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INTRODUCTION It |_1..j.|1:-|_'|.|.||:_ the Baszis of modern malthe

| ""I" he realities of modern dewvel matical methods of measurement thep
r opment of science, technology, 1y, are experimentally established facts
| madicing, econemics and many other ane at clagsical mechamcs (2],

as of social development, require the use At ane time, & variety of tasks led to the
I of different measurement processes as the  formation of seweral directisns in mecha-

primary methed of obtainlng obiective In
formation. Methods of analysis of measure-
ment results |1 based on tried and tested
in practice, the physical models and theis
corresponding mathematical methods
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nics, Newtonian mechanics, studying the
motion of matevial points in thoeedimen
sipnal Fuclidean space. Lagrangian me-
chamics descnbes the motion of mechani-
cal systems using configuration space. and
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Hamtltoman mechanics, allows one o imyeskigate skich
problems as the approximate metheds of perturba-
tion theory of celestial mechanics, optics and guan-
fum mechanics. Newtonian mechanics 15 a Special case
if Lagranglan mechanics n Ewclidean space, and the

Lagrang represents a special case of Hamiltonian

Uur space is three dimensional and Euclidean
and rhe time f: one-dimengional, Al the faws of na
ture ab all times are the zame in all inertial coordi-
uate systems, Howewer, the main condition, which al
ways Dolds 1o clagtieal mechanics iz that the initial
state of the mechanical system uniguely determines
ity movement through space and time. The tobality
af these faclts has allowed for |'|._||-_|I||'|_J Lthe principle
of determinism of Newton-Laplace, according to which
the behavier of the system in time and space is de-
i qeneral the system of opdinary differential
tollownng Canchy-Kovalevskaya existance
¥ orlinary differential

ind umiqueness of solutions of
pipuAtLong ot a ;I|"|,=:'-':|'_.¢I quantity describad by these

weriled

mATLnmS.

quationg has & wnigue value

If wa conaider the process of measuring the éxpe
imant from the standpaint of classical mechan-
s determine the measurement e
ults, First, the measored waloe has a unbgua valee [1]
Secondly, the precizion with which set to the measured

determined by measurmg the initial condiiions

Y 3 I Wl '_|T:'.'_I'i_.hl K]

the experament, Fartner maask
erment theary, of course, fallows the development
f classical mechanics and mathematical methods for

af not only linear but akso

devalopment of

lescribing the béhanio
nonlinesr dynamic systems, including these thal be-
ong to the class of dissipative dynamical systems [3]
for which the compression phase volume take place
Hawenat clazzical cefarmanism
it the conventional sense is possible enly in an ab-

rtract mathematical space, In this phase space, pos

mechanical o

lsan af Ehe ;l-li"l '|l'||-'-|'|-r|-::.i||-\.i ta the indtial eonditlen
af the atate af the studied system can determined
ay the actual number with any desired accuracy. This
mirang that the toilial conditions differ from each
alter, i the salues of the fiest ¥ characters coin
cide: while in N+1 mack is eqisteret differznces, even
PN i= A very lamge number, for example, 10

It 1% clear that i describing the real physical Sys-
tem, pse that farm of determinism is imp :
cauge 1t implies that the state of physical ohjects can

EveTl '.|::'-l|.||| fio actual measire-

consider differenl
tq cannaed distinguighed. Conseguantly, such a rep
rasantation is necessary nobons of determinism that

vas ot only physically meaningful, but abde could

e sl In The meaiirement ex I|r'."il 1ents.
Each state is a physical object is described with
3 amail, but always the nitimate uncertainty and the

fabe af & physical ablect, 158 never defnad "|-,' e IR
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dl numtber, but only thoough a probability distribu
finn (Gaussan, unifarm, ate.) pessible values of physi
cal quantitise. Im this reqard the task of analyzing tha
measurement results presented as a problem of solving
the ejuation of mepsurements, given the siriahakdlity
distribution of the initial parametsrs of the last [4].
The main featare of this approach is that the measu-
mement equation transfotming the ooiginal probability
disinbution 1n the probahildiy diztrihotion of ooteomsa
maeasirement does not change it in time and it re-
mains skabie (4| It should note that the test system
Thie means that,

