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AUTOMATED SOFTWARE FOR ELASTIC ANISOTROPY RESEARCH
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The new automated software was developed to research the directional distribution of such elastic
values as phase velocities of quasi-longitudinal wave, «quick» and «slow» quasi-transverse waves,
angle between wave normal and elastic displacement vector of quasi-longitudinal wave, differential
coefficients of elastic and transverse anisotropy, Young's modulus, Poisson's ratio and shear modulus.
It was shown the importance of a standard acoustic coordinate system whose basis is the acoustic
tensor’s eigenvectors. It allows orienting the stiffness tensor of the geological environment in the
direction of its main symmetry elements.

The software also allows to approximate the stiffness tensor by the nearest isotropic,
transversely isotropic and rhombic symmetry which significantly simplifies the further calculations.

Key words: elastic anisotropy, stiffness tensor, phase velocity, anisotropy coefficient, Young's
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ABTOMATHW30BAHA ITPOTI'PAMA JIUISI JOCJIIDKEHHS ITPY ) KHOI
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Llenmp nagpmocazozeonoziunux ma ceticmiynux docaiodxcens, 11 «Haykanagpmozasy,
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HoBe aBTOMaTH30BaHe mporpamHe 3a0e3nedeHHs Oyiao po3poOJIeHO AN JOCHIDKSHHS
CTIPSIMOBAHOTO PO3MOITY TaKUX MPYKHHX BIACTUBOCTEH, K ()a30Bi MIBUIKOCTI KBa3iMOJOBXKHBOI
XBWII, IIBHJIKOCTI «IIBHIKOI» Ta «IOBUIBHOT» KBa3iMOMEPEYHUX XBWIIb, KYT MiX XBHJIBOBOIO
HOPMAJUII0 Ta BEKTOPOM TMPYKHOTO 3MIIIEHHS KBa3iMOJOBXKHBOI XBHII, JudepeHiiaabHi
KoeillieHTH MPYXKHOI Ta MonepevHoi anizorporii, Moaynb KOnra, koedinient [Tyaccona Ta Moxyinb
3cyBy. [lokazaHo BaKIMBICTh CTAHAAPTHOI aKyCTHYHOT CHCTEMHU KOOPAMHAT, OCHOBOIO SIKOi € BIIACHI
BEKTOPH AaKyCTHYHOTO TeH30pa. lLle mo3Bonsie OpieHTYBaTH TPYXKHHHA TEH30p T'€O0JOTiYHOrO
Cepe/loBUINA y HANPsIMKY HOT0 OCHOBHHX €JIEMEHTIB CUMETPIi.

[Iporpamue 3a0e3nedyeHHs TaK0X JA03BOJISI€ HAOIU3UTH TEH30P KOPCTKOCTI A0 HAMOIMKUOT
130TpOIHO{, MOMEPEeYHO I130TPOMHOI Ta POMOIUHOI CHUMETpii, M0 3HAYHO CHPOILYE MO
PO3paxyHKH.

Kniouogi cnosa: npyxHa aH130TpOMis, IPY>KHHUI TeH30p, (ha30Ba MIBUIKICTh, KOE(]ILI€HT aHI30TpOMil,
Moxayib FOnra, koedirmient Ilyacona, crepeonpoexiris
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HoBoe aBTOMaTW3mpoBaHHOE MpOrpaMMHOE obOecriedeHrne ObUTO0 pa3pabdoTaHO JAJs HCCIeTOBAHHUS
HAIPABJICHHOTO PACIIPEICIICHUS TAKUX YIIPYTUX CBOWCTB, KaK (Da30Bbie CKOPOCTH KBA3UIIPOI0JIbHON
BOJIHBI, CKOPOCTH «OBICTPON» M «MEJICHHON» KBa3HWIIONEPEUHBIX BOJIH, YTOJI MEXIY BOJTHOBOU
HOPMAJILI0O UM BEKTOPOM YIIPYroro CMEIICHUS KBa3HWIPOJOJIbHON BOJHBI, JuddepeHIInaIbHbIC
KOA((HUIIMEHTHI YIPYTOl U MOMEPEYHOr aHU30Tporuu, Moayins KOura, koaddunuent [lyaccona n
Moaynb casura. [lokazaHa Ba)XHOCTh CTaHJAPTHOM aKyCTMUECKON CHCTEMbI KOOPAMHAT, OCHOBOM
KOTOPOH €CTh COOCTBEHHBIC BEKTOPHI aKyCTHUECKOTO TEH30pa.

