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Рис. 1. Результат разме-
щения параллелепипедов с 
учетом погрешностей 

Рис. 2. Результат решения 
идеализированной  

задачи  
b/"%д/ 

Построена интервальная математическая модель 
задачи упаковки параллелепипедов в параллелепипеде 
с учетом погрешностей на основе применения элемен-
тов интервальной геометрии. Кроме того, данная зада-
ча рассматривается как двухкритериальная оптимиза-
ционная задача. Интервальная математическая модель 
задачи реализована в евклидовом пространстве. Для 
решения задачи предложена стратегия, основанная на 
комбинации таких методов оптимизации, как: метод 
оптимизации по группам переменных, метод сужаю-
щихся окрестностей, и метод возможных направлений. 

Разработана программа упаковки параллелепи-
педов “Packing interval parallelepipeds” предназна-
ченная для автоматизации решения задачи опти-
мального упакування параллелепипедов в паралле-
лепипеде с учетом погрешностей метрических ха-
рактеристик и параметров размещения может быть 
использована при проектировании карт трехмерного 
раскроя промышленных материалов, при создании 
малоотходных технологий, в задачах минимизации 
транспортных расходов, при прогнозировании ре-
зультатов упаковки грузов и других задач, которые 
моделируются как задачи упаковки параллелепипе-
дов с учетом погрешностей. 

qC,“%* л,2е!=23!/ 
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RANDOM PACKING OF IDENTICAL SPHERES INTO A CYLINDRICAL CONTAINER 

 
The paper proposes an algorithm for packing a great number of identical spheres into a cylindrical container. 
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Introduction 

The problem of packing of a great number of iden-
tical spheres into a container considered in this paper 

arises in oil-refining (catalytic cracking and reforming) 
and gas-processing (absorption) industries. Catalysts to 
be packed into the container may be of spherical form.  
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In this paper an algorithm to pack a great number 
of identical spheres is suggested. The mathematical 
model of the problem is constructed on the ground of 
Φ -functions ([1],[2]). 

Mathematical model 
The following mathematical model of the problem 

is used. Let there be a sphere S  with radius r  and a 
domain D  (cylindrical container) being a specific 
composition of cylinders 1C , 2C  and a spherical 
segment 0S  (fig. 1): 
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where ( )2Cc  is the compliment 2C  to 3R , ( )⋅c  is the 
closure, 

( ){ }Hz0 ,Ryx Rz,y,xC 2223
1 ≤≤≤+∈= , 

( ){ }hRzR ,ryx Rz,y,xC 2
c

223
2 +−≤≤−≤+∈= , 

( ){ }HzR ,rzyx Rz,y,xS 2
c

2223
0 ≤≤−≤++∈= , 

0R >  is radius of 0S  and of base of 1C ; H  is height 
of 1C ; 0H >  is height of 2C  and 0rc >  is radius of its 
base.  

The origin of the eigen coordinate system of 
domain D  is at point ( )0,0,0vO 0 == . Plane Hz =  is 
a height of domain D . In general, H  can be non-
positive. 
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Fig. 1. Cylindrical domain D  (container)  
and sphere S  (catalyst) 

 

Problem. It is necessary to pack a maximal 
number N  of spheres N21 S,...,S,S  of the same radius 
r  into domain D  without mutual intersections and find 
their centre coordinates ( )iiii z,y,xv = , N,...,2,1i = . 

We consider a set of spheres iS , 1, 2,...,i n= . 
Mathematical model of the problem can be formulated 
as follows. 

Find N  and iv , N,...,2,1i = , such that 

( )∑
=
ψ=

n

1i
ii vmaxN  s.t. Gv∈ , (1) 

where ( ) n3
n21 Rv,...,v,vv ∈= , 

( ) ( )
⎩
⎨
⎧ ≥Φ

=ψ
otherwise, 0

,0v,0 if 1
v ii

ii  

( ) ,ji ,k,...,3,2j ,1k,...,2,1i ,0v,v jiji <=−=≥Φ  

where ( )ii v,0Φ  is a Φ -function of body ( )( )Dccl  and 
spheres iS , k,...,2,1i = , ( )jiji v,vΦ  is a Φ -function of 

spheres iS  and jS , ji ,k,...,3,2j ,1k,...,2,1i <=−= . 

Inequality ( ) 0v,0 ii ≥Φ  ensures that spheres are located 
within D  and inequality ( ) 0v,v jiji ≥Φ  gives non-

overlapping spheres.  

Solution algorithm 
To obtain a solution of the problem (1) a 

modification of the optimisation method by groups of 
variables (greedy algorithm) is suggested. It allows to 
decompose the problem (1) onto N subproblems. Each 
subproblem uses the packing of spheres corresponding 
to the previous subproblem.  

We consider the problem which arises on the step 
k . Coordinates of spheres 1k21 S,...,S,S −  packed at the 

previous 1k −  steps are fixed ( )*
k

*
k

*
k

*
kk z,y,xvv == , 

1k,...,2,1i −= . Coordinates of kS  form the k -th group 
of variables. 

( ) ( )kk
*
k vWminvW = , s.t. ,Gv k

k ∈ ,1n,...,2,1k 0 +=  (2) 

where ( ) kkk zvW = , nn0 < ; feasible region 3k RG ⊂  
is defined by the system of inequalities: 

( )
( )⎪⎩

⎪
⎨
⎧

−=≥Φ

≥Φ

.1k,...,2,1j ,0v,v

,0v,0

k
*
jjk

kk              (3) 

If a solution of problem (2) for 1nk 0 +=  is not 
found, then the solution of the previous problem 
( 0nk = ) is supposed to be a solution 0nN =  of the 
problem (1). The following peculiarities of subproblems 
can be pointed out.  

