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MOJIEJTIOBAHHSI ITPOLIECIB JJU®Y3IHHOTO NIEPEHECEHHSI
XPOMY B BATATOKOMIIO3UTUHUX OKCUJIHUX
HAHOIIVIIBKAX

Pe3zome. [lobyoosano mamemamuuny Mmooenb Ou@ysitiHoco nepeHocy 6 06a2amokoMnoO3UmMHUX
OKCUOHUX HAHONNIBKAX. 3a pe3ylibmamamiu eKCnepuMeHmMAalbHux OO0CHIONCeHb 8MICY XpPOMYy 6 3pasKax,
CMBOPEHUX 3 MEXHONIO2IEI0 BUPOOHUYMBA CYNEPIMOHKO20 B0IOKHA, OMPUMAHO PO3NOOLIU Koeiyichmie ougy3ii
Xpomy. 3mooenvosano Kinemuky npoyecy ouysii y euensoi po3noodinie emicmy Xpomy 6 3pasky Oasi pi3Hux
MEXHON02IYHUX 3DI3I8 MA YACOBUX MPUBALOCHEN POPMYBAHHS MYTbIMULUADY HAHONIIBKU.

Knrouosi cnosa. mamemamuyune mooentoganmsi, Oughysiini npoyecu, koegiyicum oughysii.

M. Petryk, D. Mykhalyk, O. Petryk, N. Babij

MODELING OF CHROME DIFFUSION TRANSFER
PROCESSESIN MULTICOMPOSITE OXIDE NANOFILMS

Summary. This paper deals with a problem of mathematical modeling of diffusive transport in
multilayer mediums. The aim is to analyze and to model the diffusion transfer of chromium (Cr) in the mineral
fibers on the basis of the proposed mathematical model of multicomposite medium. Multycomposite medium with
established uniform layers n and n +1- th layer, whose thickness is much greater than the previous ones is
analysed. The proposed mathematical model is based on the account of component interdiffusion between
adjacent layers of n-layer medium. To find a solution of the problem Fourier integral transformations were
consistently applied. For numerical simulation results of experimental studies on chromium distribution in
feeders operated for 20 and 30 days in the production of super-thin basalt fibers (STBF) were used. Having
applied the approaches of optimal control theory of distributed systems for analysis of experimental
distributions, the diffusion coefficients of chromium (Cr) in a medium layers were obtained. Examples of
numerical modeling of the distribution of chromium in production of STBF are provided. These concentration
distributions are constructed for different time points of forming process of multicomposite nanofilms. For ease
of analysis of diffusion transfer kinetics, distributions are given for the five time points, that correspond to
conditionally stages of protective layer formation from the beginning (0.25T) to the end (1T). While analyzing
the results it is worth stressing the almost complete coincidence of model chromium distribution curve with
corresponding experimental distributions. The maximum deviation between these two concentrations for the
period of multycomposite completion are less than 3%, which tesifies the reliability of the proposed model.
These spatially distributed chromium concentration distributions for various technological sections of oxide
nanofilms and time durations of multiconposite nanofils formation process allow to analyse of the kinetics of
multilayer formation, that can be applied for the process operations improvement and new nanomaterials
properties study.

Key words: mathematical modeling, duffusion procceses, diffusion coefficients.

IloctanoBka mnpoOjemu. IlepCcrieKTUBHUM  HAmpsiMOM  PO3BUTKY B  Tally3i
pecypco30epekeHHs € MiJIBUIICHHS TEXHOJOTIYHUX XapaKTEePUCTHK MaTepialiB 3a paxyHOK
3aCTOCYBaHHS HAHOIUTIBOK Ta HaHOMOKPHUTTIB. Ilpm 1mpoMy mocrae mpobOiema aHamildy Ta
POTHO3YBaHHS MU Y31HUX MPOLIECIB IEPEHECEHHS B TAKUX 0araTomiapoBUX MOKPHUTTSX.