[IporpamMmmHOe oOecrieueHHe TakKe [MO3BOJIIET OPUEHTHPOBATh YIPYTUH  TEH30D
I'€OJIOTHYECKON CPE/Ibl B HAIIPABJICHUN €TI0 OCHOBHBIX 3JIEMEHTOB CHMMETPHH.
Kniouesvie cnosa: ynpyrasi aHWU30TPOIUS, YHOPYTHd TeH30p, (a3oBasi CKOPOCTh, KOA(PPHUIMEHT
anuzoTporuu, Moayib KOnra, koaddurment [lyaccona, crepeonpoekiius

Introduction

Research into anisotropy of elastic properties and seismic waves of rocks is of
great interest in terms of oil and gas deposits exploration and applying seismic methods
and techniques in assessment of the abnormally high pressures at great depths, crack
distribution, rocks bedding, as well as geophysical monitoring of such hazards as
landslides, mudflows, soil subsidence, etc.

The new automated software was developed on C# WPF language for elastic
anisotropy research of ordered geological medium with any symmetry using its
stiffness tensor and density.

Theory

As a priori elastic symmetry and spatial orientation of symmetry elements in
ordered geological environment is unknown, acoustic symmetric tensor u;; is used to
define it. This tensor is a convolution of the stiffness tensor by a pair of external or

internal indices (Fedorov, 1965):

pui = Cijji (1)
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In any direction of the wave normal it can be determined by the sum of squared
phase velocities with orthogonal polarization:
i) = pgnin, = v{ +vi +v3 (2)
As it follows from the characteristic equation of acoustic tensor:

(uiy —A6y)X; = 0, 3
where A — scalar; tensor has three eigenvalues uy, u,, 3. Each eigenvalue corresponds
to its own eigenvector X', X", X""". Eigenvectors form three mutually orthogonal
vectors. Directions of acoustic tensor’s eigenvectors coincide with the orientation of
rock anisotropic symmetry elements - they either collinear to symmetry axes or
orthogonal to symmetry planes. So acoustic tensor can be used to make the clear natural
choice of symmetry axes in monoclinic and triclinic crystals and rocks (Alexandrov,
Prodayvoda, 2000; Fedorov, 1965).

Considering these peculiarities, right three eigenvectors of acoustic tensor are
used as the basis of standard acoustic coordinate system (Prodayvoda, 1998).

For a detailed classification of the geological medium symmetry group the
stiffness tensor symmetry in the standard acoustic coordinate system was used. The
transformation of stiffness tensor’s components from the initial coordinate system

C'mnpq to the stiffness tensor’s components in the standard acoustic coordinate system
Cijr1, Which was found by the formula:

Cijki = QimAinQiep A1q Crnpq 4)
where a;,, —cosines of angles between acoustic tensor’s eigenvectors and initial
coordinate system axes.

Table 1 shows the input stiffness tensor for Vosges Sandstone (a) taken from the
article (Mensch, Rasolofosaon, 1997) and rotated stiffness tensor (b) and compliance
tensor in the standard acoustic coordinate system. The density of VVosges Sandstone

equals to 2080 kg/m3.
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Table 1. Elastic tensors for VVosges Sandstone: a) initial stiffness tensor from (Mensch,
Rasolofosaon, 1997), in GPa; b) transformed stiffness tensor in standard acoustic
coordinate system, GPa; ¢) compliance tensor in standard acoustic coordinate system,
TPal.

