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Summary. The elastic deformation of the plate in the form of a circular cylinder under the action of a 

smooth stamp contacting with the plate along the entire surface of the upper base is considered. The work deals 

with the finding of the critical areas of a deformed circular cylinder, undergoing a constant axial deformation 

under the action of the compressive load. The top of the cylinder is pressed by a smooth, absolutely rigid parabolic 

stamp that moves vertically and contacts with the entire top of the cylinder. Lower base is free of loads. As a 

criterion of strength the Mises energy hypothesis is taken. The Eri function is represented in a trigonometric form 

using the Bessel functions of zero and first order. The analytical formulas for components of the stress tensor for 

the investigated body of rotation are obtained, as well as the function of the potential energy of the form-change 

in accordance with the Mises energy hypothesis. The adequacy of the constructed mathematical model is checked 

by the method of finite elements. 
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Statement of the problem. The problems on the rotation bodies happen to be often 

solved during the engineering calculations. In such cases simplified equations of the elasticity 

theory are usually analyzed taking into account the symmetry of the bodies in question. Besides, 

the assumptions are introduced, at which these problems are treated as the most simple cases. 

But such an approach results in very sufficiently approximated solutions of the problems on 

finding the stresses and displacements in these bodies under deformations. To investigate the 

strength of the deformed bodies the hypothesis of strength are used, one of which is the energy 

(the fourth) hypothesis. The presented investigation deals with the finding of the critical areas 

of the body being deformed under rotation, the circular cylinder in particular, which is under 

the axisymmetric deformation, taking advantage of the energy strength hypothesis. The 

function of stresses is found as the trigonometric series, which makes possible to satisfy the 

conditions on the side surface of the cylinder [2]. 

Analysis of the latest investigations and publications. The multilayer cylinder-like 

structures are being widely used in the space, oil and gas engineering [3, 4]. The application of 

the relations of the spatial theory of elasticity to the study of such structures makes possible to 

obtain more reliable picture of the stress strain state. For example, in the papers [4, 5] the 

problem on the stress state of the loaded circular cylinder is solved taking advantage of the 

Fourier-Bessel series. 

In the paper [6] the elastic cylinder of the finite length is analyzed taking into account 

its own weight, on the lower base of it the conditions of the smooth contact are provided, to the 

upper base of which the axisymmetric normal load is added and the side surface is the stress-

free. The solution of the corresponding differential equation is constructed as the Fourier series 

due to the Jacobi polynom. 

In the paper [7] the cylinder being in the axisymmetric stress state, which can be treated 

as one of the layer of cylindrical structure, is analyzed. Taking advantage of Bessel function the 
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analytical solution of the problem on the cylinder stress has been obtained, which can be used 

while solving the problem on the stress-strain state of the multilayer cylindrical bodies. 

The paper [8] is devoted to the theoretical investigations of the deformation damage 

under the axisymmetric deformation. The authors use the Mises criterion as the fracture 

criterion. The modeling is carried out by FEM using the structure ANSYS. The available results 

of the experimental investigations of the cylindrical blanks deformation by the stamp are 

presented in the paper [9]. 

The objective of the paper. The objective of the investigation in question is to identify 

the most dangerous areas of the circular cylinder being deformed by the stamp; to obtain the 

analytical expressions for the function specifying the structure strength according to the 

strength energy criterion; to find the most dangerous from the strength point of view areas of 

the deformed cylinder; to carry out the systematic analysis of the function behavior, which 

describes the potential energy of the form change. Numerical experiments have been carried 

out basing on the software package MAXIMA. 

Statement of the task. The circular cylinder of R  radius and l  length, the axis of which 

coincides with the axis Oz  and is under the axisymmetric deformation as it is in the [2], is 

analyzed. The cylindrical coordinates system ,, rz , originating in the middle of the layer base, 

is used. In this case   zr ,  are likely to be identically equal to zero, the other stress tensor 

components and the displacements vector do not depend on the angle  . 

