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Parallel submanifolds in pseudo-Euclidean spaces are characterized
locally by the system Vh = 0. Submanifolds satisfying the integrability
condition R o h = 0 of this system are called semiparallel; geometrically they
are 2nd order envelopes of the parallel submani-folds. It is shown that in E}
with s > 0 do exist not totally geodesic maximal semiparallel space-like 3-
submanifolds. The existence of such 3-dimensional Riemannian submanifolds
and geometry of the corresponding parallel submanifolds are investigated.

1. A submanifold M™ in NI*(c)is called semiparallel if R(X;Y)h =0
(this is the integrability condition of the system Vh = 0 which characterizes a
parallel submanifold). Here R is the curvature operator of the van der Waerden-
Bortolotti connection V (V =V @ V1) and h is the second fundamental form.
The space-like submanifold M™ in EZ is said to be maximal submanifold, if the
mean curvature vector H is identically zero. We are trying to describe a
geometric model of maximal semiparallel space-like 3-dimensional
submanifolds in EZ, bearing in mind that every semiparallel surface is a 2nd
order envelope of the parallel ones (according to the result [1]).

2. Semiparallel submanifolds in Euclidean space have been studied by
several authors (e.g.[2]-[5]). In pseudo-Euclidean space it is done for the time-
like surfaces in [6] and for the space-like surfaces in [7].

Let {x; e¢;}, (I = 1,2, ...,n) be the moving frame in ET, i.e. a free element
of the frame bundle in E'. At a point x € M™ the tangent vector space T, M™ is
a vector subspace of T,[E?] and has an orthogonal compliment T M™ in the
letter, which is a (n-m)-dimensional vector space, called the normal vector space
of the submanifolds M™ at X. The linear span of all h(X;X) in a given point
x € M™ is called the principal normal subspace N, M™ of the submanifold M™
at X, and its dimension is denoted by n;.

The moving frame is said to be adapted to a space-like submanifold M™
in E, if to take, ¢; € T,M™, e, € TS M™, where i,j =1,..,m; a,f = m+
1,..,n. The farme vectors belonging to the normal space TFM™ =
N,M™ @ NyM™ can be taken so that e, € NyM™; e; € Ny M™, where a =
m+ 1,..,m+ ny; e =m+ny; +1,..,n Denoting scalar composition of
the frame vectors e; and ey, as usually, (e;, e;) = g;;, one has g;, = 0 and it can

be taken g;; = §;;; moreover let denote {(ey, e4) = &4 and {(ey, e5) = gap, @ #
f. In the well-known formulae
J

dx = e;0’, de; = i, dw' =w/rw], dw]=wirof
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(where the point X is identified with its radius-vector) there hold w® = 0

and
/= Pt wl =0, dgag = gyl + gayw) 1
w; = a)], gaﬁwi Wqy , gaﬁ gyﬂw gaywﬁ ( )
The equations w* = 0 lead to wi* = h{;w’, h{; = hj. Let h{j;, denote the

covariant derivative of h{; defined by
Vhe; (= dh — h0F — hiwf + hfwf) = hw®, hS, = hi,. @)

The relationship
Vh“k/\w =No o hi, 3)
where
Qo hg = —h;0f — hE0F + h .0, )
can be obtained from the previous by exterior differentiation. In formulae
) . .

=dw! — 0¥ Aw] = —gaﬁwf‘/\w'.B, (5)

0f = dwg — a)g Awf ==Y Gayw] A wiﬁ (6)

are the curvature 2-forms of the Levi-Civita connection V and the normal
connection V1, respectively. Together they represent the curvature 2-forms of

the van der Waerden-Bortolotti connection V7. Remark here, that .(2ij = —!2; and
that exterior differentiation leads from (1) to the following relationships
Gyp s + Gy 2 = 0.

Due to (2) and (3) the parallelity and semiparallelity conditions are,
respectively (see [8])

dhf — hi;wf — h§ ol + hwd =0, (7)
h;0F + hg 0k — hﬁnﬁ = 0. )
If we denote H;j ; = ga[;hijhfl and h;; = hj;e,, then (8) is equivalent to
z:k(hkj ipsqlk T RicHjipsqie = Hijkp Q]k) = 0. 9

In fact, according to the theory of minimal submanifolds in E™, it is
known that every minimal semiparallel submanifold is totally geodesic (see [2]
and [8]). Hence the class of all such submanifolds are very small. There exist
minimal semiparallel time-like surfaces (strings) in E{* (see [6]) and maximal
semiparallel space-like surfaces in E¥* (see [7]), which are not totally geodesic.