103 09 13 14 1,10 0,8 10,27 0,32 1,42 1,2 0,76 0,32 103,4 -0,73 -11,81 -25,24 -13,65 -11,67

10,6 2,1 0,2 -0,2 -0,6 11,17 2,5 0,19 -0,48 -0,21 93,65-16,74 -3,26 561 1,98
141 0 -05 -1 13,7 -0,04 -0,51 -0,71 7838 488 662 13,6
510 0 02 512 -0,1 -0,25 202,42 656 14,79

6 0 6,57 -0,15 154,92 8,14

a) 4,90 b) 4,26 c) 239,38

The advantages of standard acoustic coordinate system is shown on Figure 1. It
represents the mean-quadratic difference (described in formula (11)) between triclinic
stiffness tensor of Vosges Sandstone stiffness tensor and its nearest transversely-
isotropic approximation. The maximum value of this coefficient decreased from 17,1%
to 12,6%, and the mean value from 6,22% to 5,8%, indicating a more precise definition
of transversely-isotropic approximation in standard acoustic coordinate system. For
minerals this coefficient drops even higher. For example mean value of differential
coefficient of relative mean-quadratic transverse anisotropy for kaolinite (Vyzhva,
Prodayvoda, Vyzhva, 2011, 2012, 2013) decreased from 11,7% in initial coordinate
system to 2,5% in standard acoustic coordinate system, and its maximum value from
33,1% to 16,8% respectively.

The phase velocities and polarization vectors of elastic waves were found by
solving Green-Christoffel’s equation (Prodayvoda, Kuzmenko, Vyzhva, 2015):

Ty — pv?8,)U, = 0, ©)

where T = C;jmnjny, — Christoffel’s tensor; v — phase velocity; n; — wave normal

vector; C;j, — stiffness tensor; U; — elastic displacement vector components; p —

density; 6;; — Kroneker’s delta.
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Vosges Sandstone, in %: a) initial coordinate system; b) standard acoustic coordinate
system.

If the wave normal vector is given then from the condition of equation (5)
solution existence:

[Ty — pv?6yl =0, (6)
eigenvalues of Christoffel’s tensor I;; can be found, that up to a constant p determine
phase velocities of quasi-longitudinal (v;) and two quasi-transverse waves - "quick"
v, and "slow"v; (v; > v, = v3).

Elastic displacement vectors can be found from equation (Fedorov, 1965):

_ (F_pvz)jm
Ujlm = = (7)

where (F——pvz) jm — adjugate tensor to (I' — pv?) j,,,; C — tensor trace.

Figure 2 shows the spherical projections and stereo-projections of phase
velocities for Vosges Sandstone. This distribution coincides with those in article
(Mensch, Rasolofosaon, 1997) but provides better and accurate visualization. Spherical
projections Figure 2 a), b), c) represent three-dimensional distribution of elastic
parameters and they show values with no distortion in 3D space. And stereo-
projections (Figure 2 d), e), f)) that are made on modified Wulff’s grid, give full 180°

view compare to approximately 120° in sphere.
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Fig. 2. 3D spherical projections (upper) and stereo-projections (lower) of phase
velocities for Vosges Sandstone, in km/s: a),d) quasi-longitudinal wave; b),e) “quick”
quasi-transverse wave; ¢),f) “slow” quasi-transverse wave.

To estimate the accuracy of the transversely isotropic approximation of the
triclinic elastic constant matrix the transversely isotropic anisotropy coefficient
(Alexandrov, Prodayvoda, 2000; Fedorov, 1965) was used, which characterizes the
deviation of the triclinic elastic anisotropy from the most similar to it transversely
isotropic medium. Analytically, the elastic constants of a transversely isotropic
medium can be derived from the following condition (Prodayvoda G.T., Cholach P.Y .,
1998):

[(A" S\ L —min, (8)
where Ay =Cyanjni/p. AV =clinjng/p cl) — the stiffness tensor of an unknown
transversely isotropic medium, which is most similar to the elastic medium of the
triclinic matrix with stiffness tensor c;, and density p; ¢ — tensor trace.