The top of the cylinder is pressed by a smooth absolutely rigid parabolic stamp, which 

moves vertically and contacts with the entire top base of the cylinder. The lower base is free of 

stresses. Similar to the [2] it will be considered, that on the side surfaces of the cylinder there 

are normal displacements, which equal zero as well as their derivatives along the vertical 

coordinate. The corresponding boundary conditions look like: 
 

  )(, rflrw  , (1) 

 

  00, rrz ,   00, rz , (2) 
 

  .0, zRw  (3) 
 

It is considered, that  rfy   – is the equation of the line describing the stamp in the 

final position. Let us assume, that the function  rf  is similar to the parabola 

22
/)( RRrpy  , where p  – the maximum deflection of the top and )0(fp   

After finding the stresses bi-harmonic function   all non-zero components of the stress 

tensor and displacement tensor are found due to the formulas [10]: 
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The precise solution of the stated problem is unknown. The approximate solutions for 

the cases of the long cylinder, short cylinder and “cubic” cylinder, the diameter and the height 

of which are the values of the same order, are built additionally [1]. 

Analytical solution of the problem. Let us use the solution for the long cylinder, in 

which the Bessel functions are applied. The function  zr,  will be found as the trigonometric 

one due to the cosines (as it was done in the [11]). The function  zr,  will be bi-harmonic, if  

 

   )()()cos(, 10 krkrIckrIbkzzr kk  , (6) 

 

where )(),( 10 krIkrI  – the generalized Bessel functions of the zero and first orders, 

correspondingly, and kk cb ,  – the random constants. 

The expressions (5), taking into account the expansions (6) for the displacement 

functions  zru , ,  zrw , , will look like  

 

   ,)()()sin(,2 10 krIbkrkrIckzzru kk   (7) 

 

    ,)()())1(4(()cos(,2 10 krIkrckrIbckzzrw kkk    (8) 

 

and the components of the stress tensor according to the system (4) will look like: 
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Further let us be limited only by the same 1k  and substitute the obtained expressions 

in the boundary conditions. The conditions (2) are satisfied identically: 
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The condition (3) 
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will be satisfied, if the random constants are connected by the relation  
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from the condition (1) we will obtain the equation  
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From here we will write the function ),(rf which will describe the shape of the stamp 

surface: 
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the graph of the function )(rf  at 1,5.0,1 1  cR   is presented in Fig.1. 

As it is seen in the figure the surface of the stamp is similar to that parabolic one. The 

value of the constant 1c  will be found from the equality of the maximal deflection of the value 
p  
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Figure 1. Form of the surface of the stamp )(rf  

 

from here it follows, that  
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As the values of the random constants have been calculated, all components of the 

displacements vector (7) – (8) and stresses tensor (9) of the axisymmetric deformation of the 

circular cylinder can be found.  
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The results of investigation the function of the form change potential energy. 

The energy theory of strength is based on the assumption, that the amount of the form 

change potential energy, accumulated till the ultimate state of the material is reached, is similar 

to that both under the complex stress state and under the simple uniaxial tension. If the strength 

condition due to the Mises energy hypothesis [10] is presented as the components of the stresses 

tensor in the cylindrical system of coordinate, taking into account the fact, that the components 

  zr ,  equal zero identically, we will obtain the function of the potential energy similar to that 

in the [11], which will look like: 
 

 .3)(),,(
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As all the components of the stresses tensor (9) can be written in the real appearance 
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Figure 2. Graph of the potential energy function at 1,5.0,1 1  cR   
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а) b) 

 
с) 
 

Figure 3. Distribution of stress tensor components: a) density of the cylinder’s stresses  zr, ; 

b) density of the cylinder’s stresses  rr, ; c) density of the cylinder’s stresses  zz,  

 

Here the constants are specified by the expressions (12) and the Bessel functions are 

specified by the tables, then the function of the potential energy has been found. 

