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MATHEMATICAL MODEL FOR FORMATION OF SPUR GEAR TEETH BY A HYPERBOLIC 
REFERENCE PROFILE 

The aim of this work is to create a fundamentals of mathematical model which consists in definition of geometry of a generating surface and machin-
ing gearing for novel cylindrical spur transmission. The generating surface is considered as rack-cutter with teeth, which profiled by hyperbola – a 
curve which is smooth at whole addendum and dedendum parts of reference profile. The equations of teeth surfaces which help the basic performances 
of this generating surface surveyed, namely quadratic forms and normal curvatures in the given directions are presented. The equations of machining 
gearings which help to obtain the equations of surfaces of teeth which can be applied both for working surfaces and for their fillets are obtained. For 
these surfaces quadratic forms also defined. Boundaries of a contact zone are defined. The results obtained in a paper can be used for definition of 
quality indicators of serviceability of novel transmissions which will allow carrying out a comparative estimation of novel transmission with conven-
tional one and with other types of transmissions. 
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П. М. ТКАЧ, П. Л. НОСКО, О. О. РЕВЯКІНА, О. В. БАШТА, А. О. КОРНІЄНКО, О. В. ТІСОВ, Ю. О. ЦИБРІЙ 
МАТЕМАТИЧНА МОДЕЛЬ УТВОРЕННЯ ЗУБЦІВ ЦИЛІНДРИЧНОЇ ПРЯМОЗУБОЇ ПЕРЕДАЧІ 
ГІПЕРБОЛІЧНИМ ВИХІДНИМ КОНТУРОМ  

Представлено теоретичне дослідження внутрішньої геометрії виробної поверхні та верстатного зачеплення для утворення зубців циліндрич-
них прямозубих передач нового типу. Виробна поверхня розглядається як інструментальна рейка з вихідним контуром, що спрофільовано 
гіперболою. Наведено рівняння поверхонь зубців інструментальної рейки, розглянуто основні характеристики цієї виробної поверхні, а саме 
квадратичні форми і нормальні кривизни в заданих напрямках. Представлено рівняння верстатного зачеплення, за допомогою якого одержа-
но рівняння поверхонь зубців, як робочих так і перехідних. Для цих поверхонь також визначено коефіцієнти квадратичних форм та кривиз-
ни. Визначено межі поля зачеплення. Результати, одержані в статті, в подальшому можна використовувати для визначення якісних показни-
ків працездатності нового типу передач, що дозволить проводити їх порівняльну оцінку із традиційними та іншими видами передач. 

Ключові слова: циліндрична прямозуба передача, гіперболічний вихідний контур, виробна поверхня, інструментальна рейка, верста-
тне зачеплення. 

П. Н. ТКАЧ, П. Л. НОСКО, О. А. РЕВЯКИНА, А. В. БАШТА, А. А. КОРНИЕНКО, А. В. ТІСОВ, Ю. А. ЦИБРИЙ 
МАТЕМАТИЧЕСКАЯ МОДЕЛЬ ОБРАЗОВАНИЯ ЗУБЬЕВ ЦИЛИНДРИЧЕСКОЙ ПРЯМОЗУБОЙ 
ПЕРЕДАЧИ ГИПЕРБОЛИЧЕСКИМ ИСХОДНЫМ КОНТУРОМ 

Представлено теоретическое исследование внутренней геометрии производящей поверхности и станочного зацепления для образования 
зубьев цилиндрических прямозубых передач нового типа. Производящая поверхность рассматривается как инструментальная рейка с ис-
ходным контуром, спрофилированным гиперболой. Представлены уравнения поверхностей зубьев инструментальной рейки, с помощью ко-
торых рассмотрены основные характеристики этой производящей поверхности, а именно квадратичные формы и нормальные кривизны в 
заданных направлениях. Получены уравнения станочного зацепления, с помощью которых выведены уравнения поверхностей зубьев, кото-
рые могут быть применены как для рабочих поверхностей зубьев, так и для переходных. Для этих поверхностей также определены квадра-
тичные формы и кривизны. Определены границы поля зацепления. Результаты, полученные в статье, в дальнейшем можно использовать для 
определения качественных показателей работоспособности нового типа передач, что позволит проводить их сравнительную оценку с тради-
ционными и другими видами передач. 

Ключевые слова: цилиндрическая прямозубая передача, гиперболический исходный контур, производящая поверхность, инструмен-
тальная рейка, станочное зацепление. 