must be fixed and stable ower time
based on the equation of measurement uncertainty
of the outcome of indirect measuremenis set by the
puncertainty of all parameters of the equation as the
initial canditions, given a grobabilistic way, An fm-
portant feature of this approach is the fact that the
tnitial state ol & dynaemic System is established wsing
i probahilistic description of system parameters. The
dynamics of stodied system desimibed by motion equa
tans. Pmbatilty disinsubion of rapdom values af the
paraneters wied O BETET nal ar internal P EEias and
naise. Far measuring tasks, 1t is mmportant that the
developed mathematical tools needed in dealing with
statistical problems, based on the theory of Hownean
mation and processes of diffusion type,

This unit is the theary of Markow processes. An Im-
portant special case al Mar ko processes ane FALS%1AN
peocesses with exponentially decaying correlation funs
Hon. Hasic proparty of Gaussianm processes determined
by the central limat theorem. According to which the

il & !||||.'I' ke -::f LIIII.'::”:'!;".l I'I'J I|1i.'|.-l.'I||II K

tmpact
riables, provides properties of a random Gaussian pre
cess. It 1s essential that the ordinary linear differentia
puations with Gamssian Muetuations (o the [Erane
ters describing the Markow properties of the fluctua

4
i

tHans of motion of dynamical systems. 1F the
near egquations,- then, in genieral, there is a eomplica

nan-l
ted transformation of Gaussian Buctuations. the values
of parameters of the equation of measurements, lea
of distribution ol

ed valwe, Thus any attempt to consi

ding ton non-Gaussian law valung
il '.i.|:' EAsl
der the behavior of nonlinear systems under the i3
aElssian noise, 15 [Bong a fondamental b
ficulty, since the temporal evolution of such & system
5 no lopger Markow and lost opportunity to use po-
hods of the theory of Markow processes

[a sobwe the pioblem of determimes the - transion-
mation of wneertainty paametsrs of dynamic and sta-
Hc systems in the uncertainty of the ontcome measn:
rements, recently wsed numerdcal methods of Monte

With the help of numerical simulation can

find a form of probahility distribution of measurement
results. Tha existing theary of measumment, the impact
behador of Lhe studied dyramical 2921em on thie resulis
af the maasuremants investgatad insufficiantiy.

warkal m
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All the maln theoretical results ohtained wunder the
ammmption that the real, the states of a dymamical
system in phase space carrespond to the only stable
singilar point or 2 stable closed trajectony. Otherwise,
only thaze parameters that corpaspond to the states
La{Fig. 1} and 2.a (Fig. 2) motion of & dynamical sys-
tem, farmed near the stable states,

Steady state has an area of attraction, so that if the

system due to external influemce leawves this state,
then within a finite time, it comes back to him, Since
aider the influence of fluctuations {typically ergodic)
steady state in time is azmeareds in & certain region
in phase space, the results of measurements performed
within a finite time interral will beleng to this awea,
which you cam use statistical methods tor estimating
measuremenits

Mathematical characteristies of stable srates —
a node or focus, are the roots of the characteristic
equation [6]. In cases for which there are negative
peal parts of the ronts of the characteristic equation
in dynamic systems, there is a stable state and can
be 1ealized the problem of measurement. The resulls
af measurements in a dynamic system under condi-
tinns not only stable point or limit cycle, and stable
dynamic regimes, such as dynamic chaos, will have
an independent interpretation, while net regarded
i ane of The main p:-:]]_:-h-"-m:’: af meazurement then-
ry applicable to dynamical gystems. In this regard,
we have further developed the theory of measure
ment. created inorecent years [F—i0] to ensure the
correct assessment of the results of measurements
in nonfingar dynamic systems, It shown that be-
Pween qualitative theory of differential equations
and methods for estimating uncertainty of measo-
remant there is a link, that provides an assessment
af the eonditions of measurement, In thiz context,
the aim of thiz work was the study of mathemati-
cal methods and physical conditions, which may
be applicable for the analysis of measurement re-

-
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sults in dynamical systems in simple and strange
attractors [11).