To solve this equation the covariant form of Kristoffel’s tensor was used when

choosing the coordinate system:
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A(itl) = ays) + NN +a,e;e +asCiC| 9)
where ¢ =[en} ; nj — components of the wave normal vector; e; — components of the
vector, which determines the direction of the main symmetry axis of the transversely
isotropic medium.

The solution of equation (8) yields the unknown factors:

(1+ n? Jec]A[ec]- fiAf + n2eAe _ findi - ngené - [ Plecafec]

aO = al

2n’ 2ni[ref ’
o [ 2n2 finii + nZené - [iePlecales] o, - Sndenc —ninc ini-feehe] (g0
’ 2n[ris ] S 2n3 '

In order to compare the elastic properties of the triclinic and transversely
isotropic symmetry, the value of differential coefficient of the relative mean-squared
transversely isotropic elastic anisotropy (A;) was used. This coefficient can be derived

from the following formula (Prodayvoda, Cholach, 1998):

2 t)2 %

where (12} =A%+ 83y + Ay + 28, + M2y + A3 J; (AR = AP 4 AP 1 ALR « 2{alR 1 AR 4 AG).

In a similar way, the integral and differential coefficients of elastic anisotropy
can be calculated, which indicate how the specified anisotropic medium with an
arbitrary symmetry differs, in an average or certain direction, from the most similar to
it isotropic medium. To do this the isotropic medium tensor should be entered into the

formula (8):
Am=a+bi-f, a==((a), ~(Ans)} b=Z{a(aan) - (a), ). (12)

To research the azimuthal anisotropy of elastic moduli their characteristic
surfaces can be used. The characteristic surface of Young’s modulus E (Z)), Poisson's

ratio v(f) and shear modulus G(p,q) can be calculated from works (Prodayvoda,

Kuzmenko, Vyzhva, 2015; Alexandrov, Prodayvoda, 2000).
Figure 3 displays stereo-projections of elastic values for Vosges Sandstone and
shows its triclinic symmetry. The maximum coefficient value of relative mean-
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quadratic elastic anisotropy (Fig. 3,b) is 19,5%, that almost coincides with work
(Mensch, Rasolofosaon, 1997), where anisotropy is 21,1%. Transverse anisotropy
coefficient (Fig. 3,c) maximum is 12,6%, and the mean value is 5,8%. The Young’s
modulus values change from 8,62 GPa to 13,93 GPa, Poisson’s ratio from 0 to 0,23
and shear modulus 3,79 GPa to 6,5 GPa that shows a relatively high anisotropy of
Vosges Sandstone.
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Fig. 3. Stereo-projections of elastic values for Vosges Sandstone: a) angle between
elastic displacement vector of quasi-longitudinal wave and wave normal vector, in
degrees; b) differential coefficient of relative mean-quadratic elastic anisotropy, in %;
c) differential coefficient of relative mean-quadratic transverse anisotropy, in %; d)
Young’s modulus, in GPa; e) Poisson’s ratio; f) Shear modulus, in GPa.

Conclusions
The new automated software was developed to research the directional distribution
of such elastic values as phase velocities of quasi-longitudinal wave, "quick" and
"slow" quasi-transverse waves, angle between wave normal and elastic displacement
vector of quasi-longitudinal wave, differential coefficients of elastic and transverse
anisotropy, Young modulus, Poisson's ratio and shear modulus. It was shown the
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importance of a standard acoustic coordinate system whose basis is the acoustic
tensor’s eigenvectors. It allows orienting the stiffness tensor of the geological
environment in the direction of its main symmetry elements. The software also allows
to approximate the stiffness tensor by the nearest isotropic, transverse and rhombic
symmetry which significantly simplifies the further calculations.
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