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PACKING OF APPROXIMATED ELLIPSOIDS

The paper considers the problem of packing a given collection of ellipsoids into a container of minimal vol-
ume. Our ellipsoids can be continuously rotated and translated. A class of radical free quasi-phi-functions for ap-
proximated ellipsoids by polytopes is used for an analytical description of non-overlapping and containment
constraints. We formulate the packing problem in the form of a nonlinear programming problem and propose a so-
lution strategy, which allow us to search for local optimal extrema for the packing problem of approximated ellip-
soids. These packings may be considered as promising starting points for a packing problem of true ellipsoids. We

provide some computational results.
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l. INTRODUCTION

In this paper we deal with the optimal ellipsoid
packing problem. The problem is NP-hard [1] and has
multiple applications in modern biology, mineralogy,
medicine, materials science, nanotechnology, as well
as in the chemical industry, power engineering etc.

At present, the interest in finding effective solu-
tions for placement problems of ellipsoids is growing
rapidly (see, e.g., [2-5]). This is due to a large number
of applications and an extreme complexity of methods
used to handle many of them.

Paper [6] propose an exact NLP model and a so-
lution strategy for packing spheroids into cuboid of
minimal volume using quasi-phi-functions. However
the approach allows us to compute feasible solution up
to 12 spheroids.

The present paper proposes an approach, which is
capable of handling arbitrary ellipsoids approximated
by polytopes and thus finding a feasible solution. In
addition, an arbitrary convex container, as well as,
minimal allowable distances between ellipsoids may
be considered.

Our approach reducing the packing problem to a
nonlinear programming problem. To this end a class of
quasi-phi-functions [7] is used for approximated ellip-
soids taking into account their continuous rotations
and translations.

To construct a mathematical model of the prob-
lem we apply quasi-phi-functions for convex poly-
topes, derived in [8].

The paper is organized as follows:

In Section 2 we formulate the ellipsoid packing
problem.
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In Section 3 we present quasi-phi-functions for
non-overlapping and containment constraints. In Sec-
tion 4 we propose a mathematical model as a continu-
ous nonlinear programming problem by means of
quasi-phi-functions for approximated ellipsoids and
describe a solution strategy. In Section 5 we provide
our computational results. Finally we give some
conclusions in Section 6.

Il. PROBLEM FORMULATION

We consider here a packing problem in the follow-
ing setting, Let 2 be a cuboid of variable length 1,
width w and height h. Suppose a set of ellipsoids, E;,
1e€{l2,.,n} =1, is given to be placed in Q without
overlaps. Each ellipsoid E; is given by semi-axes a;
and b; and c; . With each ellipsoid E; its local coordi-

nate system whose origin coincides with the center of
the ellipsoid and the coordinate axes are aligned with
the ellipsoid’s axes.

We also use a fixed coordinate system attached to
the container Q. The location and orientation of each
ellipsoid E; is defined by a variable vector of its
placement parameters (v;,0;). Here v; = (x;,y;,%;)
is a translation vector, 9} , 9?,9? are Euler angels in the
global coordinate system. The rotated by angles
9},9?,9? and translated by vector v; ellipsoid E; is
defined as

— 3., 0 0 0
Ei(w)={peR”:p=v; +M(8) p’,Vp" €Ej},
where E? denotes the non-translated and non-rotated

ellipsoid E;, M(0) is a rotation matrix, where
sin 0! sin 6
—cos0'sin6? |.

sin 02 cos 0 cos 02
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Packing problem of ellipsoids. Pack the set of el-
lipsoids E;, i € I, into a container Q of the minimal
volume F=1-w-h.
lll. Quasi-phi-functions
for non-overlapping and

containment constraints
We approximate each ellipsoid E; by a convex
polytope defined by its vertices p}, j=1,...,m, whose
values are fixed in the local coordinate system of the
ellipsoid E;. We denote the approximated ellipsoid by
I:Zi(ui). Now we reformulate our problem packing
problem of ellipsoids in the following way.