Introduction. Gear transmissions are one of the 
most important parts of machines and mechanisms. The 
gears due to their positive properties are the most common 
and promising. It is confirmed by the constant growth of 
the world volume of their production by 4–6 % according 
to the data [1, 2]. A very optimistic forecast for 2018 was 
obtained from the results of an annual survey by the Gear 
Technology magazine [3]. That’s why, researches which 
aimed to improving the quality performance of gear 
transmissions have great importance for the machine-
building industry. Therefore, the improving of gear trans-
missions is, of course, a relevant objective. 

Analysis of the literature. The promising method to 
improve gears is the selection of rational geometric parame-
ters, which will allow the improvement of qualitative indi-
cators without changing the materials, overall dimensions 
and accuracy. Significant success in the implementation of 
this method has been achieved in relation to conventional 
(involute) gears. This direction of research became relevant 
in the seventies of the last century [4, 5] and it continues to 

developing to nowadays [6, 7]. Practical implementation of 
this method is limited. First, the contact loading capacity of 
the involute gear is limited by the high value of the relative 
curvature of the teeth, which is furthemore depends of the 
wheels radii. Secondly, the bending loading capacity can 
not be increased significantly by the fillet modification due 
to fillet location within the radial clearance. Therefore, we 
can assume that conventional transmissions have insignifi-
cant reserves for further improvement. 

In recent decades, Ukrainian researchers have been of-
fered a range of new gears that are alternatives to traditional 
ones. These are evolute transmissions [8, 9], "enkaitic" [10], 
C-C transmissions [11, 12], transmission which are synthe-
sized according to serviceability indicators [13–15], trans-
mission with increased load capacity, which basic rack is 
profiled by algebraic and transcendental curves [16–18]. 
The new types of gearing proposed in works [8–18] have 
good perspectives for further implementation into industry 
due to the development of new highly effective methods of 
gear machining [19–21]. The peculiarity of works [8–18] is 
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the focus on increasing the contact strength, so the main at-
tention is given to the working area of the reference profile. 
The fillet area is considered separately, and it is defined by 
another curve, which is tangent to the working segment. 
This approach creates the technological difficulties, in par-
ticular when a cutting tool is designed. A new approach, 
which consist in simultaneously determine the shape of 
both sections of the profile as a solution to a single prob-
lem, is proposed in [22] for the formation of the reference 
profile. This approach was successfully implemented by the 
authors [23] by means of spline-interpolation of the refer-
ence profile by Bezier’s curves. In this case, the profile is 
set in the form of a point diagram, and the equations de-
scribing the reference profile are polynomials of the third 
degree. This approach provides advantages in modeling of 
formation, but it complicates the mathematical description 
of the quality indicators of transmissions. A compromise in 
this case is to use as a profile the sine curve [24] or the con-
ic curves. Possibility of conic curves using to profiling the 
basic rack is established in [25]. In particular, it was found 
in [25] that the gears which are generated by the hyperbolic 
reference profile can be used as an alternative for the most 
common involute gearing with a 20° profile angle and a 
1.25 height ratio. 

The purpose of the article. The article aims to cre-
ate a basis for the mathematical model of the teeth for-
mation by a hyperbolic reference profile, in particular the 
study of the internal geometry of the generating surface 
and machining gearing, which will further allow to deter-
mine the quality performance of such transmissions. 

Statement of the research task. The basis of the 
generating surface is the hyperbolic profile (Fig. 1), be-
cause it forms a normal section of surface (Fig. 2). It 
should be noted that the hyperbolic reference profile, un-
like the involute, is continuous in the segment from the 
pitch line (indicated by p.l. in Fig. 1) to the tip of the tooth 
( AOr  segment in Fig. 1). The segment from the pitch line 

to the line of profile valleys DOr  is symmetric to AOr . It 

makes possible to consider both of the active part and the 
root fillet which will be described by one function within 
the one mathematical model. To do it, we can use only the 
top part of the profile AOr , the dedendum DOr  is sym-

metric to AOr  
relative rO . The generating surface will 

be considered as a rack-type tool. 