Mathematical Foundations of Measurement
Theory in Linear Systams
Applying the principle of classical Laplacian de
terminism in measurement theary iz the hasic con-
dition for the evaluation of measurement results,
Better placed measuring experiment. ramely, the lo-
wer the value of uncertainty of the initial parameters,
the less uncertainty set, the measurement result [12]
Tz describe dynamical systems typically used a system
of differential equations:
W o T ED (1)
i
The conditien of the stabionary state of a dynam
cal system described by the equation;
{;‘ =1 (2)
o equation:
FEX.Y . =0 &Y
The same equation, rewritten in a simpler form,
is analyzed o the Manual of uncertainty [1], and rep-
regents the measurement eguation:
X=0{F. ¥ L 4]
When the value is determined based om indirect
measuréments, l¢ determined by measuring the values
¥...¥ . then the measuring process for determin-
ing the value X can roughly described as follows: the
mathematical expression;

I.lr
X= Tm — 3 f™yp=y (5)

n
A —smn ]

here ¥ ° — the result of § — the ohservation for m —
initial condition.

The copndition m — = reguites consistent pe-
finement of the initlal conditions of measuremant,
Each successive refinement of the initial canditions
of the measuring experiment meduces the uncertain-
ty af the parameters characterizing the system le-
ing studied, and, conseguently, to reduace the wncer-
tainty of the measured value X. Le. the index m,
formally Indicating the accuracy of the inktfal condi
tions, always has a finite walue. This means that this
condition is consistent formulation of physical prab-
lems i elassical mechanics, when the initial condi-
tiong given in the form of intervale of pozcible va-
lues of the original values. An example of this can
be a steady improvement in the conditions of incu
bation, which determine the stability of measurad va-
lues. As a result of the measurement uncertainty —
¥ (x) is expressed through the uncertainty of indi
widual parameters ul v, K

i il
=31 L (6}
o'
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In & real phiysical experiment o determing the
mit {59}, which characterizes the mesilt of measure-
inent, &5 not possible (at least by wirtue of the b
niteness of time available for making measurements),
Thamwisre. based on indirect measurements, aven very
many, 13 determined by the value of variable, which
s within the Umits of uncertainty is considered as Lhe
actual value of the desired size,

The initial condifions for any physical determinis-
e system instatied with a small, but always the ul
timate uncertainty, Stochastic processes that affect
the parameters of the system hawve differant charac-
Peristics hglb in Phe measuement "'rll,'::-r':ll {5 that |h1":,l
are ergedic, ie allowing the use of either the awara-
jirg time, or an average over the phase space ol pos-
slble values, The scatter of measurements & con
sidered a3 an influence on the measored value and
a means for measuring floctoations in the exter-
rani o

mal envimonment and internal,
[t iz the property of ergodicity of random processes
provides a statistical processing of measurement r1e-
silts, a5 o result of which is determined by the actua
vidlie of the measured value and set the wncertain-
ty which was obtained this result, A mathematical
description of the ergodicity of the random pracess

prIoCessEs:

ean be hazed on different chacacterictics. but most
of them are of interest ta the theary of measurement
equrvalence iz the result of averaging in time ran
dom process and the result of averaging over an en
semble of all possible states implemented a random
process subject. For metrelogy ergedicity of random
variations ol the measored values of piysical guan
tities, s the most satisfactory, if not the zals justy
fication simuitanecus applications, such as averaging
time, and averagqing ower the probability law of distr
butdon alf il-\,:.-.-'.|'|.-||' siates, This means that if the av
grage time the function defined as:
|

Y Xinmr)
y e
ham Y — number otf observabtions; T — the time be-

tween abtervations, and the Freraqe ol Lhe spsem

| lim

ble of possible realizations:

e | A [8)

here P14 — density of probakility, then the ergodicd
iy ot the process means that there is-a solubion of the
aquation in the ergodie:
wNi=A o
A tigatous solution af equation {9) represents on
iy the valus, which s 2 feg el valug of the meage-
redf wvalue. Howsaver, in real conditions of the measu-
ring experiment, there always exist Omte limits
3f sommation and intearation oaly (7]
and (B] restrictions an the amounts and limits of -
tegqration. once bthere i% a sitwation 1n which egua