Pack the collection of objects I:Zi(ui), iel,, into

a rectangular domain Q of minimal volume
F=1-w-h.
Quasi-phi-functions for nonoverlapping con-

straints. Let I:Zi(ui) and E j(uj) be approximated ellip-
soids, given by their vertices p%(, k=1,...,m, and p{'(,
k=1..,m.

Let  P(ujj) = {(X,y,2) : wp = a5 - X + B - y + ;5 %

xz + W < 0} be a half-space, where

Qi 0
1 2
By | = M(0p,65,0)-1 0| =
vij !
cos 9}3 —sin 9}3 cos 9]23 sin 9}3 sin (—)]23 0
= sine}a cose}a 0059]23 —cos(%)}; sin(%)lza J0|=
0 sinelza 0059]23 1
sin 0}, sin 63
= —cosO}; sine% .
cos@%
Here ul = (05,03,up), 0b and 03 -
ij = (6p.6p,up), Op and 6p are appro

priate (precession, nutation rotations) variable Euler
angles.

Then, a quasi-phi-function for I:Zi(ui) and E j(uj)
may be defined as follows
/]::iﬁ' ’
O (uj,u,up) =
.| EiP Ejp* M
= minq @™ (uj,uf), @ (uj,uj) ¢,

where @Eip(ui,u{j) is the normalised phi-function for

I:Zi(ui) and a half-space P(ujj) [21] and otP (uj,uj)

is the normalised phi-function for E j(uj) and

P (ufj) = R* \int P(ufy),

where (I)Eip(ui,ui'j) = min yp(py)
1<k<m

E'P* ’ . j

O (uj,uf) = lg(lgnm(_WP(pf())~
Thus a
int]:ji(ui)ﬂint]:jj(uj)zg, can be defined as

and

non-overlapping  constraint, i.e.

®@j;(uj,uj,uj) = 0, where @j; is a quasi-phi-function
for objects I:Zi(ui) and Ej(uj) given by (1). It is ob-
vious  that int]:ii(ui) N int]:ij(uj) =
intEi(ui) ﬂ lntEJ(UJ) = .

Quasi-phi-functions for containment constraints.
Let vertices of cuboid Q = {(x,y,2) € R*: 0<x<
<L0<y<w,0<z<h} begiven: {v;,i=1..8 =
={(0,w,0), (1, w,0), (1,0,0), (0,0,0), (0,w,h), (I, w,h),
(1,0,h), (0,0,h)} .

implies

And let I:Zi(ui) be a convex polytope, given in its
local coordinate system by their vertices p%(,
k =1,...,m, where p}( = (pixk,piyk,pizk).

Then a phi-function for objects I:Zi(ui) and
Q" =R3\intQ may be defined in the form

" (u;) = min{ min @4 (P).q =1L..6}. (2)
1<k<m

01 (Pk) = X; + Py » ©2i(Pk) = —(X; + Pi) + 1,
93 (Pk) = ¥i + Pyk » ©4i(Pk) = ~(¥; + Pyx) + W,
y y

051 (Pk) = Zi + Piacs 96i(Pk) = ~(Z +Pia) +h.
Thus, a containment constraint, i.e.
Ei(u) € Q & intEi(u)NQ =3,
can be defined as ®;(u;) = 0, where ®;(u;) is a phi-
function for I:Zi(ui) and Q" given by (2).

IV. MATHEMATICAL MODEL
AND SOLUTION STRATEGY

The vector u € R® of all our variables can be de-
scribed as follows: u = (I, w,h,u;,u,,...,u,,t), where
(I, w,h) denote the variable dimensions of the container
Q and u; = (v;,0;) is the vector of placement parame-

ters for the ellipsoids E; where

1°

vi = (X,¥1,2) , 6, = (61,67,0%). The vector © = (ujj,

i < j=1,..,n) denotes the vector of extra variables (for

1el,,

our quasi-phi-functions), where ui'j is defined in (1).