3. The conditions H = 0 and (8) give together that maximal semiparallel
space-like M3 in ET occurs if dimN, M3 = 5.

Existance. Due to dimension of the principal normal subspace one has at

the point x € M3 a linear dependence between vectors h;; j» and there exist six
coefficients 9% so that h; j19” =0, 2(19” ) # 0. Here h;; are components of a

vector valued symmetric tensor field, hence 9% are components of a symmetric
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tensorfield to a multiplier. Now the vectors e;, e,, e; can be taken at the point x
that this dependency transforms into h;;9 + h,,192% + h33933 = 0, which
together with maximal supposition leads (after renumbering, if needed) to

haz = —hy; — hy. (10)

The five vectors hyq,hy,, hyp, hizand h,3; must be here linearly
independent and can be taken so that: hy; = ey, hyy =e5, hyy = €5, hy3 =
e;, hyz = eg.

Thus the semiparallelity condition (9) gives that all H;; j; are zero, i.e. the
metric of the principal normal subspace N, M3 vanishes completely and the
frame vectors can be taken so that
€4 = &5 = € = &7 = £g = (), €9 = €10 = €11 = €12 = &3 = 0,

9a9 = 95,10 = Je11 = G712 = gsa13 = 0.

It can be obtained by the appropriate choice of remaining frame vectors so

that all ohter g, p = 0 are zero. Now the Pfaff system is

wf =o', w}=0, w®=0w? ol=w, =0,
w3 =0, ws =w? wi=ow!, w;=0, w8 = w3,
wi=—-w3 w=-0w w§i=0  w}=w', of=w?

w? = w' =0, where a = {4,...,8}, @ ={9,..,13}, £ = {14,...,n}. The
exterior
differentiation of w? = 0, using the Cartans lemma and relations (1) leads
to w; = 0. The others relations in the Pfaff system by exterior differentiation
gives
wirw! + (0f + a)6)/\a) + Qw3 + wP)rw3 =0,
(w2 + wH)rw! + wirw? + (W5 + wg)rw? =
Qw3 + w)rw! + (w3 + wg)rw? — (wf + W) Aw 3 0,
wirw! + (0 — wi)rw? + (0 + w3)rw® =0,
(wg — w?)rw! + wErw? + (203 + w3)rw® =0,
(03 + w)ro! + (203 + wS)/\wz (w3 + w2)rw® =
(w§ — 20)Aw! + wrw? + (W3 + wd)rw3 =0,
wirw! + Qw? + (1)5)Aa) + (03 + w§)rw3 =0,
(03 + w)rw! + (03 + w§)rw? — (w§ + a)s)/\a)3 =0,
(w] — Za)l)Aa) + (a)6 a)z)/\a) + wirw3 =0,
(wl — w)rw! + wirw? + (W2 + w )/\w =0,
wirw! + (w1 + wPrw? — (w] — 203 + wl)rw? =0,
wirw! + (w8 — w)rw? + (w8 — )Aw =0,
(w8 — w)rw! + (w8 — 2wd)rw? + wirw® =0,
(w8 — wH)rw! + Wirw? — (W8 + W& — 2w3)Aw3 =0,

0,

a)j/\wl + a)g/\a)z + w;(/\a) =0,
a)g/\wl + a)g/\a)z + wg/\w3 =0,

(ug/\w1 + wg/\wz -~ (wi + a)g) Aw3 = 0.
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Applying here the Cartan's lemma one has that the common number of
independent coefficients on the right sides is N = 35 + 7(n — 8). On the
other hand, first, the basis of the secondary forms consists of

4 4 2 4 3 4 3 4
Wy, ws, wi + wg, 2w5 + w7, w; + wg,
5 5 5 2 3 3 5
w4, (l)s, (,()6 - (1)1, 5(,()1 + 2(1)2 + (,()8,
w7,
w — 2w? + w8, w§, w3 + w8, w3 +
2wi, w§,
7 3 7 7 3 7 2 7
(,()4 _2(,()1, (,()5, (,()6_(1)2, (,()7, (1)1 +a)8,
8 8 3 8 3 8 8
(1)4, (L)S - 2(,02, (U6 - (1)1, w7 - (1)8,
2
w1,
§ J § § §
Wy, we, W, W, Wg ;

second, the ranks of the polar systems are: s; = 15+ 3(n — 8) and s; +
s,, where s, = 10 4+ 2(n — 8), thus the Cartan's number Q = s; + 2s, = 35 +
+7(n—8) =7n—21. Hence the Cartan's criterion is satisfied and the
maximal semiparallel submanifold M3 in EJs exists with arbitrariness of 7n —

21 real holomorphic functions of two variables.