1. Hyperbolic reference profile. Let's define the 
coordinate system, which is connected with the profile. In 
this case, the axis rrYO  is directed along the pitch line of 

the tooth of the basic rack (Fig. 1). 
The coordinates of the profile are  

 ,2
4

; 2 


 byx rr  (1)

where   – variable which determines the position of the 
profile point in height (Fig. 1); 

  – geometric parameter which is equal to 

 ;
a

h 
  (2)

 
Fig. 1 – The main parameters of the hyperbolic reference profile 

h – the height of the profile (Fig. 1), which is equal 
mha  for addendum and mhf  and for dedendum ( ah  and 

fh  are the addendum and dedendum coefficients of refer-

ence profile). Here and elsewhere was accepted the value 
of the module 1m mm. To study transmissions with an-
other value of module it is necessary in equations (1) and 
elsewhere coordinates rx  and ry  multiply by m; 

a and b – real and imaginary semi-axes of hyperbola 
respectively [25], 
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In formula (3) p  is the angle of reference profile 

on the pitch line [25] 
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The range (5) determines the region of existence of 
hyperbolic transmission. Values of h  and p  need to be 

the same as in the similar involute transmission. 
Parameter p  in formula (4) is the value of   on the 

pitch line. It determines from (2) when 0 , i.e. 

ahp / . 

The profile angle of the hyperbolic reference profile 
at an arbitrary point is defined as 
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The profile angle can also be determined by depend-
encies 
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Parameters of the hyperbolic reference profile are the 
basis of the following studies in which equations (1)–(7) 
will be used. 

2. Generating surface and its elements. If we de-
scribe the machining process as meshing of a rack tool 
(generating surface) with machined gears, the surface of 
the tooth will be an enveloping of the generating surface. 
To obtain the equation of the generating surface, we de-
fine the coordinate system sS  which is associated with 

the generating surface. So the equation of this surface in 
the sS  coordinate system is 

 ;sx  ;2
4

2 


 bys  ,sz  (8)

where   is the variable value (Fig. 2). 

 
Fig. 2 – Basic parameters of generating surface 

To obtain the formulas for determining the perfor-
mance indicators of cylindrical gears, such elements of the 
generating surface as normal and its projections on the co-
ordinate axis, the coefficients of the first and second quad-
ratic forms, and the normal curvatures in the given direc-
tions are required. 

The vector of normal is determined by [26] 

   sss rrN , (9)

where 
sr  and 

sr  is the partial derivatives of the radius-vector 

of the generating surface (6) by the variables   and  : 
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Substituting (10) into (9), we obtain the projections 
of the normal vector to the generating surface 
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The module of the normal vector (11) is obtained taking 
into account [26] 
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Then the unitary normal vector is  
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The coefficients of the first quadratic form in the 
general case are equal [26] 
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For the surface (8), substituting (10) into (14) we get 
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The coefficients of the second quadratic form [8] 
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The second derivatives of the radius-vector (8) of the 
generating surface with respect to a variable   and   are 
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Substituting (17) into (16), we obtain the coefficients 
of the second quadratic form 

     
;

12 2222 abaa

b
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(18) 

The coefficients (15) and (18) are the function of the 
parameters that determine the hyperbolic reference pro-
file; formulas (15) and (18) are valid for spur racks with a 
hyperbolic profile. 

The normal curvature of the production surface in 
general terms is determined by the formula [26] 

 ,
2

2
22

22






dGddFdE

dNddMdL
K

ппп

ппп  (19) 



ISSN 2079-0775 

Вісник Національного технічного університету "ХПІ".  
Серія: Машинознавство та САПР, №25 (1301) 2018 143 

where d  and d  are the differentials of   and   coor-

dinate lines. 
The direction in which the curvature is determined de-

pends on d  and d  values. Thus, for example, the curva-

ture along the lines const   (Fig. 2) is obtained when 
0d  from (19) as 

 .0
п

п

G

N
K  (20)

That is typical for spur gears. 
The curvature along the const   lines is the curva-

ture of the reference profile (Fig. 2), it is equal to 

    
.

1
2/3222 aba

ab

E
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п


  (21)

Inasmuch as the coefficients of the quadratic forms 
0sF  and 0sM  for the considered generating surface, 

then coordinate lines const   and const   are the 

lines of curvature, and the normal curvatures (20) and (21) 
are the main curvatures of the surface (6). After substitut-
ing (2) into (21), reducing to the hyperbola coordinate sys-
tem hhh YOX  (Fig. 1) and after corresponding transfor-

mations we get a well-known formula for determining the 
curvature of hyperbola  

 
,

2/3
21rr

ab
K   

where 1r  і 2r  – focal radii of the corresponding points on 

the reference profile. 

