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Abstract. Problem statement. Designing and manufacturing of efficient resonant vibratory
lapping machines with linear oscillations of laps demand an accurate and detailed calculation of
parameters of their dastic systems and electromagnetic drives. Purpose. The main objective of this
research consists in derivation of analytical dependencies for calculating the stiffness and excitation
parameters of mechanical oscillatory system of vibratory finishing machine in order to ensure its
resonance operation mode. Methodology. The technique of the research is based on fundamental
concepts of engineering mechanics, strength of materials and theory of mechanical vibrations.
Findings (results). The design diagram of mechanical oscillatory system of vibratory finishing
machine with linear oscillations of laps is considered and corresponding equations of motion are
presented. Analytical dependencies for calculating stiffness and excitation parameters of the system
are deduced. The example of parameters calculation is given and time dependencies of the system’'s
motion are constructed. Originality (novelty). The mathematical model of linear oscillations of the
three-mass mechanical system of vibratory finishing machine was developed. The possibilities of
performing the laps dressing using “lap over lap” method were substantiated. Practical value. The
results of the performed investigations can be used during designing new designs and improving
existing structures of vibratory finishing machines for lapping flat surfaces of cylindric and
prismatic parts. Scopes of further investigations. In further investigations, it is necessary to analyse
the influence of the viscous damping on the system’s motion. In order to substantiate (justify) the
obtained theoretical results, the experimental investigations should be carried out.

Keywords: lapping, finishing treatment, vibratory machine, eectromagnetic drive, linear
oscillations, equations of motion, stiffness parameters, excitation parameters.

Introduction

In mechanical engineering, the technological operations of finishing trestment occupy about 20-30 %
of the total duration of machine parts treatment. The productiveness, efficiency and accuracy of finishing
operation depend on the technological equipment being used. It is known, that the surface quality of the
parts treated by the lapping techniques is usually higher than that of the parts treated by grinding,
superfinishing or honing. Thus, designing, investigating, manufacturing and implementation of high-
performance lapping machines are the necessary factors of development of modern technologies of
finishing treatment at major mechanical engineering enterprises.

Problem Statement

Resonant vibratory lapping machine with circular oscillations of laps is one of the most efficient
finishing equipment. Such machines are used for high-accuracy single- and double-sided finishing
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treatment of flat surfaces of machine parts. This equipment provide the uniform removal of a material layer
from parts surfaces and can treat metal, plastic, and ceramic workpieces.

Designing and manufacturing of efficient resonant vibratory lapping machines with linear
oscillations of laps is the first step of creating more complicated equipment (for example, vibratory
finishing machines with circular oscillations of the working bodies). The processes of development of such
machines demand an accurate and detailed calculation of parameters of their eastic systems and
electromagnetic drives. The operational efficiency of vibratory lapping machine with linear oscillations of
laps essentially depends on the accuracy of calculation of its stiffness and excitation parameters, which
ensure the energy-efficient resonance operation mode of the machine.

Review of Modern | nfor mation Sour ces on the Subject of the Paper

The paper [1] presents the general overview of the process of vibratory finishing treastment and
analyses the modern state of scientific research on this subject. There is concluded that the problems of
calculating optimal frequencies and amplitudes of vibrations of the working elements of vibratory finishing
machines, of analysing the influence of the speed of displacement of the parts with respect to the abrasive
media on the accuracy of parts treatment and on the quality of surfaces being treated are not enough
investigated. In the publication [2], the authors proposed a new approach to designing and modelling the
dynamic characteristics of ultraprecision micro-milling machines. The authors analysed the dynamics of
the machine€'s structure and the kinematics of moving components; they also overviewed the control
system and the machining process. The results of these investigations can be used to predict the overall
machine performance. The new method of vibratory surface grinding of machine parts made of mild and
hardened stedl is proposed in [3]. The authors devel oped the design of corresponding grinding equipment
which ensure such grinding process parameters (frequency and amplitude of oscillations, trajectory of the
treated workpiece motion) providing the increase of the efficiency of the process, reducing the energy
consumption and improving the quality of the surfaces being treated.