Thereione,

a8

plom (9) can satisiy the numerical values of Lh
measured iI!",':-i.I 41 FUamCicy from a fimits range of
As a st a solution of equation (9) is 3 value
freal ) o The

tainty, Crucially o

surement 15 set to o physical quantity

L11gas

thiz case is

that during the pro

cess of mea
responding bo bhée stabie, egqumlibimim state

tem studied

Mathematical Foundations of Meazurement
Theory in Honlinear Dynamics Systems
The mathematical basie of methods of

of messurenent resalts Based on the mathematical ap

INELYEIE

paratus af the gqualitative thesry of differentlal egquoa
tians, which allows us to study the solution in
space near the stable points ar trajectaries. The:
considering the dynamic system as an o
urement problem, it shauld be noted that as @ sesult

of measurements set the value of the unknowr

BT meas
mian
tities, eorresponding to a
or deterministic transition time. Dus to the fact that
MeasUEments steady ‘stat

the greatest (nterest

aie ey
stable, suntainable state

in dypamic systems 1o oa

ey were comsudered 1 Lhe

F 1

work. Let the dynamic system, whose paramsters wi
e measured,

tial eguatinn:

is described by m - dimensionat differer

herie: X =X A Xk A=l s

ANl Important property ol s FRUATLENS L8 Chiat
they can explere haw to use fogorres analytical solu
tions, and with the help of qualiEative methods an dif
ferential equations for assessing the Bebawior of Hh
pystem near the cingular prints of stable states. Thege

15 3 classification of snguiar p

near which the
syatem can oehave i a regular fastioon. Mathematically
the stable -'-?'Ii. ibria: the soots of the chaacteristi
eguation | L1] determine a node or foows. The rools an
@al and negative [positive) correspond e stable [
stable] node. Complex rects with pegative {positive]
real pargs. provide a screw moton in the tocal regio
Thus, LY L thase states for whieh theie g 1=0a
f the mats

ton in dynamical systems can be realized the problen
ol measurement,

When an ::'-\.'a'il'll.'l the resnlts ol

cansider as a dynamic behavier of the systeom near

tive real parks af the characksristic aqus

neasurements nuast
o —
Lk
tatiamrary point
system doe to axternal aoise influences. Heweser, the

fedture measurements in dynamical sys

ol deep thea

gular pomnta have ot been the sabpect

retical studies, For the theary of measurement, two im

portant properiees ol these snguian points First, these

points o v stabionacy solutions which sat

"':I. tha ranclitian:
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Im which the point X exists at all r, Secondly, this
stabimary solution is still attiactive, if:

fim X = X% {12)
for all A, emough toonear to X To determine wheth
e the steady-state solution attracting, uze the method
of linear stahility analysis is attractive, provided that
all sigenvalnes:

. st (13}
hawe strictly negative real parts. These stationary so-
lutions called an additive attracting, When perfor
ming measurements in an additive attracting an ad-
ditive but the decision should take into account that
small fandom perturbations of the system do not de-
gy this decizion. [t should be noted that the guali-
tative Lattars of Cradit differentizl eqguations and is al-
so explaring the processes of bifurcation, fe conditions
ander which the ztahility of some points bost, and
born DIT stable states, ie by an additive but one stake
bo anokher,

However, measurement proklems, these properties
die not play an additive tion value, since the perform-
ance megsurement carried gut only near the stable
andd steady states. Using equation (107, to describe the
magritnde af deviation n= X - X'"'=<<X"" it is possi-
ble to take into account influence of dynamical sys-
tem behavior additive noise nedr a stable peint on the
measurement results, taking into account an. On the
hasiz of a lInear Langevin equation;

;IIII n=—An+ ik {14}
with initiai conditions {0y =0 and @) =0 will
be to demonstrate the influence of the behavior
of a dynamical system on the measurement rasults,
Fluctuations ot the value 1 under action of random
forces @i ) described by & solubion:

1if} = F:.n'n;-e*r]..-wp: Al =1} [15)

Knowing the time realization and, therefore the
seatlatbcal characterstics of ipld)y we can find the sta-
tistical charmcteristics of the process nit). It is clear
that the temporary nature of the behavior of the
pracess 10F) wilh atsa determined by the rate of return
to a stable ctate, iewvalue A