Ha chorogni mmpoko 3acTOCOBYIOTHCS OaraTomiapoBi OKCHIH, O CKIATy SKHX
BXOJATh Taki koMmnoHeHTH, sk Cr, Al, SiTa inmi. [IpoTe 0ocoOnuBY IiKaBiCTh BUKIHMKAIOTh
CHUCTEMHU 3alli30-XpOM, SIKI BHUKOPUCTOBYIOTH SK KOHCTPYKI[IWHWNA Marepial B aTOMHIN
€HepreTulli, Mpu BUPOOHUIITBI MiHEPAIbHUX BOJIOKOH.
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AHali3 ocTaHHIX [gociimxkeHb i myOaikamiii. 3amadi BuBUeHHs audysii B
OararomapoBUX IUTIBKaX BHMAaraioTh pPO3POOJICHHS HOBUX METOMIB MOJCITIOBAaHHS 1
MaTeMAaTHYHUX MOJENed JJis OMHCY SBHUII, [0 BPaXxOBYIOTh HAsSBHICTh MEPEXOIiB
(intepdeiiciB) mixk cymikaumu mapamu [1, 2]. EQexTuBHEMH MeTOmaMH, SIKi HAWITOBHIIIE
BpPaxOBYIOTh IPOAHANi30BaHI BHUIIE OCOOJUBOCTI, € METOIU IHTETPAJIBHHUX IEPETBOPEHD
Oyp’e, Jlammaca, ®yp’'e-beccens, Bebepa, I'ankens, KontopoBmua — JlebemeBa, 3
BUKOPUCTAHHSAM SKUX OTPUMaHI PO3B'A3KH PI3HUX THUMIB KpaHOBHX 3a7ad MaTEeMaTUYHOI
GI3UKM OTHOPITHUX CTPYKTYpP, Y TOMY YHCT 3amadi audysii st pi3sHUX CEPEIOBHUI Ta
MOJKJIMBICTB IX MaTeMaTHYHOTO MojemoBanus [3, 4, 5, 6].

Mera poGorn. Ha  OCHOBHI  3ampONMOHOBAaHOI  MaTEeMaTHYHOI  MoOei
0araTOKOMIIO3UTHOTO CEPEJOBUIIA MPOBECTH aHANI3 Ta MOJECIIOBAHHS KIHETMKH MPOILECIB
nudysiiiaoro nepenecenns xpomy (Cr) B MiHepaTbHHX BOJOKHAX.

IMocTranoBka 3agaui. /[ns onucy (i3uvHOI 3a1a4i ¥ MaTeMaTHYHOT MOJIENI TPOIECY
nu(dy31ifHOTO TIEpeHOoCy B OaraTomapoBHUX IUIBKaX PO3TISHYTO OaraTollapoBE CEPEIOBHIIE,
10 CKJIAQa€ThCS 3 N IMIapiB, CXeMaTUYHUN BUTIISI SKOTO HaBeJAeHO Ha puc.l. Anamizyroun
HaBelIeHy KOHCTPYKTHBHY CXE€My, BapTO BIJI3HAYUTH, IIO PO3TISAAETHCSI 00JACTh
0araTOKOMITIO3UTHOTO CEPEOBUIIA 31 BCTAHOBICHUMHU N PIBHOMIPHUMHM mapamu Ta N+ 1-um
IapoM, TOBIIMHA SKOTO HAa0aratro MepeBHINYE MOMEpeani. 3TiIHO 3 TaKOK CXEMaTH3aIl€lo,

JuIs KOkHOTO J-ro imtepdeiicy z=I;, j=Ln y chopmosanoMy OGaraToKOMIO3HTI

B1I0YBa€ETHCS B3aeMOIU(PY3isi KOMIIOHEHT MIXK IBOMA CYCIIHIMH IIIapaMu CepPEIOBHIIIA.