In the work [4], there is considered the process of double-side lapping of cylindrical surfaces with a
help of planetary mechanism used in the machine's drive. The analysis of influence of the rolling speed of
rollers on the quality of the treated surface is carried out. On the basis of this analysis, the optimal
geometry and mation kinematics of parts are described. The process of abrasive lapping of plates made of
copper and stainless sted is investigated in [5]. The kinematics of the plates’ motion during their treatment
is considered. The uniformity of the surfaces lapping was assessed depending on the speed of the
workpieces motion and on the force of their pressing to the working surfaces of laps. The paper [6]
analyses the basic principles of vibratory finishing treatment of machine parts. The authors developed the
mathematical models, which allow predicting the parts’ surface roughness and stock removal intensity. The
experimental results substantiated the validity of the theoretical modelling. This allowed developing the
algorithm of designing an optimum process of vibratory finishing treatment.

In the paper [7], there was developed a mathematical model of the bowl-type vibratory finishing
machine. This model was used for analysing the dynamic behaviour of the machin€s mechanical
oscillatory system considering both free and forced vibrations. The influence of the oscillatory system’'s
parameters on the machine performance was studied. The comparative analysis of theoretical and
experimental results was carried out. In the study [8], the medium kinematic model was developed and its
movement simulation was performed. Based on the kinematic model, the material removal intensity model
was further established in order to better understand the vibratory finishing process. The optimal fixing
location and orientation of the workpiece were substantiated by analysing the kinematic model. The
theoretical results were justified be the experimental studies. In [9], thereis presented the analysis of one-
dimensional controlled vibrations of vibratory finishing machine. The obtained results covers the following
characteristics: material removal rates, surface roughness and contact forces between the surfaces being
treated and the working media. The media motion was modelled and experimentally tested. This work is
thefirst step before carrying out further three-dimensional simulation of vibratory finishing process.
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Analysing the information sources on the subject of vibratory finishing treatment of flat surfaces of
cylindrical and prismatic parts, we can state that the problems of dynamic analysis, substantiation of
parameters and operation modes, as well as simulation modelling of vibratory lapping machines operation
are not completely solved. In the papers [10-12], the investigations of the authors on the mentioned subject
were initiated. In particular, three- and four-mass two-dimensional and three-dimensional diagrams of
vibratory finishing machines were considered, the differentials equations of the working bodies' motion
were derived, inertial and stiffness parameters of corresponding mechanical oscillatory systems were
substantiated, and simulation modelling of the oscillatory motion of laps during their dressing was carried
out. In this paper, the investigations initiated in [10-12] will be completed in the following directions:
developing atwo-dimensional design (calculation) diagram of three-mass mechanical oscillatory system of
vibratory finishing machine; deriving the corresponding differential equations of the oscillating masses’
motion; substantiating the inertial and stiffness parameters and the parameters of excitation of the system;
dynamic analysis of periodical one-dimensional motion (linear oscillations) of the laps during their
dressing; simulation modelling of the laps’ motion etc.

Objectives and Problems of Resear ch

The main purpose of the presented paper consists in derivation of analytical dependencies for
calculating the stiffness and excitation parameters of mechanical oscillatory system of vibratory finishing
machine in order to ensure its resonance operation mode.

With the object of satisfying the stated purpose, the following tasks will be solved: the design
diagram of mechanical oscillatory system of vibratory finishing machine with linear oscillations of laps
will be considered; the corresponding equations of motion will be presented; the analytical dependencies
for calculating stiffness and excitation parameters of the system will be deduced; the example of
parameters calculation will be given; time dependencies of the system’s motion will be constructed.