The spectral characteristics of the process grh de-
I:-:_':ruirn' .'h-l_' Tak@® anid |:|._:|r._|n:|'.|_|-:'.'|: |,:l§ -:h".-l.ri,_lljr_lns frl_'l:nl
steady state. If we consider the random forces in the
form aof a sequence of delta fupnctions, wich can take
cut system of the state of stable equliboum, then the
prpression nirh to be simplified;

I [ur:};:m T_ hexp|=-mdt = 1)}
W A [18)

= Et:ﬁ.;r:- Mi=T_ M= En::-.p',—.'i.."u'_ ¥

Hence characteristics of behawior linear dynamic
system influenced an the resulis of measorements.
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Thiz example represents the simplest situation when
al the same time with random processes must take
into account the behavior of dynamic systems. Thus,
tf the task of measuring the guanticy X, the
sults of measurements U may used for of the area can
be set [set) of values that can attributed, study size.
The statistical variation, the measured values of magni-
budes 15 sek X, for 1<i<N. The average value of measu
red values is

R I -

(A)==3 X == q+X", n=10h (17)

Ll =
The average value of the measured quantities dif-

fers from the values of the steady state by the ave-
rage dewiation from the steady state. The average de-
viation from the stationary value during the observi-
bion time T is determined:

] | .
i) J..]:-J'f“l”‘ -F_J:a-’rjq"npl'rlchp: M-t

standard uncertainty of type A is detarmined:

] e
rJ:_IHiI}-jrl]l;r:---;_l]:-r i (18]

When the results of time-series measurements is de-
termined by the average deviation, in this case the in-
tegrals replaced by sums, Noted, thal experts in the
feld of automatic control systems know the conside-
ration of the average deviation. The principle of laser
automatic frequency stabilization based on Langevin
equation, Therefare, (17) to evaluate measurement wn-
certainty of type & dnd type B uncertainty is assecia-
ted with a shift of the stable point

Farther development of the fundamental faunda-
tipns at the theory of measerement associated with
an increase in the dimension of phase space in which
the studied dynamical system hag a stable limit sef.
In the case where the fopological dimension of phase
space study of a dynamic system For more than twoe,
then the stable states may represent not only the spe-
cific stable point (in spacel, but stable, marginal area,
By analogy with the stable, attracting singular points
fattractar), these areas are also attracting, Some
af these areas in modern mathematics and physics have
called strange attractors (strange attractor). Features
of these areas described in detail in numerous rticles
and monggraphs [13—15], Edward Loterz [16] for nu-
merical simulation of convective effects in the atmos-
phere, as the basis of meteorological processes, faced
with chaotic solutions of the system of eguations. de-
rived from the three-dimensional Mavier-5tokes equa-
tioms. An important mesult of this work was the fact
of discovery of fundamentally new types of stationary
states in nonlinear, disgipative, dynamical systems.
The motion of this dynamical system descnbed by first
order differential equations {10} if cleardy ¢ does not
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3. The Loreny attracior

depend on the time and represents & smpooth function,
It this case, the soluotion X NiX, .0 exisis at all ¢
Any paint of the phase space uniquely determings
the state of the sysiem described by eguations | 10).
1 Lthe case whiere the system ander consideration
{hen sandomly selected in the phase
space wolume element w bonnded by the surface
is compressed, Theretore, dissipatiore systems are dy

Lamic syslems for which the condition of pnase v

finsipaiive

|lame — afisy ol < 1
The most important case far the theory of mezsu
remmient 15 oane in wh

by eguation [10) & a Hmited reglon of p

ch the trajectory generalad

A5 Sace,
Becawse of lLmited space of two-dimensional chaotic
flow cannot exst (the Poincare-Bendixson [17]) then
the only possible attractors in a limited area of two-
dimensional space are the limit cycles and fxed points.
[n the thiee-dimensionasl el of points, which attracted
tiwe trajectory af a dvnamical ATk |
that the dimension of this set is fractional. The fractal
dimension of the Lomnz attractor has a value of 2.06

: )
In Ehree-Mimensaonal phase space a typical pcture

15 im such o way

af a strange attractor shown in Fig. 3 [18].