A mathematical model of the optimal packing
problem of approximated ellipsoids may now be stated
in the following form:
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min F(u), 3)
ueWcR®
W={ueR<’ @} > 0,®; 20, i,j=1,_n,j>i},(4)

where F(u) = 1-w-h, @FiEi

(1) defined for the pair of objects E; and E j to hold

nonoverlapping  constraint  (i.e. intE; N intE ji=
= intE; (intE;), @; is phi-function (2) defined for

is a quasi-phi-function

objects l:Zi and Q* to hold the containment constraint
(i.e. (I:Zi c Q< intEi N intQ*):> (intE; N intQ <
< B, cQ)).

Our constrained optimization problem (3)-(4) is a
continuous nonlinear programming problem. We em-
ploy the following solution strategy for problem (3) —
(4), which involves three major stages, described in [8]:

1. First we generate a number of feasible starting
points, using the optimization procedure, which is based
on the homothetic object transformations.

2. Then starting from each point obtained at Step 1
we search for a local minimum of the objective function
F(u) of problem (3)-(4).

3. Lastly, we choose the best local minimum from
those found at Step 2. This is our best solution of the
problem (3) — (4).

The search for local minima of nonlinear pro-
gramming problems in our optimization procedures is
performed by IPOPT proposed in [9].

Local optimal extreme of problem (3) — (4) may be
considered as promising starting points for the optimal
packing problem of true ellipsoids.

V. COMPUTATIONAL RESULTS

Here we present a number of Instances to demon-
strate the efficiency of our quasi-phi-functions. We have
run our experiments on an AMD Athlon 64 X2 5200+
computer. The actual search for a local minimum is per-
formed by IPOPT, which is available at an open access
noncommercial software depository
(https://projects.coin-or.org/Ipopt) .

We consider a collection of ellipsoids from [6]:
{E;,i =1,..,12} ={(a;,b;,¢;),i = 1,2,..,12} ={(5, 4, 4),
(7, 5, 5), (6, 5, 5), (4, 3, 3), (5.5, 4.5, 4.5), (7.5, 5.5, 5.5), (6.5,
5.5,5.5), (4.5, 3.5, 3.5), (5.3,4.3,4.3), (7.3, 5.3, 5.3), (6.3, 5.3,
5.3), (4.3, 3.3, 3.3)}.

Instance E2. Local optimal placement of objects

{I:Zi,i = 1,2} is shown in Fig. 1, a. Container has volume
F' =2383.620379 and sizes:
(", w",h") = (19.463200, 11.100469, 11.032692),

Vi =(xi,y:.7,00,02",05") = (3863703,  6.034755,
4223965, 1570796, 2.879792, -3.141593, 13.200281,
5550235, 5516346, -2.727019, -1.890560, 5.662936).

F' =2192.513985 for true ellipsoids.

Instance E3. Local optimal placement of objects
{I:Zi,i = 1,2,3} is shown in Fig. 1, b. Container has vol-
ume F~ =3702.936798 and sizes:
(l* w h*) = (18.973749,

i = (ley“ 1!91* 92* 93*) =

10.639733, 18.342664).

(14.346783, 5.326600,

3.863703, -4,500009, -4,500000, -4.500007, 44.829631,
5319867, 7.016989, 3.403642, -1.614095 1.582406,
13.665626, 5.319867, 13.035035, -2.702373, -1.973083,
-0.694739).

F' =3385.008834 for true ellipsoids.
Instance E4. Local optimal placement of objects

{l%i,i =1,...,4} is shown in Fig. 1, c. Container has vol-
ume F' =3705.367815 and sizes:

(1", w",h") = (18.782844, 10.000000, 19.727405).

& B3
Vi = (xi,yi.2,00,077,6%") = (14.422478, 4.904575,

15.863703, -2.058583, -1.832597, -0.000000, 5.251851,
5.000000, 12.672991, 2.143510, -1.361999, 1.439380,
13.782844, 5.000000, 6.000000, -6.283185, -1.570796,
-4712389, 4.434285, 6.033572, 2.970720, 2.924730,
4.454439,  -9.429179).

F' =3539.283378 for true ellipsoids.