Main Material Presentation
In order to perform further modelling of the laps' dressing of vibratory finishing machine using the
“lap over lap” method, let us consider the simplified design (calculation) diagram of its mechanical
oscillatory system (Fig. 1). The body of the mass my is the upper lap, which can slide over the working

surface of the lower lap (the body of the mass my, ) and is kinematically connected to the lower lap with a
help of the elastic system characterized by the stiffness ¢; and damping coefficient m. The lower lap is

mounted (installed) on the unmovable supporting surface (foundation, frame, body etc.) using the vibration
isolators with the characteristics of stiffness and damping c;, and m}, , respectively. The excitation of the

system’s oscillations is performed due to application (exerting) of the periodically changing force F (t)
between the reactive mass mz and the lower lap. Herewith, the reactive mass is connected to the lower lap
with a help of the eastic elements with stiffness ¢, and damping coefficient m,. The application of the
periodically changing force F (t) between the reactive mass mz and the lower lap m, provides the

excitation of periodical linear motion (linear oscillations) of the laps with respect to each other. In the
conditions when the phases of the laps’ oscillations are not equal, the process of their mutual (reciprocal)
dressing (or, so called, process of “lap over lap” dressing) will be performed. This process will be the most
intensive in the conditions of antiphase motion of the laps.

Therefore, the one of the major problems (tasks) of this paper consists in substantiation of the
stiffness and excitation parameters of the mechanical oscillatory system of vibratory lapping machine in
order to provide the antiphase oscillations of the laps.

To describe the motion of the oscillating masses, et us take the inertial coordinate system with the
centre at point O (Fig. 1). Herewith, the axis Oy is vertical (directed upwards), and Ox is a horizontal

axis, in paralel to which the oscillations of the system’s bodies are performed. The motion of the
oscillating masses my, mp, and my will be described by the corresponding generalized coordinates %, %o
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and xg, which represent the displacements of the mass centres of the upper lap, lower lap and reactive
(exciting) mass with respect to their equilibrium paositions.

Cis, Uis

Fig. 1. Design diagram of mechanical oscillating system of vibratory finishing machine

In the plane of contact of the laps’ working surfaces, there occurs the friction force, which will be
modelled in accordance with the Amontons -Coulomb’ s laws. Also, let us assume that the deformations of
the elastic elements are performed according to the Hooke' s law, and the energy dissipation is proportional
to the square of the speed of their deformation.

The mathematical model of the vibratory finishing machine, the calculation diagram of which is
presented in Fig. 1, is developed on the basis of the three-mass mechanical oscillatory system, in which the
linear oscillations of the masses are performed in horizontal plane. The active 1 (my), intermediate 2 (my)

and reactive 3 (mg) masses perform linear oscillations along the horizontal axis x described by the
generalized coordinates %, X, and xg due to the influence of the disturbing force F (t). The system of
differential equations of the three-mass system’s motion has the following form:
} my 8 +0 X - X ) +(m +m ) {(d - ko) =- e sign (g - o);
My Xy +Cy (%o - %) +C X - Xg) + Gy 0 + (M +m ) (kg - g )+ my K - Kg) +
: +m, xk, = F>sin(wt +e) + Fy, >sign(¥ - % );
: mg g +Cp {(xg - Xp) +1mp g - dp ) =- Fsin(wt +e),
where m isthe damping coefficient (coefficient of viscous friction) caused by technological media |ocated
between the laps surfaces; F is the amplitude value of the excitation force; w is the forced circular
frequency; e istheinitial phase of the excitation force; Fy, = f xmy xgsign (% (t) - % (t)) isthefriction

(D

force between the laps contacting surfaces; f is the coefficient of diding friction depending on the
materials and on the state of the laps' working surfaces; g is free-fall acceleration; sign(% (t) - %, (t)) is

the function defining (specifying) the direction of the mutual (reciprocal) maotion of the upper and lower
laps. It can be determined by the following formula:

11 i (& (t)- & (t))>0
wqgm-QMFﬁlw( (1) - % (1)
0. if (3 (t)- % (1)) =0

)Q
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The obtained system (1) is a system of linear inhomogeneous differential equations of the
second order with constant coefficients. In order to determine eigenfrequencies of the mechanical
system it is necessary to define the general solutions of the corresponding system of homogeneous
equations:

] m gy +0 (% - %) +(m +m) Xk - %) =0;
_Il_mz By +0p (X - %)+ C X - %)+ iy 0 + (M +m) ko - o)+ My {dy - dg) +my e =0, (2)
1 Mg g +Cp (X3 - Xp) + My %3 - %) =0.

Using the general methods of solving the obtained system of differential equations (1),
let us define the analytical expressions of the masses motion by three degrees of freedom in the
following form:

X =Xy @MW = X, @M g = Xg W 3)
where i =v/-1; w is the circular frequency of the system's vibrations; X;, X5, X3 are the amplitude
values of linear forced oscillations by the generalized coordinates X, Xo, X3, respectively.

Taking the corresponding derivatives of equations (3) with respect to time and substituting

the obtained expressions into the system of equations (2), after cancelling the term ¥t we

obtain:
: - ow? xXq o Xg - Xp) +(m +m ) {w i xXq - wxi xX,) =0;
?"‘z’WZ XX +0 {Xg - Xg)+C Xz - Xz)+0j XXo +(m +m ) (wx xXp - wi xXqp )+ @
i +mp W X XX5 - W xX3) +m, w x XX, =0;
'If mg w2 xXg +Cy Y Xg - Xp) +mp Wi xXg - W xX5)=0.
Let us reduce the obtained system (4) of linear algebraic equations with constant coefficients to the
normal form with respect to the constants X;, X,, X3:

('ml>W2 +(n1+rq)xi>w+cl)xxl- (cl+(rr1+rq)>q' >w)><X2:0;
- ((m o+ m) 5w+ 0y) Xy + (- my w2 o (my +mp + ), +m) 5w +0p +Cp + G, ) XX -
- (my % ow + ¢y ) xX3 =0;
- (mzxj>W+c2)xxz+(-ms>wz+mzxi>w+oz)><X3=O.

Taking into account the expression (5), let us write the matrix form of the system of equations (1)
neglecting dry friction between the working surfaces of laps:

Q)

e 2 o) U

A my e + - _(Cl+(rr1+m)>q'>vv) 0 a

§+(n1+m)>i>w+015 3

g & -y w? + 0 U gx,0 €00

Q_( +(m+ )>1'>W) 9+ +m+m, + W - i XV + l'J’é)( u_eécu

& (o +(m+m GH{m oy +m, +m)oiw s - (mp (}Z)H &%= §F | ©
é G+ +C; P q EXsH & FH

¢ - , .U

: 0 - (my 5w +p) g'ms.w i

8 T AW+ G g
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The constants X;, X5, X3 are not equal to zero only in the case when the determinant of the

system (6) equals zero:
2

e 0
é N - (a1 +(m +m)iw) 0
+(m +m)iw+o g
_ @&m, w2 +(m+m+m,+m)xxw+0 _
(a+(mem)in) & (m+my+m, +m) S (mpiwecy) =0 @
+Cl+c2+ci3 (%]
,
0 -(ITQ>1'>W+C2) %-rrbxlv + 9

ey w+ 0y

The equation (7) is a characteristic equation for the system (2). It may be reduced to one power
equation with respect to w. Since the length of the obtained equations, as well as their complexity, is very
large, in major publications (for example, [6, 7, 11-14]) the authors recommend to neglect the system’s
damping parameters (m =np =m, =m =0) and the stiffness of vibration isolators. The last assumption

can be explained by the fact that the magnitude of stiffness coefficients of vibration isolators is much
smaller than that of the basic elastic elements of vibratory equipment. Thus, we obtain:

o - myw? - 0
-G Cl+C2'm2>QN2 -Co =0, or
0 -Cy c2-m3>w2 (8)