The stability of the set combined with the insia
ity ol each individuad trajectory, s
hand of Kuelle and Takens [19] have called strangs at
tractors. For strange attractors chasacterized by the
|:|II.'-'.'.|||.-_| tharacterstics that slgniticantiy allect the
measuremenl process. First
ir, phase gpaca within which moves a dynamic system,

The trageckory of the system passes through Ehis bmibed

with the lighl

the attractor i a region

reqion of phase space, and flls & very difficult to wad
Second, the attractor is strange, because of sensitivi-
ty b0 mubal conditions. Arbitrantly close imibial points
in phase space, thiough & sufficiently large but finite
time, lead to the fact that the trajectory of the sys-
tem diverge at a Anlte distance, which leads to post
L K tagomY -!':'I_||,I||','_ It 12 chis antanolement lisads
o a complicated irregular movement, Peincars sectlon

ooks like & strange attractor, as shown in Fig. 4

60

. "r -F 5
e .__,\_:I
1, & his strgnqie atiractor

Atbarnty of the behavior of dynamic systems: in thi:
case is the fact that the irajeciory ef which fhe dyram

cab sysbein moves in phase space never intersscts with
itzelf, but it is in the closed area of fimite size phase
space . Thud, an imporkand property o strande atbra

ctructural skability and genericity, This
propesty has a signibicant impact on the corectness

torg 15 the

|1--|!':|-'-|-_: ol meafurement resuil, sance (ust such

haracterize phyrsical syatems. Small changes
in the system parameters change the structure af the
attractor in a conbimoous manner. Mevertheless, the
the realon of attraction remained virtually un
changed. therefors, tn assess the uncertainty of mazsy
rement resolts can osed by the maximum size of the
attractor. If remains an open gues
the internal structure of the attractor, which an VA,
The set of points of imtersection with the trajectory

of the system selected im the |'\-I'|1-5r' AP |,-|.||u' oh

AbtTRCbaEs ¢

agret L

ton lvow to addres:

tained for a very long tme, Fractal structure of strange
abttractors manifested in the fact that each conditio-
mal [ime in Fig. 4 has 4 repeating structuire. Depending
o e increase, in which the traipctony 15 conskaerid
the structure of the strange attractor repeated, which
fistribution tuhction on the

leads to a molt-moedal
ol Poincare [20].

[f we assume that each measurement b= performed
at a time when the trajectory of a dynamical systen
crasses fhe selected plane, and the measurement

sults will be applied

depending on the
nature of the behawvior of IZ|'.|'I15]F.'.I.' ':-'_.'Srl.'l-'::'. Teasune-
e niacred 11 oA cerbain area ol Einif

on this plane,

sige, Thug for successive n measurements of phyo
cal guantities ohtained time series of values that will
be rindomly differorit oo each obher, Newertheless
Ll these recarmds Lhe meagsurement mesults correspond
bo the real state of & dynamical system. Therefore, be
measuiing experiment recorded a ran
e of measieed values, =ach of
time af measurement

the general case enmlcity sifange atttactor Nas

causeE of 1the
Aoy Sifue ahich oo
espands to the

s AT

prowed, Ehien

syElem at the

use the classical methods for the sta
tietieal analyzis of the et of measprements cormect

real value

Iy, Theratore, the problem
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of the measured value in this case should be resolved
based on the properties of the strange atiractos. The
anly thing that can be considered im this case cor-
iertly is that the definition of the size of the amea
in the Poincare section, within which the chang
img state of the system. It cartainly would not have
hegn implemented zingle measurement. the scattey
of measurement results characterized by dynamic be-
bavior of the system, Therefore, assessment of uncer
tapnty of measurement resull determined not by the
size and mature of external, random pertirbations, and
dynamic hehavior of the system studied. To obtain
information ahaut the size of the strange attractor
must study td observe the system for a long Hme.
|_,|::1|_|1|'| il by series shauld snables :l:_'r:|'i5|!|fr!_; el G
ly those apeps in which there is compression, hut also
those areas in which there is stretching of the phaze
winme, To experimentally [nvestigation the steady
state multi-dimensional dynamical system, and more
5o to estimate the structure of a strange attractor,
a method developed of the correlation inkegral [21].
The used expression i

