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In graphene superlattice the direct current induced in perpendicular direction with relation to the su-

perlattice axis by cnoidal and sinusoidal electromagnetic waves under the presence of longitudinal con-

stant electric field was calculated. Direct current dependences on the cnoidal wave amplitude and on the 

longitudinal electric field intensity were investigated. Direct current dependence on the cnoidal wave am-

plitude was shown to have resonant character. 
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1. INTRODUCTION 
 

There are intensive investigations of features of gra-

phene [1-4] and of superlattices (SL) based on the gra-

phene [5-9] last time. Dispersion low of SL based on the 

graphene sheet deposited on the periodic subsrate is stud-

ied in [10] where the energy of electron motion along the 

SL axis was shown to depend on the quasimomentum 

directed along its axis periodically near the Dirac point. 

The increased attention to the carbon system with the 

additional SL potential is due to the possibility of using of 

the superlattice as a working medium of generators and 

amplifiers of terahertz (THz) electromagnetic (EM) waves. 

The ability to create so-called Bloch oscillator based on the 

semiconductor SL was discussed [11]. 

In [12,13] the nonlinear effects in optical fibers –

 namely, the so-called effects of the coherent wave mixing 

[14] – were studied. The important problem arising in the 

study of THz wave mixing is the investigation of the mu-

tual influence of powerful radiation with different fre-

quencies propagating in the nonlinear medium [15]. One 

manifestation of the mutual influence of radiation – the 

so-called effect of mutual rectification of EM waves – the 

appearance of a constant component of the electric current 

under the number of EM waves with frequencies are 

treated as integer numbers [14,16,17]. 

The interest to the effect of THz radiation rectification 

in the SL is due to its direct relation with the diagnosis of 

kinetics features of nonlinear mediums, with detection, 

amplification and generation of THz radiation [12,13,18]. 

In [19-27] application of a strong polychromatic pump 

field is proposed to amplify THz radiation in SL. Amplifi-

cation of even harmonics of the pump field in this case is 

accompanied by the appearance of a constant component 

of the field. The possibility of rectification of current in-

duced by the mixing of the sinusoidal EM wave and its 

second harmonic in the semiconductor SL was shown in 

[16,17,28]. Moreover, in [16,17] the situation when the 

waves polarization planes coincide with the axis of the 

bulk SL was considered. 

The mutual rectification of cnoidal and weak sinusoi-

dal waves in the bulk SL was studied in [29] where the 

case of polarization planes of both waves contain the SL 

axis was considered. In [29] the presence or absence of 

direct current was shown to be regulated by change of 

cnoidal wave intensity. The rectification of the transversal 

current induced in graphene SL by two sinusoidal EM 

waves with orthogonal polarization planes was studied in 

[30,31]. In [30] the effect of the mutual rectification of 

sinusoidal EM waves frequency of one of which is in two 

times more than that of the other in graphene SL was 

investigated. In [31] the electric field influence on the di-

rect current induced by two sinusoidal waves of equal 

frequencies perpendicularly to the graphene SL axis was 

studied. 

The nonlinearity of current constant component de-

pendence on the EM wave intensity is most notably ap-

peared at high power of wave. However the intensive EM 

wave with electric field intensity directed along the SL 

axis is not of sinusoidal form as was assumed in 

[16,17,30,31]. In collisionless approximation in one-

dimensional SL the EM wave equation is a solution of 

d’Alembert equation taking the form of sine-Gordon (SG) 

equation which has the Jacobi elliptic functions as a gen-

eral periodic solution. 

Below, the longitudinal electric field influence on the 

transverse current rectification induced in a graphene SL 

by two EM waves, one of which is polarized along the SL 

axis and has cnoidal form is considered. 

 

2. CALCULATIONS 
 

Let graphene lies in the plane xz . Numerical analysis 

of the dispersion law [10] carried out in [31] showed that 

the electronic spectrum of the superlattice based on gra-

phene can be approximately written in the following ex-

plicit form: 
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where 0e = 0.059 eV, 1e = 0.029 eV, d = 2∙10–6 cm  is  
the SL period, Fu = 108 cm/s is the Fermi surface velosity, 
Oz  is  the  SL  axis.  In  the  new  notations:  x xq p d= h , 

z zq p d= h , F 0dg u e= h , 1 1 0g e e= , the expression (1) 
takes the form: 
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The constant electric field with intensity is equal to 
( )0,0,E=E  is suggested to be applied along the SL axis. 