6 4 2
- My X Xmg s + (o xmg My + My ) +Cp xmy {my +mg ) - ¢ >0, {(my + my +mg ) w? =0,
The positive roots of the egquation (8), i.e. the natural frequencies of the system’s oscillations,
obtained with a help of Wolfram Mathematica software are as follows:
W =O,

cy X(my + My ) xmg + ¢ xmy X(m, +mg) -
\/(OLX(nh+mz)xms+c2 xtny X(my +mg )7 -
- 4 X XCy Xy XMy XMg XMy + My + M)
My XMy XMy (9)
Cy My + My ) Xy + Gy xmy My +mg ) +

D:(D> (D> > D> D~
OOy

X

1
Who = 5

X
('D:('D)S_D) D D> D
oo oo oo

J(cl*(rrvmz)xrrw%m%mzwb))z-
- 450y XCp XMy XM X My + My + g )

my Xy MR
Solving the equations (6) with a help of the Kramer's rule, we obtain the dependencies for
determining the amplitude values X;, X5, X3 of the oscillating masses displacements:

N

Wn3 =

éo -C 0 u
é X 0
detgF ¢ +cy - mpxw -C G
é 2U
X eF -Cp Co - My >w™g
1~ .z 2 . (lo)
Gomet o
det€ -¢ g +cy- myw? ¢, U
é a
P 2
g 0 -Co Cz-nhNNH
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_ - F g xmg w® .
(01 ml>W)*(01+02 mz>W)*(02 ms"’V) *(02 ms"’V) Zx(cl-mlwz)’
€, - mw? 0 0 u
detg - F -Gy 3
X, = § 0  -F c-mpwld
Smw w0
deté - G+e - mpw? - .
g 0 - cp - myw? ]

Fo{mow? - o)y w2
(- myow?) oo +p - mpw?) o, - myow?) - o o, - myow?) - F ooy - myow?)

& 29
:Xl IT!LWV +
4 g
- , .
fomwd ool
dte - 01+02'mz>W2 Fd
e U
& 0 -G 0
3= 2 0 0
e m o G
deté -  gtg-mpw’ -c U
e U
e 0 -G cp - MWl

) Fow? oo {my +mp) - my xmy w2
(o0 mow?) o+ - mpow?) e, - myw?) - of e, - myow?) - of o - myow?)
o (my +mp) - my xmp w?
(myow? - o)y
Thus, for the three-mass oscillatory system of vibratory finishing machine, we have the following
group of parameters: my, mp, Mg, ¢, Cp, C,, F, w, e. The values of the active m and the

intermediate m, masses (the masses of the upper and the lower lap, respectively) are to be given by the
designer. The frequency w and the initial phase e of the disturbing force are defined by the parameters of
the electromagnetic drive. Therefore, the process of calculation of parameters of the oscillating systems of
vibratory finishing machines can be reduced to determination of the values of the reactive mass mg, the
stiffness coefficients ¢;, ¢, c;,, and the amplitude value of the disturbing force F . That is why, for the
three-mass system of vibratory finishing machine, we have to determine five unknown parameters.

The stiffness c;, can be chosen as relatively small one taking into account the condition that the
mechanical oscillating system mounted (installed) on vibration isolators must have the self-frequency w,
that is n times smaller than the circular frequency of forced oscillations w: w;, =w/n. The larger is the
value n, the weaker (safer) is the mechanical interaction between the oscillating system and the fixed

:XZV
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frame of the machine. Its minimal value is n=3...4 [11, 13]. Vibration isolators are to be calculated
according to the single-mass scheme consisting of one rigid body with the mass equal to the total mass of
the whole structure and of the elastic element of certain stiffness representing the isolator. Thus, the
stiffness coefficients of vibration isolators for three-mass systems can be determined as:

2
c,-3=(rrh+mz+ms)§;v§- (11)

The equation (11) allow to derive the expression for calculating the stiffness of vibration isolators
c;, . Based on this, we can state that there have left only four unknown parameters to be determined.