3. Machining gearing. Let’s consider the formation 
of the spur gears by rack-type tool. To study the machin-
ing gearing, i.e. the meshing of the rack-type tool with 
machined gears, we will define the following coordinate 
system (Fig. 3): 

1S  – coordinate system related to the pinion; 

2S  – coordinate system related to the gear; 

S  – fixed coordinate system. 
The pitch cylinder of the workpiece rolls along the 

pitch plane of the generating surface. The plane sss ZOY  is 

the pitch plane of the rack ; the plane YOZ  coincides with 

the plane sss ZOY , in addition, the origin O  coinciding 

with the pitch. The axis OY  coincides with the axis ssYO . 

The plane YOX  passes through the middle butt section of 

the transmission. The axes 11ZO  and 22ZO  are parallel to 

axis OZ ; it is the axes of rotation of pinion and gear re-
spectively. The radii of the pitch cylinders symbolize by 

1R  for the pinion and 2R  for the gear; 1  and 2  are the 

angles of rotation of the pinion and gear. In the following, 
the index "1" will denote the parameters related to the pin-
ion, the index "2" – the parameters related to the gear. 
Hence we will accept 1i  for the pinion 2i  for the gear, 

and when the workpiece is rotated to the corner i , the 

surface is moved to the distance iiR  . 

 
Fig. 3 – Coordinate systems 

The transition from one coordinate system to another will 
be implemented in a matrix way. In the following we will need 
the matrices of the transition which are known from [27]. Ap-
plying the transition matrix from nS  to S , we obtain in a 

fixed coordinate system the equation of generating surface 
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  .z  (22) 

The equation of the machining gearing of the gener-
ating surface with the cutting gear has the form [27] 

 0,si
i sF   V e  (23) 

where siV  – the relative speed in the machining gearing of the 
generating surface with the machined gear [28], it is equal to  
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where siM  – the transition matrix from iS  to sS  
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M
 – derivative by the parameter   of the matrix 

isM  which is reverse to (25),  
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sr  – the radius vector of the generating surface, its 

projection in a fixed coordinate system is (22). 
Given (24), (25) and (26) we get 
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where i  and j  are the unitary vectors of the Cartesian co-

ordinate system. 
To obtain the true value of the relative velocity, the right 

part of (27) should be multiplied by the angular velocity i . 

Substituting the values (11) and (27) into (23) we ob-
tain the equation of machining gearing 
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Equation (28) defines the relation between the pa-
rameter   (the height parameter  ) and the angle  . Hav-

ing solved equation (28) it is possible to determine i  

which corresponds to a certain position of the contact line 
on the generating surface 
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When solving the inverse problem, from the relation 
(28) we have the equation of fourth order 
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The real root of equation (30) will determine the point on 
the reference profile which is corresponding to consti  . 

Equations (28) and (22) determine the surface of the 
machining gearing, i.e. the geometric locus of the points 
where the contact between the generating surface and the 

machined surface occurs. Excluding any parameter from 
these equations, for example φ, we obtain the equation of the 
surface of the machining gearing  

 ; ahx  
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22






ah

b

a
y  .z  (31) 

When the same generating surfaces are used for cut-
ting of the both of pinion and gear will have a case of line 
contact in the working gearing. For gears, which are cut 
without the addendum modification shift, as well as for X-
gears with equal shift, the surface of the machining gear-
ing coincides with the surface of action of the pinion and 
gear. Equation (31) defines the line of machining gearing 
at the butt plane ( constz  ). For gear pairs with a line 
contact, this line of machining gearing will be the line of 
action of the wheels in the butt plane. Bringing (31) to an 
explicit form when constz   we have  

   
,

22

xha

xhaxhx

b

a
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and after changing  

    .02422222  xaxaybxha  

Consequently, for hyperbolic gears the line of action 
is the curve of the forth order, which is similar to con-
choid of Nicomedes. 

Equations (22) and (28) determine the line of instan-
taneous contact of the generating surface and the surfaces 
of the teeth of the cutting gears. For gears, which are cut 
without the addendum modification shift, as well as for X-
gears with equal shift, this line coincides with the instan-
taneous contact line of pinion and gear teeth. 

