (31):
Xk = Φ . k+ (π · v) k+ 3 (π · v′)a× v′ . (40)

Ïîçíà÷iìî G = (gij) i çàïðîâàäüìî ìàòðèöþ

W = −XA− 2(π · v)A− (A . v)⊗ π + ω ⊗ a− (ω · a)G .

Òåïåð òîòîæíiñòü (30) çàïèøåòüñÿ ó ñêîðî÷åíîìó âèãëÿäi:

Φ× a = W , (41)

äå âåêòîðíèé äîáóòîê ïîìiæ äiàäèêîì Φ òà âåêòîðîì a çàïðîâàäæó¹òüñÿ
âçîðîì

(Φ× a) . n = Φ . (a× n)

ïðè äîâiëüíîìó âåêòîði n . Ïåðåìíîæèâøè (41) ñïðàâà âåêòîðíî íà k , ç
ïîìi÷÷þ óêëàäó

(Φ× a)× k = (Φ . k)⊗ a− (a . k)Φ
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îòðèìà¹ìî, ïiñëÿ ïiäñòàâëåííÿ (40),[
Xk− (π · v) k− 3 (π · v′)a× v′

]
⊗ a−W × k− (a · k)Φ = 0 . (42)

Òîòîæíîñòi (40, 41) àëãåáðè÷íî ðiâíîçíà÷íi ç òîòîæíiñòþ (42), ÿêùî òiëüêè
a i k ¹ òàêèìè, ùî a · k ̸= 0 . Ïiäñòàâìî (39) ó (42) i ñêîðèñòàéìî ç (41).
Îòðèìó¹ìî:[
Xk− (π · v) k− 3 (π · v′)a× v′

]
⊗a+

a′

a
W×a−W×

(
B . v′ + c

)
= (a·k)Φ .

(43)
Íèæ÷å ïîäàíi ôóíêöi¨ çàäîâîëüíÿþòü ñèñòåìó ðiâíÿíü ç ÷àñòêîâèìè

ïîõiäíèìè (43) i, âîäíî÷àñ, çàäîâîëüíÿþòü òàêîæ i óìîâè (15)

a =
[
(1 + v2)(s0

2 + S2)− (s0 + S · v)2
]−3/2 ;

B = µ
(1 + v2)G− v ⊗ v

(1 + v2)3/2(s0
2 + S2)3/2

;

c = 0 .

Ðiâíÿííÿ Îéë¹ðà�Ïóàñîíà ïðèáèðà¹ âèãëÿäó:

E =
v′′ × (S − s0v)

[(1 + v2)(s0
2 + S2)− (s0 + S · v)2]3/2

− 3
(s0

2 + S2) v′ · v − (s0 + S · v) S · v′

[(1 + v2)(s0
2 + S2)− (s0 + S · v)2]5/2

v′ × (S − s0v)

+
µ

(1 + v2)3/2(s0
2 + S2)3/2

[
(1 + v2)v′ − (v′ · v) v

]
= 0 . (44)

Ïîñëóãîâóþ÷èñü âçîðîì (16) i Ëåìîþ íà ñòîðiíöi 82, îòðèìó¹ìî ðiâíÿí-
íÿ (1).

Âèðàç ó ëiâié ÷àñòi ðiâíÿííÿ (44) ¹ âèðàçîì Îéë¹ðà�Ïóàñîíà äëÿ êî-
æíî¨ ç îñü ÿêî¨ ñiì'¨ ôóíêöié Ëÿ ðàíæà:

L(i) =
s0

s0
2 + S2

·
(s0

2 + n(i)
2)(si − s0vi)− si(n(i) · z(i))

(s0
2 + n(i)2)z(i)2 − (n(i) · z(i))2

·
[
v′ (S − s0v) e(i)

]
(S − s0v)2 + (S × v)2

− µ

(s0
2 + S2)3/2

√
1 + v2 ,

äå çàïðîâàäæåíî ïîçíà÷êè:

n(i) = S − sie(i) , z(i) = (S − s0v)− (si − s0vi)e(i) ,

à âåêòîðè e(i) óòâîðþþòü áàçó â E3 .
Âiäïîâiäíî äî Ðå÷i 1, iç ïîâèùî¨ ñiì'¨ ôóíêöié Ëÿ ðàíæà îòðèìó¹ìî

äëÿ ðiâíÿííÿ (1) îñü ÿêó ñiì'þ ôóíêöié Ëÿ ðàíæà (7):

L(β) =
∗ u̇ ∧ u ∧ s ∧ e(β)

∥s∥2∥s ∧ u∥
·

s2uβ + (s · u) sβ
(uβs− sβu)2 − (s ∧ u)2

− µ

∥s∥3
∥u∥ ,

äå âåêòîðè e(β) = {e0, e(i)} óòâîðþþòü áàçó â E4 .
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THIRD ORDER VARIATIONAL EQUATION
FOR THE FREE RELATIVISTIC TOP

Roman MATSYUK

Institute for Applied Problems in Mechanics and Mathematics
3 b Naukova St., L'viv, Ukraine

I pro�er a development of some third order equation of motion for the free
relativistic top from the simultaneously imposed assumptions of variationality
and Lorentz symmetry.