\
L. fa)= I||1:E “—!__-FIII'F—.- 1= |"'|I. (1%

here B — the Heaviside functien,

Ruella and Takens invited to construct the trajec-
tory of a |i'!,l1l..1|':|||'.1|' sysiem In i_I.ILJ.'S.{' pace dimensian
w, described by vectors w'” i I- VEChOTS
Helt to the results of measurements of one of the strap
v values of a dynamical system s, if 127 M and
i =Tl According to the results of measuarements
can strap the correlation sum based on the original
belt ranks. As the belt ranks measurements always
v finite length, e e, Then (19} i somewhat

simplified:

1
= :.‘I._..'.: PR

Clel= 3 -&-d.-m- -1y, = (#0)

With the help of that fixed wector dimension m,
4 measure, which does not exceed the value ¢, For the
strange attractors always exists @ maximum walae £
abiows which does not increase the walue Cieh [22]. The
correlation sum fan use as & means of distinguishing
the chaotic behavior of dynamical systems and exter-
nal, white noise. In additien, we can esdmate the val
we © of the maximum lnear dimension of the volume
in phase space, whith occupies & strange attractor
Evaluation of the guality of measurament resulis in this
case must made acconding to the level ¢ correspanding
to the maximum size of the region In phase space
which occupies a strange attractor. When calrulating
the cormelation sum value ¢ is set, 5o if in the process
of sorting values € of the vagpable is set ibs maximum
value, thue figed the maxdimem value of megsurement
uncertainty in @ dynamic system which is in the mode
of 4 striange attractor, The randomness of the measure-
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ment results is of fundamental nature — can not get
rid of her, gathering more information

Mathematical Foundations Evaluation

of Measurement Results in a Strange Atfractor

In theory, the measorement is no peskriction on the
dimension of the studied dynamical systems. Therafore,
the measorements can made in systems, a complete
description of which is possible in three-dimensional
phase space, However, in this case must take into ac-
count the possibility of implementing a dynamic sys-
tem state strange attractor and the influence of the
latter on the esults of meacurements and their uncer-
tainty. Sustaimable attracting set, which is a strange
attractor, has a significant influence on the measy
rement resuits. If all the abowe cates, it was shown
how to take into account the determinmistic behawvior
afl a dynamical system in the evaluation of measures
ment uncertainty, then in the strange attractor must
consider the impact of the irmegular. chaatic regime
of metion of a dynamical system, Since the theore-
tical studies of strange attrackors are relatively recent
it iz not all mora, the study of the conditions of inflo-
ence of the chaotic regime of the measurements, un
Ll recently, have studied in detail. When observing
a dynamic system for a wery long time (much long-
a1 than the characteristic period of motion of the sys-
Lem) time series of measurements can be studied using
methods of spactral analysic, General Prineciples of the
probabilistic descrniptions of strange attracktors are not
currently exists, as there is no probabilistic description
of strange attractors with ¢ — ==, In genecal, in expe-
rimental studi=s of dynamic systems, the main result
of the latber 15 the time series of measurements. 1t can
represented as v

A=X X, X =Xl =1 +T (21}

In these series are recorded as a random variation
of the measwred quantity of WHD influence Compact
burner dimension of the environmeni, and random
changes in the dynamic behavior of the system. Since
we are interested in the welume chastic motion of the
gstem, then we will assume that the random per-
turbations are megligible. In this caze, spatial-tempo-
ral properties of the strange Compact burner dimen-
ston will define the 5|rr|_-€_|'|,:||_.;|;r results of measurements.
To study the features of this influence Compact bur-
ner dimension using the mathematical method, this
atequately describes the measurement esults and the
structure of strange Compact burner dimension.

We measured physical quantities of linear and
nonlinear systems ara in steady stata, theme ic a sin-
ghe value. The magnitude of the measured parameter
of & nonlinear dynamical syslem in a strange mode
Compact burner dimension, has an infinite number
af passible valies, the region determined by the struc-
tire aof the Compact burner dimension, more precizely,
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it projection on the axis of the space measured.
Methods bor processing the measarement resulls are
hased in this case. the properties of strance attractor
a5 the HaosdorH set, Hausdorff set has two proncipal
leatuires That vead o analyse Lhe sol of medsarements
Thess features include;
» Metric Hausdorft space [23], which ompakt the
metric of Euclidean space; ’
¢ Hausdortt dimension of
can e fractional assd not
topolegical dimension [22].
Thie maetrie Hausdortd space allows o to Introdoce
the concept of limit of a sequence af sete. For exam-
pla, it a sequance £, »=[.2.3 .. Compact burner di-
mension gels neshed:
E 3B D [£2)
and F-fepresents the intersection of sets [, then