Let us analyse the characteristic equation (8) and equalizeit to zero. Herewith, instead of the circular
frequency w let us substitute w/z (where w is the forced frequency of the system’s oscillations; z isthe
resonance setting-up (correction) coefficient):

4 2
-y oy g o7+ (oo o{my + ) + 0 omy oy + )7 - )
- 0 )0y My +my +mg) =0,
The resonance correction coefficient z is usualy in the range of [0.93...0.98] and provides the
setting-up of the machine operation in near-resonance mode concerning the third natural frequency w3
Using the equation (12), let us determine the expression for calculating the stiffness ¢, of the elastic

element connecting the masses m, and my:

cp =y 2 . (13)
o {my + my ) - my{my + ) o

The condition of providing the in-phase motion of the reactive and the intermediate masses allows
minimization of the push-pull force of eectromagnet and minimization of the consumed power since the
air gap between the armature and the core of electromagnet remains unchanged; it does not depend on the
relative amplitudes of oscillations of the corresponding masses. In this case the masses move at the same
phases and with equal amplitudes like one rigid body. In order to excite the vibrations of the system, it is
necessary to use push-pull (two-cycle, two-stroke) electromagnets whose cores are attached to one mass
(for example, to the lower lap), and armatures — to the other one. For the purpaose of implementation of the
considered condition let us equalize the second and the third analytical expressions of the system (10) and

determine the value of the reactive mass ms:

2
2 o My +my)- mlw%gg

F><(rrh>w2-cl)><n*g>w2

Xo=X3b icl-ml>W2)>‘(01+02'mz’W2)>‘(C2'”b>w2)-8:
g oo mu?)- - mut) oy
_ Fou? oy (my +my) - mym, w?) i (1)
zcl- mw2)€q+c2- ngy:gz%(cz- msx,\,Z)_E
e u
e co{ermowt) i moet)



34 lhor Kuzo, Viktor Zakharov, Vitaliy Korendiy

o {m +my)- mlxmzwvzp o {my +my) - my xm, w?

(myow? - ) sy (my w2 - ) sy o

b X2=X2V

o My + mp) - my Xy w?
my w? -G

The condition of providing the anti-phase motion of the upper and the lower laps of vibratory
finishing machine allows maximization of the relative speed of the laps motion and of the intensity of
their dressing (or in other words, minimization of duration of the dressing process). In this case, the masses
(the upper and the lower laps) move at the opposite phases and with equal amplitudes. For the purpose of
implementation of the considered condition let us add the first and the second analytical expressions of the
system (10), equalize the obtained sum to zero and determine the value of the stiffness ¢;:

-FXC]_XFTB)\NZ +

P m=

Tt T2 =or gcl-mlwz)*(clw an)*(Cz ms"’\’) u
& u
g DAe-mow?)-dAa-mw’) g
Fo{mow? - o)y w2
—0p (15)

gcl ml>W)*(01+02 an)*(Cz ms>W)3
é G
g e mow?)- oo mouw?) Kk
& >w20_ my W
DX1+X1>§ g ODC]_ 5

Taking into account the necessity to provide the prescribed (technologically determined) amplitudes
of thelaps' oscillations while carrying out their dressing, let us denote the amplitude value of the upper lap
displacement as d, . Thus, we can equalize this valueto X; (seeformula (10)) and determine the necessary

excitation force of eectromagnetic drive:

_ - F %oy xmg 4
amar :Cl'nhw)><(01+c2 mp w2 )z - myw?)- 3 o
é u
g e mow?)- - mw?) g
(16)

e(Cl ml>W)*(01+02 mz"W)*(Oz %W)ﬂ

-dy g (

g e mwd)-dofa-mw?) g

P F=

Rallc w?