Fig. 1. Local optimal placement of approximated
ellipsoids in Instances: a— E2, b—E3, c — E4

Instance E5. Local optimal placement of objects
{I:Zi,i =1,...,5} is shown in Fig. 2, a. Container has vol-

* .
ume F =5032.522866 and sizes:

(1", w",h") = (19.446479, 19.318523, 13.395869).

vi = (xi,yi,2,00,077,077) = (4674500, 5542998,
9532166, 2279249, -1.832597, 0.000000, 13.884329,
4829631, 6697934, -1.289817, 1203664, 1.467569,
14.013146, 14.488892, 7.490932, -4.429676, 1.188442,
1.678760, 3506477, 3.703750, 2.963320, -10.287122,
1414260, -6.283185, 4678517, 13315726, 4.458777,
4221189,  -2.283399, 0.000000).

F' =4347.434370 for true ellipsoids.

Instance E6. Local optimal placement of objects
{I:Zi,i = 1,...,6} is shown in Fig. 2, b. Container has vol-

* .
ume F =6805.612826 and sizes:

(l* w h*) = (19.943897, 18.491211, 18.454057),

| = (xl,yl, 1,91* 92* 93 ) = (15169411, 13.921900,
3.890034, -3.854741, 1.325810, 3.1421361 3.613356,
5.003852, 5.794338, -1.570796, 0.654975, 4.7123891
4748107, 12.598821, 13.189517, 4.137586,
-1.819851, 2.446855, 3.285689, 3.658165, 4.750319,
-2.665448, 1.482747, 1.464809 8.237502, 4.686016,
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3.141593  5.496256,
1.570796, -4.712389).

14.013147,
13.063430,

-0.478075,
7.500000,

-0.884968,
2.256626,

F' =6312.236870 for true ellipsoids.
Instance E7. Local optimal placement of objects

{I:Zi,i =1,...,7} is shown in Fig. 2, ¢. Container has vol-

ume F' =8605.363136 and sizes:

(1", w",h") = (22.044030, 20.357230, 19.176066),

= (xl,yl, 1,91* 92* 93 ) = (5.216144, 16.268284,
14.886386, -0.143916, -2.531766, -0.1919161 6.684065,
15.422879, 12.268708, -2.304072, 1.900226, -1.854364,
16.665459, 5.258722, 13.809339, -1.205656, -1.123103,
0.712058  7.597564, 3.671683, 3.866238, -5.109026,
-2.085589,  7.01827216.805163,  8.066816,  4.498794,
-0.317327, -1.593951, 3.141593 7.226128, 14.253707,
5312593, 0.452657, -1.308997, -3.141593 5.690613,
6.098289, 13.364751, -2.395971, 1.777532, 2.439335).

F' =7687.512942 for true ellipsoids.

Fig. 2. Local optimal placement of approximated
ellipsoids in Instances: a— ES, b—E6,c— E7

Instance E8. Local optimal placement of objects
{I:Zi,i =1,...,8} is shown in Fig. 3, a. Container has vol-

* .
ume F =9027.867674 and sizes:

(l*,w*,h*) =(21.861481, 20.941682, 19.719416),

vi = (xi,yi,2,00,077,677) =(7.080743,  4.283912,
15732000, 0490073, 2183034, 00015491 4879069,
16.096635, 5.369931, -3.739877, -2.838000, -6.903435,
16.967216, 5.893383, 14.338434, 0.801002, -0.449901,
0.8221671 3.874706, 2.898374, 6.883564, 17.547700,
-1.355176, -14.1960681 6.634637, 16.183791, 15.035389,
0.566631, 0.618474, -3.619831 6.100744, 6.590548, 6.132072,
0.380940, -0.926308, -2.465021 5.703897, 14.990015,
13.789236, 2847095, -1.863878, 07811341 8.108970,
7522061, 3.758054, -2.451808, -1.257869 0.661045).