L[] E [£3}

SELE N pilase  Space

necessarily with rthe

Otherwise, the sequence of setz £ converges
o Fin the Hausdarff merre

.:il I.II'. =

Howeewer, in the Hausdorff metric distance M E . E)

as well as m the Euclidean metnc, between the two

[T -..=|I,-_:.i'-,| Che [mil passage:

e Ey=1 175

Thus. if we know the nested sat £ | you can define

the limtlt 58t K. Howsrver, ichoslll eonditions kiown

ooly to the sriginal set £ . which sepresents the e

sulis of the measurements., Therafore, in accordance

with the Hausdorlf mettc properties of the erginal

(243

wit of measurements can cajcalate the Timit set E 5a-
tisfyring the eguation:
TMEY=]

amit sel o al

{&0)
has, the measurdments 15 4 sl
af strange attractor, which iz stable and attracting set,
Az 3 rasult, the mobion of & dymamic system within the
domdan of attraction of an ablracter, the system elurms
to a stable state with complex behaviar. Themsfore, the
ize of uncertainty can imited by the size limit set E.
The projecinon ol this diameter of the Umit =0t an the
axis of the measured parametar to evaluate the unces
tainty of measurement results. Howewar, in this casa
to evaluate the diameter of the limit set requires addi
ttenal information associabed with the struckume of the
attractor, To estimate the size of the limit set you
can use the reswlts of measuwrements and calculations
af the fractal dimension 4. Assuming that the measu-
denoted & . can be calculated
pzing the classical method of coating dimensional wo

e of the set |

{[FE = Wi ase the dimensiamil ot e defined ag the masi
num differance between two measuremants | i L

The maximum amount of uncertainty can be calculate

wsing the valwe of the fractal dimensiosn
L = MK LK i |

In facl, the maximum diameter of this ss1 car

e regard as the primary assessment of

of measurement wsults. The main

2T
[

EMCertamty

featume af the cal

ty value. In expression [€7) mmains equal to the di
mension of the measured value, Increasing the imtesval
af uneentzinty due to the dimension due to possible
condition that the brajectory of a dymamical system
on lame time interrals,

CONCLITSION

We considered with one-voice analysis methods
af measuring vesulls in linear and monlinear dynami
systems. The peculiarities of the influence the beha
wior of 8 dynamical system on the measuement results
were definded,

Main feature of the results is the fact that they are
appiicable for MeASUTINYg parameters al a dynami 595
fem in p steady state. IF steady stake had described
by a limit cycle or a stable fooas the evaloation of the
measurement msults based on atiracting properties
of stable states. In the case wien the stabls state
i5 a strange attracter an analysis of the measuring
experiment must e performe taking into account the
characteristics ol this attrackor. Howewer, Lhe measuns
menfs of pne o pErameiToy Oynammc Systam thie un
certainty of these measurements had caused by the
of the diameter of the set oo the axis of the
investigated parameter.

In view of the fractal dimsnsion of the investigatad
attrackor. the uncertainty had caloolated as a piojec
Boroase

prajeciion

Bien om the ams o action, power dimension
a result of the regezrch it became elsar that in the
pracess of analyzing the measurement resolls muost
bake il

account the statistical properlies of meas
uraments and
ctatad wath stochastic dynamics behavior of the most
dgnamie SyEshem

The peculiarity of such an evaluation of meazure-
ment esults [y that, in multivariate dynamic systems
such as biological, medical and economic not interest

naperties af the set of outcomes asso-

I hie :|'.||,.':|I|.-|i|', but range ol |'-|,'-:.:::|;l!_|- walues, which
in cértain conditiona can make the goantity wnder
inwestigation

Perfarmance measurement systems have led ta {he
fact that research can described in phase spaces with

dimension higher than tws can. The measummments

determine the iFalklis . Of |-.|::||r.-_"-|':': |_-::|||':i.pq:||r|||:-'|

to a stable attracting peint or limit cycle, or atimas

e
[
Lialy kL
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