Solving the system of four equations (12)—(16) in Wolfram Mathematica software, we can define
four unknown inertial, stiffness and excitation parameters mg, ¢;, ¢, F. The fragment of Wolfram
Mathematica window with the solution of the system of equations (12)—(16) is presented in Fig. 2. Thus,
for calculating (analysing) the parameters of the mechanical oscillating system of vibratory finishing
machine we can use the following formulas:

Mg =m - Np; (17)
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2
_mow
a 5

(- mp)w? oy« my of - 2))
G = ;
2><rrhxz2><(22-1)

F=d x{m - ml)>w2.

8 AmnnityaHo-uacTotHi xapakTepuctimnl.nb - Wolfram Mathematica 11.3

File Edit Inset Format Cell Graphics Evaluation Palettes Window Help
ne2)= Simplify|
Solve[{X21-X31 == 0, X21+X11 =0,
clc2 (ml+m2+m3) -cl (mL+m2) m3 (w/2)2-
c2ml (m2 + m3) (W,"Z)z +mlm2 m3 (w;’z)""* = s
X11 == d1}, {m3, c1, c2, F}]]

2
{m3 -ml-m2, cl— mlzw R

out[62]= <,r

(ml-m2) (mlz?+m2 (-2+2%)) o?
c2 - ' 3 g
2mlz® (-1+2%)

F-dl (-ml+m2) uﬂ}}

Fig. 2. Fragment of Wolfram Mathematica window with
the solution of the system of equations (12) — (16)

In order to find the steady-state solution of the differential equations (1) and to simulate the system’s
motion, let us prescribe the parameters of the oscillating system of vibratory lapping machine:

m, =3.32 kg, m, =3.04 kg, w=314 @ and some operation parameters z=0.96, d; =-0.003 m.
S
Substituting theses values into the formulas (17), we calculate the corresponding unknown parameters:
¢, » 163669 N , Co » 12580 ﬂ my » 0.28 kg, F »83 H. Since ¢, = ¢;, we have proved the assumption
m m

about “ zero stiffness” phenomenon and in-phase motion of reactive and intermediate masses [11, 13]. The
obtained values ensure one of the most efficient modes of “lap over lap” dressing. Herewith, the oscillating
system uses the effect of “zero-stiffness” when the reactive mass and the lower lap move at the same phase
with equal amplitudes. Due to occurring the in-phase motion, the air gap in electromagnetic vibration
exciter can be minimal because in such a case there is no relative displacements between two adjacent
masses. This allows significant decreasing of the value of current flowing in the winding of the vibration
exciter, aswell as the power consumed [11, 13].

On the basis of the given input data and the obtained results of theoretical investigations (17),
using the derived expressions (3) and (10), let us plot the amplitude-frequency characteristics (Fig. 3)
and the time dependencies of displacements of the oscillating masses in their steady-state motion
(Fig. 4, a).
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In order to confirm the theoretical approaches presented in the paper, there was carried out a
numerical solving of the system of differential equations (1) using the corresponding built-in function
“DSalve’ of Wolfram Mathematica software (Fig. 4, b).

0.010¢ Xi(e), mm

0.005
— —
100 200( 300 500 o, rad/s
- Xi(®), mm
-0.005
— X2(), mm
| = X3(w), mm
-0.010

0.010¢ Xi(@), mm

0.005 /
\

312 314 316 318 o, rad/s

-0.005 \

-0.010

Fig. 3. Amplitude-frequency characteristics
of the three-mass oscillating system of vibratory finishing machine