Pucynok 1. KoHcTpyKTHBHA cxeMa OaraTtoniapoBiUX HaHOIUTIBOK

Figure 1. Constructive scheme of multicomposite nanofilms

VY pe3yibTari MaTeMaTuYHa MOAEIb Ul TaKOi CUCTEMU IMEPEHOCY OMUCAaHA Y BUTIISAL
Takoi  3MiIIaHOi  KpaioBOi  3ajadi: noOyayBaTd  oOMEeXeHHMH B o0jacTi

D {(t,z):tO(O,f wmi; } PO3B'S130K  cHCTeMH JAU(EPEHIaIbHUX PIBHSIHBb IEPEHOCY

napaboiYHOrO TUITY TSl HalmBOOMEKEHOTO N—CKIIaJ0OBOTO HEOAHOPITHOTO CepEOBHINA TIPH
HECTAIlIOHAPHOCTI MacoOOMiHy Ha Mexkax macoodminy z=I;, j=0,n.

ou, (t,x,z) _ . 0%, (t,x,2) o%u, (t.x,z)
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Jlo onucaHoi 3a/1a4i 3aCTOCYEMO MOCIIIJOBHO 1HTErpaJibHI IEPETBOPEHHS:
a) IHTerpajgbHe nmepeTBopeHHs COSMDyp’e Ha cermenti (0,h)mo 3minHIH X [7]:
- IHTErpaJIbHUM OIEPaTOPOM MPSAMOi Ail

Fu,(t.x2)] :J: - (t,%,2) co{%xjdx u (t 2), (6)

- IHTETpaJIbHUM OTIEPATOPOM 3BOPOTHOI il

F [ Uy (t,z)]=%§;‘£iu (t,2) co{.:xj u,(t x2) ;¢ ={; i ;:g (7)

- OCHOBHOIO TOTOXKHICTIO 1HTErpaIbHOTo reperBopeHHst Dyp’e s nudepeHuianbHOro
oneparopa Jlamaca

o%u,,(t, x,2) i)’
Fl— = =—| = | u,(t,2); 8
[ o (hj m (6, 2) 8
0) mo 3MiHHIH Z iHTerpaJibHE TiepeTBOpeHHs Dyp'e sl  N-CKJIaI0BOTO

HaMBOOMEKEHOTO CepeIOBHINa Ma€e BUTII [7]:
- IHTETpaIbHUHN OTepaTop MPSMOi i

n+l I

Fool[Un(t.2)]]= j u(2)V(z B)o(@)dz=Y j 2V, (z.f)0,dz=1(), (9)

m=1 (i

- IHTETpaIbHUHN OTepaToOp 3BOPOTHOI il
Fraw)] == j GtV (2, B)Q, (B)dt =u(t,z), (10)
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VY HaBeneHii hopmyii 3aigHi QYHKIIT BIUIMBY, 1110 OMUCYIOTHCS TAKUMH BUPa3aMH:
- (YHKIISIMHU BIUTHBY, TOPOJUKCHUMH KPAaHOBOIO YMOBOIO B ToUIli Z=1;

2 =% - pg(Z 2+,82 t :
W, (tx¢zly)=- 1%—2 | eie[ 5 ]vl(lo,ﬂ)vm(z,/s)cznW)co{%’xjdﬂ;
11 i=0 o
- (DYHKIII€10 BIUTMBY IOYATKOBUX YMOB Ta HEOJHOPIAHOCTEH CUCTEMH
HR. (%62 E):iifae{%(@ +ﬂz}v (z,8)V,, (¢§.B)co {ﬂcjcos(ﬂxjdﬂ'
mAET gy mAmAmAr R R ’

m,m, = 1L,n+1.

MaremaTnuHe moaeaoBanHs. Ha prc.2 HaBe[eHI pe3yabTaTH €KCIEPUMEHTAIbHUX
JOCJTIJDKEHb PO3IOAUTIB XpOMY B JKMBHJIBHHKY TpH ekcruryaramii mpotsrom 20 ni6 mpu
BUPOOHHITBI 0a3anbToBOro cyneproHkoro BosokHa (BCTB) (puc.2,a) Ta mpu ekcruryararii
npotsirom 30 116 mpu BUpOOHUIITBI 6a3aITOBOTO BOJOKHA 13 3acTocyBanHs BPB (puc.2,0) y
I’ ATy pi3HuX Toukax (1-5)marepiany.
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Pucynok 2. Posnoginu xpomy(Cr) B 6a3ansToBoMy cynepToHkoMy BosiokHi a) BCTB, 6) BPB