1. The objective function is linear. Minima of 
problem are at extreme points of the feasible region. 

2. The frontier of feasible region Gk. is formed by 
points belonging to a surface being specified by the 
equation ( ) 0v,0 kk =Φ  or surfaces being specified by 

the equations ( ) 0v,v k
*
jjk =Φ , 1k,...,2,1j −= . 

A solution strategy allows to obtain a local 
minimum for each subproblem. The solution strategy 
for the k-th subproblem consists of the following stages: 

1. Random choice of an initial point of the feasible 
region Gk. 

2. Movement to the frontier of Gk. towards 
decreasing of the objective. 

3. Movement along the frontier of Gk. to an extreme 
point of Gk. towards decreasing of the objective. 

4. Searching for an extreme point of Gk. being a 
local minimum of problem (2). 
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5. Repeat of items 1 – 4 depending on number of 
local minima. 

6. Selection of the best local minimum obtained. 
We consider the steps in detail.  
1. A point ( )0

k
0
k

0
k

0
k z,y,xv =  is taken as an initial 

one where 0
kx  and 0

ky  are randomly defined within the 

domain D  and k
0
k rHz −= . In other words, the point 

corresponds to the location of Sk on the top of  D . 
2. If k0

k Gv ∉ , then take 1kN −=  and a solution 
of the problem (1) is obtained. Stop the algorithm. 

3. Otherwise ( k0
k Gv ∈ ), a point  

( ) ( ) k
q

0
k

0
k

0
k

1
k

1
k

1
k

1
k frGzz,y,xz,y,xv ∈Δ−== , 

at which kS  touches the frontier of D  ( frD ) or  iS , 
{ }1k,...,2,1i −∈ . Value qzΔ , ,...,2,1q =  is defined by 

bisection within the segment [ ]HR,0 + . Point i
1
k Tv ∈ , 

{ }1k,...,1,0i −∈  where iT  are surfaces given as 

( ){ }0v,0GvT kk
k

k0 =Φ∈= , 

( ){ }0v,vGvT k
*
iik

k
ki =Φ∈= , { }1k,...,2,1i −= . 

4. If point 1
kv  is a local minimum, then 1

k
*
k vv =  

and go to the step 1k + .  
5. A point ( ) ( )ji

2
k

2
k

2
k

2
k TTz,y,xv I∈=  is found 

where { }1k,...,2,1ji −∈≠  and 1
k

2
k zz < . At the point 

sphere kS  touches frD  and jS , { }1k,...,2,1j −∈  or 

with iS  and jS . To this end we solve systems: 

( )

⎪
⎪
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⎧

=+

=Δ−=

=

,cbyax

,...,2,1q ,zzz
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q
1
k
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where ( ) 0z,y,xfi =  describes surface iT ; q
1
k zzz Δ−= , 

,...2,1q = , are equations of planes to be parallel to plane 
XOY ; cbyax =+  is equation of a plane to be parallel 

to axis of cylinders and passing through point i
1
k Tv ∈ . 

Value Δzq is defined by bisection within the segment 
[ ]1

kzHR,0 ++ . If point 2
kv  is a local minimum, then 

2
k

* vv =  and go to the step 1k + .  

6. An extreme point ( )lji
3
k TTTv II∈  is found 

where { }1k,...,1,0lji −∈≠≠  and 2
k

3
k zz < . At the point 

sphere Sk touches frD  and two spheres or three spheres. 
To this end we solve systems: 
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=
=

,...,2,1q ,zzz
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where equations ( ) 0z,y,xfi =  and ( ) 0z,y,xf j =  

describe surfaces iT  and jT  respectively. Value qzΔ  is 

defined by bisection within the segment [ ]1
kzHR,0 ++ . 

If point 3
kv  is a local minimum, then 3

k
* vv =  and go to 

the step 1k + .  
7. Otherwise, some of Lagrange multipliers 
01 <λ  or 02 <λ  or 03 <λ . We define { }3,2,1i0 ∈  

such that ii0 λ≤λ ,  3,2,1i = .  

8. If 0ii =  we take ji = , lj =  and 3
k

2
k vv =  and 

go to item 6. 
9. If 0ij =  we take lj =  and 3

k
2
k vv =  and go to 6. 

10. If 0il =  we take 3
k

2
k vv =  and go to item 6. 

To decrease the algorithm runtime the following 
mean. In order to verify whether a point ( )z,y,xv =  

belongs to kG  a set of indices ( )vIL  of spheres lying 
close to the a point ( )z,y,xv =  is constructed:  

( ) { }{ }iiL r2vv  1k,...,2,1ivI ≤−−∈=  

and use the system  
( )
( ) ( )⎪⎩

⎪
⎨
⎧

∈≥Φ

≥Φ

vIj ,0v,v

,0v,0

Lk
*
jjk

kk
 

instead of system (3). It enables the algorithm 
complexity to become linear depending on the number 
of spheres. 

Examples 
Series of examples are calculated (Pentium III).  
Example 1. 15r = , 250R = , 80rc = , 0H = , 

250h = . To improve the final result 30 attempts are 
made on each step. The number of spheres packed is 

017 1N =  (Fig. 2). Runtime of the problem is 12 sec. 

 
 

Fig. 2. Packing of  1017 spheres 
 

Example 2. 25.1r = , 250R = , 80rc = , 
10H −= , 80h = . Only one attempt is made on each 

step. The number of spheres packed is 007 630 2N = . 
Runtime is about 20 h. 
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