Analysing the obtained amplitude-frequency characteristics (Fig. 3) and time dependencies of
oscillations of masses of vibratory finishing machine (Fig. 4) within the range of frequencies close to
resonance (in particular, at the frequency of 314 rad/s), we have to mention the equality of the amplitudes
of oscillations of the intermediate mass (lower lap) and the reactive mass (electromagnet’s armature)
(about 3 mm). This states about their in-phase motion and the redlization of “zero-stiffness’ effect. The
oscillations of the active mass (upper lap) are at the opposite phase to the oscillations of the other two
masses, and the amplitude of the upper lap oscillations is almost equal to the amplitudes of the other
masses (Figs. 3-4). This is confirmed by the results of modelling (simulation) of the oscillating masses
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motion using the analytical dependencies (3) and by the results of numerical solving of the system of
differential equations of the oscillating masses motion in Wolfram Mathematica software (Fig. 4).
Approximately at 0.05 s after the system is started (switched on), one can see the synchronous steady-state
oscillations of the intermediate mass at the opposite phase to the motion of the active mass (Fig. 4, b).
Herewith, the amplitudes of oscillations of the intermediate and the reactive masses become equal
approximately at 0.15s after the system is started (Fig. 4, b). It is necessary to mention that some
differences between the amplitude values of displacements in Figs. 4, a and b can be explained by taking
into account viscous friction (damping) while carrying out the simulation modelling.

0.004 ¢ xi(t), mn x1i(t), mm

0.002

-0.002

x2(7), mm

LWV
ORI

b

Fig. 4. Time dependencies of the oscillating masses displacements:
a — congructed on the basis of the formulas (3); b — constructed using the results
of numerical solving of the system of differential equations (1) in Wolfram Mathematica software
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Therefore, the derived expressions (17) for determining the inertial, stiffness and excitation
parameters of the three-mass mechanical oscillating system of vibratory finishing machine ensure its
highest efficiency and the largest intensity of the laps dressing process because of the antiphase motion of
the laps, and of the absence of the relative motion between the reactive and intermediate masses.

Conclusions

In the paper, there were overviewed the prospects of use and development of vibratory lapping
machines. Based on the carried out analysis of modern information sources on the subject of the paper, the
main investigations were focused on derivation of analytical dependencies for calculating the inertial,
stiffness and excitation parameters of mechanical oscillating system of vibratory finishing machinein order
to ensure its energy-efficient resonance operation mode.

The simplified (two-dimensional) design diagram of mechanical oscillatory system of vibratory
finishing machine was developed (see Fig. 1). Using the Lagrange’ s equations, the mathematical model (1)
of the system’s dynamics was derived. Using the general methods of solving the obtained system of
differential egquations, the expressions for calculating the natural frequencies of the oscillating system (9)
and the amplitudes of the oscillating masses' displacements (10) were deduced. Based on the substantiated
assumptions, the analytical dependencies (13)—(17) for calculating inertia, stiffness and excitation
parameters of the system were derived.

In order to simulate the laps’ motion, using the prescribed parameters of the oscillating system, there

were determined the stiffness coefficients of elastic elements ¢; » 163669 N , Co »12580 N , thevalue of
m m

the reactive mass mg » 0.28 kg, and the amplitude value of the excitation force F»83H. It was

substantiated that these parameters ensure one of the most efficient modes of “lap over lap” dressing using
“zero stiffness’ phenomenon and in-phase motion of reactive and intermediate masses.

The results of the conducted theoretical investigations (Fig. 3) were compared with the results of
simulation modelling of the system’s motion carried out with a help of Wolfram Mathematica software
(Fig. 4). The antiphase motion of the upper and the lower laps with equal amplitudes was proved, whence
the reactive mass vibrated at the same phase and with the same amplitude as the intermediate mass did.

The results of the carried out investigations can be used while developing new structures and
improving existent designs of vibratory lapping machines. The scopes of further investigations consist in
analysing three-dimensional diagrams of vibratory finishing machines, investigating the dynamical
properties of their mechanical oscillating systems and substantiating the possibilities of ensuring circular
(two-dimensional) oscillations of the laps while carrying out the processes of their dressing and lapping flat
surfaces of cylindrical and prismatic machine parts.
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