In addition the electric field of cnoidal EM wave is 
applied. Another alternate electric field does oscillations 
in graphene plane perpendicular to the SL axis. Under 
these conditions the electric current density arising 
through the axis Ox  in the constant relaxation time 
approximation is calculated with the following formula: 
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where ( )0,0, zA=A  is the vector potential of cnoidal EM 
wave field satisfying to the SG equation, ( )1 1 ,0,0xA=A  
is the vector potential of sinusoidal EM wave field: 
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where 1E , w , f  are amplitude, frequency and initial 
phase of the transversal field oscillations, ( )0f p  is 
equilibrium state function, ( )xV p  is the electron velocity 
along the SL axis calculated by the formula: x xV pe= ¶ ¶ . 
Rewrite (3) in the following view: 
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where ( ) ( )zt edA t ca = h , ( ) ( )1xt edA t cb = h , 

( )ta a¢ ¢= , ( )tb b¢ ¢= , B edEw = h  is the Bloch 
oscillations frequency. Further the sinusoidal EM wave 

is supposed to be weak: 1 1b edE w= <<h . In the linear 
approximation in the parameter b  formula (5) has the 
view:
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After sum of the momenta was calculated we obtain: 
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where we define: 
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At low temperatures 0q e<< : 
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Further to calculate the second integral in (8) we use 

the following Fourier series expansion: 
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0E  is the amplitude of cnoidal wave, u  is the wave veloc-
ity, c  is the wave velocity in the absence of electrons, 

( )xK  и ( )xE  are complete elliptic integrals of the first 
and second kind correspondingly. After substituting (9) in 
(8), calculation of integrals, and averaging over the wave 
period, we obtain the following formula for the constant 
component of the transverse current density: 
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3. DISCUSSIONS 

 
The plot of the dependence of the function (11) 

on the cnoidal wave amplitude under the different 
values of the longitudinal electric field intensity is 
shown on the figure 1 ( )0 1a< £ . 

This function can be seen to have the resonant 
character. The constant component of the transver-
sal current occurs whenever the sinusoidal wave 
frequency is the integer number of cnoidal wave 
frequency. The possibility of the direct current in 
the transverse direction with relation to the SL axis 
is explained by the nonadditivity of the graphene SL 
spectrum. In the bulk SL with additive spectrum 
such effect is impossible. 

 

 
 

Fig. 1 – ωB = ω, ωτ = 10, Ω0τ = 10 
 

 
 

Fig. 2 – E = 0, ωτ = 10, Ω0τ = 10 
 
On the Fig. 2 the direct current dependence on the 

cnoidal wave amplitude when constant electric field is 
absent ( )0E =  is shown. In this case (as in [29]) direct 
current resonance occurs when w  is in even number 
more than W . 
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Fig. 3 – a = 0.97, ωτ = 10, Ω0τ = 10 
 
However when longitudinal electric field is present 

( )0E ¹  the new resonances of transversal direct cur-
rent appears (Fig. 1). 

 

 
 

Fig. 4 – ωB = ω, ωτ = 10, Ω0τ = 10 
 
Moreover, the resonances values and resonances di-

rections can be regulated by changing of longitudinal 
electric field. This effect is also possible due to nonaddi-
tivity of the electron spectrum (1). The direct current 

dependence on the longitudinal electric field intensity 
is shown on the Fig. 3. 

 

 
 

Fig. 5 – a = 1.028, ωτ = 10, Ω0τ = 10 
 
The dependences of the function (11) on the cnoidal 

wave amplitude and on the intensity of the longitudi-
nal electric field in the case 1a >  are  shown  on  the  
Fig. 4 and Fig. 5, correspondingly. The constant com-
ponent of the transversal current occurs whenever the 
sinusoidal wave frequency is in integer number more 
than cnoidal wave frequency. In the case 1a >  the 
function ( )max BR w  can be seen from Fig. 5 to be not 
symmetric, unlike the case of 0 1a< £  (Fig. 3). This 
fact is due to the constant component of electric field of 
cnoidal wave in the case when 1a > . 
 

AKNOWLEDGEMENTS 
 
This study was supported by the Administration of 

the Volgograd region, state research project. 

 
REFERENCES 
 

1. A.H. Castro Neto, F. Guinea, N.M.R. Peres, K.S. Novoselov, 
A.K. Geim, Rev. Mod. Phys. 81 No1, 109 (2009). 

2. S.A. Mikhailov, Phys. Rev. B 79 No24, 241309 (2009). 
3. D.V. Zav’yalov, V.I. Konchenkov, S.V. Kryuchkov, Fiz. Tverd. 

Tela 51, 2033 (2009). 
4. D.V. Zav’yalov, V.I. Konchenkov, S.V. Kryuchkov, Fiz. Tverd. 