Figure 2. Distributions of chromium (Cr) in superthin bad#er

3acTOCYBaBIIM 0 aHANI3y EKCIIEPUMEHTAIbHUX PO3MOAUIIB MiIXOIU, BUKIAJICHI Ta
arnpoOoBaHni B mparix aBropis [8, 9, 10],ski 6a3yroThbesi Ha TEOPii ONTUMATBHOTO KEPYBaHHS
cTaHoM posnoaiiecHux cuctem [11-12]. ta 3ampormoHOBaHy MareMaTHYHY MOJEIb MPOIECy
IuQy31HHOT0 MacorepeHocy B 0araromapoBUX IUTIBKaX, OTPUMAHO PO3MOALTH KOe(illieHTiB
nudysii xpomy (Cr) y mapi cepeaoBuiiia.
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Po3noain xoediunienrtis nugysii xpomy 8 BCTB
1,00E-05
Q)
N% 8,00E-06
=4 — 1
‘8 6,00E-06 —2
H ——3
£ 4,00E-06 e
g ——5
T 2,00E-06
4
0,00E+00 - T T T ]
0 50 100 150 200
nubouHa (MKM)
Pucynox 3. Posnonin koediuieHtiB audysii xpomy st bCTB
Figure 3. Diffusion coefficients distribution
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Pucynok 4. Posnoxin xoedimientie nudysii xpomy mist BPB
Figure 4. Diffusion coefficients distribution

PosrisiHeMO  pe3ynpTaTH  KOMI IOTEPHOTO — MOJAETIOBAHHS — KOHICHTpAIIHMX
PO3MOALIIB XpOMY B KOKHIH 3 I’ ATH TO4OK Npu BupoOHUNTBI BPB Ta BCTB.

Ha puc.5 HaBeneHo pe3ynbTaTH YHCIOBOTO MOJAETIOBAHHS PO3MOALTY XPOMY IIPH
BupoOHKNITBI BCTB Ta BUKOpUCTaHHI CiJIIB €KCIIEPUMEHTAIBHUX CHOCTEPEkKEHb (€XP), 0
B1JI0OpakaroTh ymicT Xpomy. Lli KoHIIeHTpaIliiiHi po3MmoALIH MOOyI0BaH1 IJIs PI3HUX YaCOBUX
MOMEHTIB (OPMYBaHHS TEXHOJOTIYHOTO MYJIbTHUIIAPY HAHOIUTIBKU: TPUBEAECHUH Yac, 10
nopisaroe (1T), BimmoBimae excnepumeHntaibHoMy uacy (20 mi6). s 3pydHOCTI aHami3y
KIHETHKH TIporecy Iu¢y3iiHOro nepeHocy po3nOoIiId HaBEACHO AJS I’ ATH MOMEHTIB Yacy,
110 YMOBHO BiJIMOBiIaf0Th eTarnamM GOopMyBaHHS 3aXHUCHOTO Iapy Bia moyatkosoro (0.251) mo
kinnesoro (1T).
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Posmogin Cr npu expodmmmrei BCTE (1)

0.25T
0.33T
0aT
0.75T
1.0T
- - - @

BomicT xpomy (%)

I:I T T T T
0 50 100 150 200

250

TTIHGHHA (MEM)

Pucynox 5. Monensuuii posmnoin xpomy (Cr) mis BCTB (Touka 1)

Figure5. Modelling distribution of chromium (Cr) (point 1)