Let us analyze the numerical problem: The equation of the lower surface of the stamp 

in the final position is considered to be described by the function  
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the values of the random constants correspond to the expressions (12). In Fig. 2 the graph of 

the function of the potential energy (13) at the values of the stamp parameters 

1,5.0,1 1  cR   is presented. 
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The reliability of the constructed mathematic model will be checked by the method of 

the finite elements, having plotted the sizes of the area net pegging-out 5050 . In Fig. 3 the 

distribution of the stress tensor components is presented  

Conclusions. A circular cylinder being under axisymmetric deformation was analyzed. 

The coefficients of the expansion of the Eri stresses function in a trigonometric series over 

cosines with the use of the Bessel functions of zero and first order were found. The analytical 

developments of components of the displacement vector and the stress tensor in the 

axisymmetric deformation of the circular cylinder were determined, as well as the function of 

the potential energy of the form-change in accordance with the Mises energy hypothesis. The 

most dangerous in terms of the strength of the area of the circular cylinder are identified. The 

reliability of the constructed mathematical model is checked by the method of finite elements. 

In the future it is planned to carry out a detailed numerical analysis of the positions of maximum 

stresses while deforming simultaneously both of the cylinder bases. The obtained results are 

also planned to be generalized in the case of multilayer cylinders made of various materials 

used, for example, in the gas industry. 
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ЧИСЕЛЬНО-АНАЛІТИЧНИЙ РОЗВ’ЯЗОК ЗАДАЧІ ПРО 

ДЕФОРМАЦІЮ КРУГОВОГО ЦИЛІНДРА З ВИКОРИСТАННЯМ 

ФУНКЦІЙ БЕССЕЛЯ 
 

Тетяна Штефан; Андрій Засовенко 
 

Запорізький національний технічний університет, Запоріжжя, Україна 
 

Резюме. Розглянуто пружну деформацію пластини у вигляді кругового циліндра під дією гладкої 

мембрани, яка контактує з пластиною вздовж усієї поверхні верхньої основи. Робота проводиться в 

напрямку знаходження критичних ділянок деформованого кругового циліндра, що знаходиться в постійній 

осьовій деформації під дією стискуючого навантаження. Верхівка циліндра натискається гладкою, 

абсолютно жорсткою параболічною печаткою, яка рухається вертикально і контактує з усією верхньою 

частиною циліндра. Нижня основа вільна від навантажень. Вважається, що  rfy   – рівняння лінії, яка 

описує штамп у кінцевій позиції. Також вважається, що функція  rfy   близька до параболи 

22
/)( RRrpy  , де p – максимальний прогин верхньої основи та )0(yp  . Як критерій міцності 

застосовується енергетична гіпотеза Мізеса. Функція Ері представлена в тригонометричній формі за 

допомогою функцій Бесселя нульового та першого порядку    )()()cos(, 10 krkrIckrIbkzzr kk  . 

Отримано аналітичні формули для компонент тензора напружень досліджуваного тіла обертання, а 

також функція потенціальної енергії формозміни відповідно до енергетичної гіпотези Мізеса. Під час 

чисельного розв’язку задачі ми вважатимемо, що рівняння нижньої поверхні штампа в кінцевому 

положенні описується функцією   
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зі значеннями параметрів штампа 

1,1 1  cR . Коефіцієнт Пуассона дорівнює 0,25, модуль зсуву – 0,5. Чисельно знайдено найнебезпечніші з 

точки зору міцності області кругового циліндра. Адекватність побудованої математичної моделі 

перевіряється методом скінчених елементів. Представлені в статті графіки функції потенціальної 

енергії формозміни вказують на небезпечні з точки зору міцності ділянки кругового циліндра. Отримані 

результати планується узагальнити у випадку багатошарових циліндрів, виготовлених з різних 

матеріалів, які часто використовуються в промисловості. 

Ключові слова: короткий циліндр, штамп, осесиметрична деформація, енергетична гіпотеза 

Мізеса, функції Бесселя. 
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