F' =7998.224794 for true ellipsoids.
Instance E9. Local optimal placement of objects

{I:Zi,i =1,...,9} is shown in Fig. 3,b. Container has vol-

* .
ume F =9339.275190 and sizes:

(l*,w*,h*) = (1922.399841, 19.597158, 21.275273),

vi = (xi,yi,2,00,077,677) =(12.589207,  5.309804,
4203675, 0.697499, 0985666, 2466853 5835740,
14.597158, 15.002638, -1.570797, 2.257746, -1.570797,
5193014, 5264420, 9.169827, -1491.427003, -1.700896,
-1491.2396761 9.502061, 3.195563, 4.011801, -0.262200,
1516015, -1.55610216.899841, 15100222, 16.834363,
3141593, 2256625, 3.1415931 5357609, 5.312592,
14.720379, 5115329, -0.720876, -5.0222921 6.489994,
14.000681, 6.196727, 1.285550, 1.264121, -1570796

3.848931, 4.406831, 17.882189, 1.926943, 1.312263, -
3.141381 4.969423, 14.306685, 4.298287, -0.891367, -
1.336103, 0.025524).

F' =8524.765214 for true ellipsoids.

Instance E10. Local optimal placement of objects
{I:Zi,i =1,...,10} is shown in Fig. 3, c. Container has
volume F~ = 10861.416962 and sizes:

(l* w h*) = (22.568674, 21.433929, 22.453222),

= (xl,yl, 1,91* 92* 93 ) =(11.166534,  7.964414,
12.886802, 12.910299, 5.345381, -4.915729 6.479567,
5341026, 5.501422, 0.715064, 1.268488, 2.5213431
7.572076, 4.934348, 6.042565, 2.256628, -1.570797,
-1.570796 4.132997, 18.426593, 19.016688, -3.754969,
2.782015, 2.489901, 17.815779, 4.733867, 17.338235,
12.159119, -0.770725, -11.362496 15.248005, 15.403277,
17.025440, -0.488451, -2.256626, -3.141592 5.427782,
15.720405, 9.671556, -0.740692, 4.359926, 4.406641
4477619, 11.833159, 18.604429, 0.807084, -0.303720,
2342486  4.735907, 4.153486, 17.243445, 1.267982,
2.090613, 45584301 6.095796, 15476478, 5.798829,

-2.282686, 7.556440, 5.655205).
Average time per one local minimum is 290.23.

F' =10263.381559 for true ellipsoids.

Fig. 3. Local optimal placement of approximated
ellipsoids in Instances: a — E8, b—E9, c —E10

Instance E11. Local optimal placement of objects
{I:Zi,i =1,..,11} is shown in Fig. 4, a. Container has
volume F~ = 12298.479527 and sizes:

(l*,w*,h*) = (28.542303, 19.112259, 22.545007),

= (xi,y:.2,0,02",0%") =(16.897746,  4.345468,
3805747, 0220240, 1836522, -a1A26741 5226100,
13.557056, 15.834394, -2.728554, -1.986494, 4.830945,
11501935, 5.028704, 12.635202, 0597864, -1.905210,
42085542 5325830, 5.438735, 4.720452, 2.320317,
1991982, 1.752510 4.602381, 4467685, 5577816, 0.925368,
1642191, 4.6587262 2.576575, 5312592, 15.106522,
1302330, 1.350097, 1.51064522.019718, 13.206528,
5768490, -2.950500, -2.309145, -6.786935 3.499825,
3.928914, 18.109280, -2.563 1.639465, -1.080024, 1.2494112
4245232, 14.868722, 17.067179, -2.256629, 1.570796,
1570796  8.352820, 13.746644, 5246129, 3.183329,
4024098, 3150487 5210337, 13.345436, 16.432640,

2.948000, -1.259914, -1.510897).

