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Summary. There were calculated using comparison method of solving the boundary problem on the polar 

axis segment with three junction points for the separate system consisting of Hankel, Kontorovich-Lebedev, 

Legendre and Fourier differential equations for the modified functions, which was built, on one side, by Cauchy 

function method, and on the other side, by the definite hybrid integral transformation, poly-parametric family of 

the improper integrals according to the eigen-elements of 1st-genus Hankel differential operator – (Kontorovich-

Lebedev) 2nd–genus – Legendre 2nd–genus – Fourier. 
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Problem setting. Thin-walled construction composite elements usually are in steady 

mode after series of dramatic alterations of temperature or power stress. The investigation of 

their physical and technical characteristics leads to thermo-mechanic (mechanic) problems of 

lump-heterogeneous ambience [1]. The practice shows that even in the simplest cases the 

values, which characterize the steady conditions of composite material, are marked as multi-

parametric integrals that can be conventionally convergent even when they describe analytic 

function. Hence, it is necessary to convert the improper integral due to its convergence 

(function) that is especially important during engineering computing. The issues [2, 3] are 

dedicated to calculation of improper integrals. 

Research objective is to elaborate methods of calculation of multi-parametrical 

medium of improper integrals according to Eigen-elements of 1st-genus Hankel – 

(Kontorovych-Lebedev) Hybrid Differential Operator – 2nd genus Legendre 2nd genus – 

Fourier. 

Task setting. Let us construct the limited on multiplication 

            ;;;;0: 3322113 RRRRRRrrI  solution of separated system of ordinary 

differential of 1st-genus Hankel – (Kontorovych-Lebedev) Hybrid Differential Operator – 2nd 

genus Legendre and Fourier equation for modified functions 
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Let us assume that conditions on coefficients are accomplished ,0sq  0
m
jk , 

0
m
jk , 

k
j

k
j

k
j

k
jjkc 2112   , 021 kkcc , 2,1j , ,3,2,1, mk  4,1s . 

Research results. І. Method of Cauchy functions. The fundamental solution system for 

Hankel differential equation   0
2
1, 1

 vqB   are created by 1st-genus Bessel imaginary 

argument functions (modified Bessel functions) першого роду  rqIv 1,1 1  та другого роду 

 rqKv 1,2 1  [4]. The fundamental solution system for Kontorovych-Lebedev differential 

equation   0
2
22

 vqB  are created by 1st genus Bessel modified cylindrical functions 

 rIv q  22 ,1   and 2nd-genus  rKv q  22 ,2   [4]. The fundamental solution system for 

Lagrange differential equation   0
2
3  vq  are created by 1st-genus Legendre generalized 

functions 
  chrPv


 3
1   and 2nd-genus 

  chrLv

 3

2  , where 33
2

1
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fundamental solution system for Fourier differential equation 0
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  [4]. 

The available fundamental solution systems facilitate building of solution for boundary 

problems (1), (2) with Cauchy method of functions [4]: 
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The functions participating in equations (4) – (7), are universally accepted [2, 3, 4]. 

The conjugation conditions (2) to determine the values iA  3,2,1i  and jB )4,3,2( j  

produce the algebraic system of six equations 
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The following functions participate in the system (8) 
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Let us introduce the functions: 
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Let us suppose the condition of univalent solution for boundary problem (1), (2) has 

been accomplished: for any non-zero vector  4321 ,,, qqqqq   the identification item of 

algebraic system (8) is 
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Let us determine the main solutions for the problem (1), (2): 

1) originated by the inhomogeneity of conjugation conditions for Green’s function 
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2) originated by the inhomogeneity of the system of influence function 
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As the result of invariant solution of algebraic system (8) and substitution of obtained 

values iA  3,2,1i  and jB )4,3,2( j  in equation (3) we will get the unique solution of the 

boundary problem (1), (2) 
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II. Method of integral transformations. The hybrid differential operator  
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H  will be represented in the 

form of operator matrix-column 
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Let us apply the operator matrix-column (14) according to the rule of multiplication of 

the matrixes on the matrix-element   u~ , where function  u~  is determined with the formula 

(13). As the result of simple transformations, we will obtain the unique solution of the boundary 

problem (1), (2) 
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Having compared the solutions (10) and (15) as the result of unification, we will get the 

following formulae to compute the improper integrals. 
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The conclusion of accomplished investigation is the statement. 

Main theorem. Let the vector-function   ''4321, ],[],[],[)(
21

gggBgBrf    is 

continuous on the set 3I , and the functions )(rg j  satisfy the limitation conditions 
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and conjugation conditions (2). If the condition of univalent solution for the boundary (1), (2) 

problem (9) is adhered, then there appear the formulae (16) – (18) to calculate the multi-

parameter improper integrals due to Eigen-elements of hybrid differential operator  
 
 ,

M , 

indicated in the research project ([5], с. 83). 

Conclusions. The obtained formulae (16) – (18) contribute to reference literature in the 

sphere of computation of improper integrals from superposition of special functions of 

mathematical physics. 
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ОБЧИСЛЕННЯ НЕВЛАСНИХ ІНТЕГРАЛІВ ЗА ВЛАСНИМИ 

ЕЛЕМЕНТАМИ ГІБРИДНОГО ДИФЕРЕНЦІАЛЬНОГО 

ОПЕРАТОРА ГАНКЕЛЯ 1-ГО РОДУ – (КОНТОРОВИЧА-

ЛЄБЄДЄВА) 2-ГО РОДУ – ЛЕЖАНДРА 2-ГО РОДУ – ФУР’Є НА 

ПОЛЯРНІЙ ОСІ 
 

Ірина Готинчан 
 

Чернівецький торговельно-економічний інститут КНТЕУ, 

Чернівці, Україна 
 

Резюме. Методом порівняння розв’язку крайової задачі на полярній осі з трьома точками 

спряження для сепаратної системи диференціальних рівнянь Ганкеля, Конторовича-Лєбєдєва, Лежандра 

та Фур’є для модифікованих функцій, побудованого, з одного боку, методом функцій Коші, а з другого – 

методом відповідного гібридного інтегрального перетворення, обчислено поліпараметричну сім’ю 

невласних інтегралів за власними елементами гібридного диференціального оператора Ганкеля 1-го 

роду – (Конторовича-Лєбєдєва) 2-го роду – Лежандра 2-го роду – Фур’є. 

Ключові слова: невласні інтеграли, власні елементи, гібридний диференціальний оператор, 

інтегральне перетворення, головні розв’язки. 

 
Отримано 07.04.2017 

 

http://koha.tntu.edu.ua/cgi-bin/koha/opac-detail.pl?biblionumber=35459
http://koha.tntu.edu.ua/cgi-bin/koha/opac-detail.pl?biblionumber=35459