Sk ©6aunmo, i mepinoro yacoBoro BiatuHKy (0.25I) ymicT Xxpomy iHIHHO 3pocTae
no raubuan 100 MKM, micis yoro po3nonina HabyBae OUIbIIOT CTPIMKOCTI i cTabimi3yeThes B
pationi 220 mxm. HiTKO BHUIHO, IO 3 KOKHHM HACTYyITHUM €TaroM (OpMYBaHHS 3aXHCHOTO
mapy po3nozis HaOyBae pIBHOMIpHIIIOTO XapakTepy. BennumHa rpaiieHTa A MEpLIOro
mapy ckinangae noHaa 14%, nis apyroro — 12,5%, 115 tpetboro — 7,5%, 119 4eTBEpTOTO —
2,5% ta qua m’storo — 1,5%. HallGinpmuii npupicT BMICTY XpOMY CHOCTEpIraeThecsi Mpu
npuseneHomy vaci Big 0,33l mo 0,75I. MakcumaiabHe BiIXHJICHHS KOHIEHTpAIlli XpoMy IS
nepiojy 3aBepiieHHs (popMyBaHHs MyabTHIIapy HaHortiBkE (1T) Bix excriepuMeHTaIbHOTO
npodinto (exp)ue nepepuirye 2%.

Poznoain Cr npu enpodunnrei BCTB (2)

Bract xponty (%6
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TmI0HHA (MEM)

200 250

—0.25T
—0.337
— 05T
—0.75T
1.07
- exp

Bmict mpomy (90

Posmogia Cr npu expofmsmrei BCTE (3)

0 T T T T
0 50 100 150 200

250

TIHGHAS (MEM)

—0.25T
—0.337
—0A8T
—0.75T
10T

a)

6)

Pucynok 6. Monensuuii posmoin xpomy (Cr) mis BCTB a) touka 2; 6) Touka 3

Figure 6. Modeling distribution of chromium (Cg) point 2;6) point 3

KineTuka nporiecy cyTTeBO HE BiAPI3HAETHCS 1 1711 PO3TOILIIB XPOMY, OTPUMAHUX IS
IHIIUX YOTHPBHOX TOUOK (2—4),mpencTaBieHux Ha puc.6 ta puc.7. Mu MOKeMo criocTepiratu
nesiki Gaykryamii Ha auisakax Big O mo 50 MM, mo Moxke OyTH TIOB’S3aHO 3 TIEBHOIO

HEOHOPIAHICTIO JIOCHTIDKYBAHOTO 3pa3ka, Ta B IJIOMY KiHETHKa IPOLECY 3aJHIIAEThCS
CTaJIOIo.
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Pozmozin Cr npn enpobunurei BCTB (4)
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Pucynok 7. Monensuuii posmnoin xpomy (Cr) mis BCTB a) touka 4; 6) Touka 5

Figure 7. Modeling distribution of chromium (C#g) point 4;6) point 5

Ha puc.8—10naBeneHo pe3ynbTaTH YUCIOBOTO MOJICTIOBAHHS PO3IMOAUTY XPOMY IS
BPB mporecy. AHaJIOTIYHO HaBEICHI MOJIENIbHI Ta CKCIEPUMEHTAIbHUN po3moainu (exp)
ymicty xpomy. KonmeHtpamiiitHi po3moaim moOyaoBaHi Jyisi IT'ASTH YacCOBHX MOMEHTIB
(GopMyBaHHS ~ MyJbTHUINAPY HAHOIUIIBKM 1 mpuBeaenuin vac  (1T)
ekcriepuMeHTabHOMY vacy B 30 1il.

SIx 6aunMo Ha puC.8, KPUBY PO3MOALTY XpPOMY MOXKHA TMO3IUINTH HAa TPU XapaKTEpHi
cermeHTH:. niepmuii — Bix 0 7o 50 MKM, XapaKTepu3yeThCs pIBHOMIPHICTIO PO3IMOALTY, APYTHIA
— Bix 50 1o 200 MkM, XapaKTepU3yeThCs JIHIMHICTIO 3pOCTaHHSA BMICTY XpOMY, Ta TpeTiil
CErMEHT TEX, sK 1 epIInid, Ma€ PIBHOMIPHUHN XapakKTep.

Bennuuna rpanmieHTa AN Mepmioro i Apyroro mapiB ckiamae maibxke 16%, s
TpeThoro — 12%, niis gerBeproro — 8,2%ta mis o' sitoro — 5,7%. HaltGinpmmii pupict
BMICTY XpoMy crnoctepiraerscsi npu npuseneHomy uaci Big 0,33l no 0,75I. Makcumanbhe
BIIXWJICHHSI KOHIIEHTpAIlll XpoMy HJis Tepioxy 3aBeplieHHS (QOpMyBaHHS MYJbTHIIAPY
HanortiBky (1T) Bix excnepruMeHTanbHOTO Ipodiro (€XP)He nepepunrye 3%.