F' =11860.716557 for true ellipsoids.
Instance E12. Local optimal placement of objects

{Ei,i = 1,..,12} is shown in Fig. 4, b. Container has
volume F~ = 12666.31018 and sizes:
(1", w",h") = (28.676637, 20.259273, 21.802086),

= (Xi,yi.2:,00,02",0%") = (24.676842,  4.142603,
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16.850842, -0.544786, -1.895030, -1.761497 5.320593, tions obtained by our approach may be taken as a prom-

6.686374, 16.547495, -1.023333, 2.536781, -5.8183552 ising starting points for a placement of true ellipsoids,
3.580186, 5.971952, 5.082972, -4.832851, 2.208146,

00719081 5.174720, 4.153599, 3.006503, -1.552310, Using the compaction algorithm, proposed in [7] for
1.325014, 0.007025 4.652385, 15.731921, 5.433617, ellipses.
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Fig. 4. Local optimal placement of approximated
ellipsoids in Instances: a— E11,b—E12
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YNAKOBKA ANPOKCUMOBAHUX ENINCOIQIB
O.M. Xnyn, O.B. [Tankparos, T.€. Pomanosa

Y pobomi pozensioaemuvcs 3a0aua ynaxoeku 3adano2o nabopy enincoioie y xoumeliinepi minimanohoeo 06 ’emy. [onycka-
10mubCs HenepepeHi mpanciayii ma obepmanns enincoiois. /i ananimuunoeo OnUCants 0OMedIceHb HeNePemuny ma 6KII0YeHH s,
BUKOPUCTNOBYIOMbCS iNbHI 8I0 padukanie Keasi-phi-gynkyii 0ns enincoidis, anpokcumMo8anux SUNYKIUMU 6azamoepanHuKkami.
Byoyemubcs mamemamuuna modens 3adaui y euensnoi 3aoaui neninitinoeo npoepamyeanns (NLP-model) ma npononyemuvcs cmpa-
meeist po3g’si3Ky, Wo 0036015€ HAM OMPUMAMU JTOKALIbHUL eKCMpPeMyM 3a0adi YNaKo6Ku anpoKCcumMo8anux enincoioig. Pesyno-
mamu po36’si3anHs Makoi 3a0aui Moxcyme Oymu euxkopucmani 6 sikocmi "xopowoi” cmapmogoi mouku oA 3a0aui YnaKoeKu
cnpagaicHix enincoiodie. Hasoosamucs peynomamu 4ucenbHux eKcnepumenmie.

Knrouosi cnosa: ynaxosxa, anpoxcumogani enincoiou, nenepepeui ooepmansi, HenepemuH, 6Kodenns, keasi-phi-gynxuii,
HeNIHItIHA ONMUMI3aAYis.

YMNAKOBKA AMNMPOKCUMUPOBAHHbIX 3nnunconaos
O.M. Xnyn, A.B. ITankpatos, T.E. PomanoBa

B pabome paccmampusaemcs 3a0aua ynakosku 3a0anno2o nHabopa 1Auncoudos 8 KoOHmeuHepe MUHUMATbHO20 00beMd.
Honyckaiomes nenpepbvighble MpaHCIAYUU U 6PAWEHUs INTUNCO8. [0S aHanumuiecko2o OnUCanus 02panuyeHuli Henepeceyenus
U BKIIOUEHUsL UCHOABL3VIOMCS C60000HbIe OM PAoUKanos Keasu-phi-gyyHKyuu 0ns 2Aauncouo08, annpoKCUMUPOBAHHBIX GbINYKIIbl-
Mu mHoeozpannukamu. Cmpoumcsi MmamemMamuyeckas Mooelb 3a0aqu 6 guoe 3a0ayu HenuHelino2o npoepammuposanus (NLP-
model) u npednazaemcs cmpamezust peuienusi, KOmopas N0380Jsen OCyuwecmeiams NOUCK TOKATbHBIX IKCHPEeMYMO8 Ol 3a0a4u
VRAKOBKU annpOKCUMUPOBAHHBIX DAAUNCOUO08. Takas ynakoska modcem Obimb UCNONb308aHA KAk "Xopowias" cmapmosas mou-
Ka 015 3a0aui YRAKoBKU UCHUHHBIX JIUNCOU008. [Ipueoosamces pe3ynvmamol YUCIEHHbIX IKCNEPUMEHINOB.

Kniouegvie cnosa: ynakosxka, annpoKCUMUpo8anubvle dIIURCOUObL, HenpepbleHble 8PAUeHIs, HenepeceyeHnue, GKIoYeHle,
Keazu-phi-gynkyuu, nenuneinas Onmumu3ayus.
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