Tela 52, 746 (2010). 
5. L.A. Chernozatonskii, P.B. Sorokin, E.E. Belova, I. Bryuning, 

A.S. Fedorov, Pis’ma Zh. Eksp. Teor. Fiz. 84, 141 (2006). 
6. L.A. Chernozatonskii, P.B. Sorokin, E.E. Belova, I. Bryuning, 

A.S. Fedorov, Pis’ma Zh. Eksp. Teor. Fiz. 85, 84 (2007). 
7. F. Guinea, M.I. Katsnelson, M.A.H. Vozmediano, Phys. Rev. B 

77 No7, 075422 (2008). 
8. H. Sevincli, M. Topsakal, S. Ciraci, Phys. Rev. B 78 No24, 

245402 (2008). 
9. M.R. Masir, P. Vasilopulos, F.M. Peeters, Phys. Rev. B 79 

No3, 035409 (2009). 
10. P.V. Ratnikov, Pis’ma Zh. Eksp. Teor. Fiz. 90, 515 (2009). 
11. A.A. Andronov, M.N. Drozdov, D.I. Zinchenko, 

A.A. Marmalyuk, I.M. Nefedov, Yu.N. Nozdrin, 
A.A. Padalitsa, A.V. Sosnin, A.V. Ustinov, V.I. Shashkin, Usp. 
Fiz. Nauk 173, 780 (2003). 

12. J.E. Sharping, M. Fiorentino, A. Coker, P. Kumar, 
R.S. Windeler, Opt. Lett. 26 No14, 1048 (2001). 

13. S. Stepanov, E. Hernandez, M. Plata, J. Opt. Soc. Am. B 22 
No6, 1161 (2005). 

14. A.V. Shorokhov, N.N. Khvastunov, T. Kh’yart, K.N. Alekseev, 
Zh. Eksp. Teor. Fiz. 138, 930 (2010). 

15. A.A. Bulgakov, O.V. Shramkova, Fiz. Tekh. Poluprovodn. 35, 
578 (2001). 

16. S. Mensa, G.M. Shmelev, E.M. Epshtein, Izv. Vyssh. Uchebn. 
Zaved. Fiz. 65, 112 (1988). 

17. K.N. Alekseev, M.V. Erementchouk, F.V. Kuzmartsev, Eu-
rophys. Lett. 47 No5, 595 (1999). 

18. M. Tonouchi, Nature Photonics 1, 97 (2007). 
19. V.V. Pavlovich, Fiz. Tverd. Tela 19, 97 (1977). 
20. Yu.A. Romanov, Yu.Yu. Romanova, Zh. Eksp. Teor. Fiz. 118, 

1193 (2000). 
21. T. Hyart, N.V. Alexeeva, A. Leppanen, K.N. Alexeev, Appl. 

Phys. Lett. 89 No13, 132105 (2006). 
22. K.N. Alekseev, M.V. Gorkunov, N.V. Demarina, T. Hyart, 

N.V .Alexeeva, A.V. Shorokhov, Europhys. Lett. 73 No6, 934 
(2006). 

23. Yu.A. Romanov, J.Yu. Romanova, L.G. Mourokh, J. Appl. 
Phys. 99 No1, 013707 (2006). 

24. T. Hyart, A.V. Shorokhov, K.N. Alekseev, Phys. Rev. Lett. 98 
No22, 220404 (2007). 

25. A.V. Shorokhov, K.N. Alekseev, Zh. Eksp. Teor. Fiz. 132, 223 
(2007). 

26. T. Hyart, K.N. Alekseev, E.V. Thuneberg, Phys. Rev. B 77 
No16, 165330 (2008) 

27. T. Hyart, N.V. Alekseeva, J. Mattas, K.N. Alekseev, Phys. 
Rev. Lett. 102 No14, 140405 (2009). 

28. K. Seeger, Appl. Phys. Lett. 76 No1, 82 (2000). 
29. D.V. Zav’yalov, S.V. Kryuchkov, E.I. Kukhar’, Opt. Spectrosc. 

100, 916 (2006). 
30. S.V. Kryuchkov, E.I. Kukhar, Semiconductors 46 No5, 666 

(2012). 
31. D.V. Zav’yalov, V.I. Konchenkov, S.V. Kryuchkov, Fiz. Tekh. 

Poluprovodn. 46, 113 (2012). 


	~WZ551