BIJIIIOBIA€

Pozmogin Cr npu enpodanarei BPB (1)

34

0.25T
0.33T
08T
0.75T
1.0T
- = - exp

PrmicT zpomy ()

0 50 100 150

TIHOHES (MEM)

200 250

Pucynok 8. Mozaenshuii posnoain xpomy (Cr) mis BPB (touka 1)

Figure 8. Modelling distribution of chromium (Cr) (point 1)
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Pucynok 9. Mozenshuit posnonin xpomy (Cr) mis BPB a) Touka 2; 6) Touka 3

Figure 9. Modeling distribution of chromium (Cg) point 2;6) point 3
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Pucynox 10. Mozenbuuii posmnoain xpomy (Cr) miust BPB (touka 4) a) Touka 4; 6) Touka 5

Figure 10. Modeling distribution of chromium (Cu) point 4;6) point 5

[TpoBoasun aHamiz orpuMaHuxX pe3yibrariB (puc.5—10), BapTo Bim3HauuTH Maiike
NIOBHE CHiBIaJaHHS MoJelbHOoro posnoainy 1.0 xpomy 3 kpuBow (€XP), IO BiINOBigae
EKIMePUMEHTAIBHO  OTPUMAaHMM  pO3MoAuTaM.  MakcuMmanbHI  PO3ODKHOCTI  MIXK
KOHIIGHTPALIIMU U TIepioy 3aBeplIeHHs (OpMyBaHHS MYJIbTUIIAPY HAHOIUIIBKU BiX
eKCIepUMEHTaIbHOTO Tipodimro  He mepeunrye 3%, MmO BKa3ye Ha JOCTOBIPHICTh
3aMpONOHOBAHOI MOJIETII.

BucnoBku. Ha ocHOBI 3ampornoHoBaHOT Mojei Au(y3iHHOTO MepeHoCy, MO OMUCYE
nporec (GopMyBaHHS MYJIbTHINAPIB TOHKUX OKCHIHHUX HAHOIUIIBOK, Ta 3a pe3ylbTaTaMHu
eKCIIEpUMEHTAIbHUX JIOCTI/DKeHb po3moautiB Xxpomy mpu BupoOHuntei BPB Ta BCTB
IPOBEIEHO MaTeMaTUYHE MOJICNIOBAaHHA KIHETUKU Tmporecy nau¢ysii npu (opMyBaHHI
HaHOIUTIBOK. OTpHMaHi MPOCTOPOBO-PO3IOALICH] KOHIICHTPAIIMHI PO3MOALIA eJIeMeHTa
XpOMy JJisl PiI3HMX TEXHOJOTIYHHMX 3pi3iB OKCHUJHOI HAHOIUIIBKA Ta YaCOBUX TPUBAIOCTEH
dbopMyBaHHS TEXHOJIOTIYHOTO MYJIBTHINAPY HAHOIUIIBKH JIO3BOJISIIOTH TPOBECTH aHAI3
KIHeTUKH (OpPMYBaHHS MYJbTHIIAPY, IO MOKe€ OyTH 3acTOCOBAHO JUISl IIiJBUIICHHS
e(EeKTUBHOCTI ~ TEXHOJIOTIYHUX  ONepamiii Ta JOCHIIPKEHHS  BJIACTHBOCTEH  HOBUX
HaHOMarTepiasis.

Conclusions. Mathematical modeling of diffusion kinetics dugithe formation of
nanofilms with use of model of diffusive transpariich describes the process of forming a
thin multycomposite oxide nanofilms and experimental reswtsdfstributions of chromium
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in the production of superthin fibers are conduct@dtributions of chromium concentration
for various technological sections in oxide nanopdi and various time durations of
multicomposite formation process are obtained. &hdistribution allow as to analyse the
multicomposite formation kinetics. Results can begplied for the process operations

improvement and new nanomaterials properties study.
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