Geometry. For the corresponding parallel submanifold the equations
0? + wi = wl —w?=w-20?=20?+ 0 =w?+wj=wl—-w?=0,
203 + wi = wd + w3 = wd + 0§ =w] 203 =wd -w=0,
w3 + wg = 205 + w3 = w3 + w8 = w! — w3 = wd - 2w3 =0,
wf =wi=w; =w=wd=0l=0w)=wd=wd=0,
of = of = af = of = af =
l

are to be added. It can be made w]‘: =0 and w' = du'.
formulae are dx = e;w’ = e;du’, de; = hija)j, dh;; = 0, with relation (10). So
the considered parallel space-like M? lies in E§s. It spanned by the point x and
mutually orthogonal vectors e;, h;;. For the principal and the second derivatives
of x one has x,; = e;, x,i,i = hy;, x,i,j = h;j, whereas all third derivatives are
zero. Thus the considered parallel space-like submanifold can be represented by
the equation

1
x = 5 [hay (WH? = @) + hgp (W*)* = @)H] +

+hiutu? + hzutud + hysu?u® + hogqut + hou? + hgsud, (12)

where all coefficients are some constant vectors; the absolute term can be
made zero, if to exchange the initial point. It is easy to see that the geodesic lines
on this parallel submanifold are parabolas.

The derivation

4. The results of previous section can be summarized now as follows.
Theorem. A maximal semiparallel space-like M3in pseudo-Euclidean
space EZ', which is not totally geodesic, is either (i) a submanifold in E§ s with
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three families of parabola generators and can be represented by the equation
(12), where all coefficients here are some constant vectors, or (ii) a 2nd order
envelope of a family, consisting of the submanifolds of the previous class.

5. The complete classiffication of maximal semiparallel space-like 3-
dimensio-nal submanifolds in E¥ is not available yet. It needs, in particular, to
decribe not only geomery of parallel submanifolds, but also geometry of their
second order envelopes. Only the first steps are made to study such envelopes in
more general cases (see [10]-[15]).
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IT'EOMETPUYECKASA MOJIEJIb MAKCUMAJIBHBIX
MHOJYHAPAJUIEJIBHBIX ITPOCTPAHCTBEHHO-ITIOAOBHbBIX 3-X
MEPHBIX TIOJIMHOI'OOBPA3UI B
HCEBAO-EBKJINI0OBOM IMNPOCTPAHCTBE
E. Cagpynruna

B crarbe craBuTCS 3ajaya  omMcaTh T[E€OMETPUYECKYIO MOJEIb
MaKCHMaJbHBIX IOJIy-IIApAJJIEIbHBIX IPOCTPAHCTBEHHO-II000HBIX 3-X MEPHBIX
OJIMHOT000pa3uil B nceBao-EBKINI0BOM MIPOCTpPAHCTBE, UCIIONIB3YS (PaKT, UTO
HOJTyTIapaljiesIbHbIE TIOJ-MHOI000pasus SIBISIOTCS OrMOaIUMU 2-T0 MOpsiiKa
CEMEHCTBA COOTBETCTBYIOIIMX MapajUIeNIbHBIX  MMOAMHOT000pa3uil. B
pe3yibTaTe aHalM3a aBTOP JOKA3bIBA€T, YTO BHIIIE HAa3BaHHbIE 3-X MEpPHBIE
MOJIMHOTO00pa3usi CyIIECTBYIOT C MPOU3BOJIOM 7n-21 romomopdHbIX QyHKIUH
IBYX TIEPEMEHHBIX U SBISIIOTCA JIMOO NOJAMHOrOOOpasueM ¢  Tpems
napaboJIMYeCKUMHU  OOpa3ylIIuMU, JU00 OrufammuMu  2-TO0  MOpsaKa
CEeMENCTBA TaKUX MOJAMHOTr000pa3uu.

IFTEOMETPUYHA MOAEJb MAKCUMAJIBHUX
HAHNIBIIAPAJIEJIBHUX MPOCTOPOBO-TIOAIBHUX 3-BUMIPHUX
HIAMHOTI'OBHUAIB Y HICEBAO-EBKJIIIOBOMY IPOCTOPI

O.Cagynina

VY cTaTTi CTaBUTKCSA 3a/1aya ONMKUCATH TE€OMETPUUHY MOJIETTh MAaKCUMAJIbHUX
HallB-MapaielbHUX MNPOCTOPOBO-NOMIOHUX 3-BUMIPHHUX MIAMHOTOBUIIB Yy
nceBa0-EBKIIAOBOMY  MpOCTOpl,  BHUKOPUCTOBYKOYM  TOM  (akt,  IIO
HaIBIapajeNbHI MIMHOTOBUAN € OOBITHUMH 2-TO TIOPSAIKY CiM’1 BIIIMOBITHUX
napajiebHUX MIJIMHOTOBUAIB. B pe3ynbrari aHamizy aBTOp AOBOJUTH, LIO
Ha3BaHi BUIIE 3-BUMIPHI MiJIMHOTOBHUJIU ICHYIOTh 3 JIOBUIBHICTIO 110 7n-21
roioMophHUX (PYHKIIN ABOX 3MIHHUX 1 € ab0 MIAMHOTOBUIOM 3 TpbOMa
napaOboJIIYHUMHU  TBIPHUMH, a00 OOBIZHUMH 2-TO TIOPSAKY CIM’T  TaKuX
M IMHOTOBH/IIB.

402