Taking into account (27) and (28) relative speed in 
machining gearing is determined by the formula 

     .
1

22

ji 



 ah

ah

b

a
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The upper sign and 1i  is taken for the teeth of the 
pinion, the bottom one and 2i  is taken for the teeth of 
the gear in equations (25) – (28) and (32). 

4. Parameters of the teeth surfaces of the ma-
chined gears. To determine the equations of the teeth sur-
faces of the hyperbolic pinion and gear, it is necessary to 
represent the equation of the surface of machining gearing 
in coordinate systems 1S  or 2S . To do this, we use the 

matrix of the transition from S  to iS  [27] 
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The equation of the teeth surfaces of the pinion ( 1i ) 

and the gear ( 2i ) in the coordinate system iS  is given by 
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The equations (33) allow us to determine the thick-
ness of the root part of the teeth at the bending stress cal-
culation, as well as the control dimensions of the gears 
which are cut. The equation (33) is the equation of the in-
stantaneous contact lines of the gears when consti  . 

These equations describe the teeth profile of the pinion 
and gear at the butt section when constz  . 

The equation (33) determines the ruling of cylinders 
when const  . The radii of these cylinders can be de-
termined by the formula 

,22
iibi yxR   

or taking into account (33) 
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The equation (34) can be used to determine the value of 
*i  which correspond to the boundary points of the contact 

zone. To do this, in the left part of the relation (34) we will 
substitute the values of 1aR  and 2aR  which are the outside 

radii of the pinion and the gear. We have an equation of 
fourth degree 
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The real root of equation (35) will determine the val-
ue of the parameter *i  which are correspond to *i . 

Obtained *i  should be used to determining the perfor-

mance indicators of working gearing. 
To determine the thickness of the teeth at the butt 

section, it is necessary to determine *i  from the equa-

tion (34) for the given 1bR  and 2bR , and the angle *i  

from the equation of gearing (28). Substituting the ob-

tained *i  and *i  into equation (33) we find the coor-

dinates of the profile of the tooth at the butt section which 
are correspond to 1bR  and 2bR . For a symmetrical refer-

ence profile, the tooth thickness of the pinion and the gear 
at the butt section is equal to 
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The distance from the tip of the tooth to the measur-
ing chord (measuring height) is equal to 

 ,**
iai xRh   (37) 

The coordinates ix  in (37) are determined from the 

equations (33) with *i  and *i . 

To prevent the pointing of the teeth at the design 
stage, the thickness of the teeth tips is need to be deter-
mined. To do it the relation (36) could be use, but it is 
necessary to take the outside radii aiR  instead the biR  

when determining *i  and *i . 

5. Coefficients of quadratic forms of teeth surfac-
es. The first and second quadratic forms are the important 
geometric characteristic of the teeth surfaces, the coeffi-
cients of quadratic forms we define by formulas [26] 
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where 
iiiiii zyxzyx ,,,,,  – derivatives of the radius vec-

tor (33) by   and   respectively; 

ziyixiziyixi eeeeee ,,,,,  – derivatives of projections of 

the unit normal vector to the teeth surfaces by   and   

respectively.  
Derivatives of the radius vector (33) are equal 
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Normal unit vector of the teeth surfaces (33) of the 
pinion and gear related with the normal unit vector of 
generating surface (6) by formulas 
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Derivatives of projections of the normal unit vector of 
the teeth surfaces can be determined by derivatives of the 
normal unit vector (13) of the generating surface (6), which 
are equal to 
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Substituting (44) and (45) into (42) and (43) respec-
tively, we obtain the necessary derivatives of orts 
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After the corresponding substitution (40), (41) and 
(46), (47) into (38) and (39) for the teeth surfaces of the 
pinion and gear we obtain: 

– the coefficients of the first quadratic forms 
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– the coefficients of the second quadratic forms 
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Conclusions: 
1. The fundamentals of the mathematical model of 

spur gears with teeth which are formed by a hyperbolic 
basic rack are developed. For such transmission, the gen-
erating surface is mathematically described with the defi-
nition of its basic geometric characteristics; the gearing of 
this surface with the machined teeth is investigated; the 
equation of these teeth surfaces is obtained, as well as the 
basic geometrical characteristics of these surfaces. The 
obtained equations also allow to determine the boundaries 
of the contact zone, the control dimensions of the teeth 
and to set limitations at the design stage. 

2. Using the results obtained in the article, in the 
following it is possible to determine all geometric charac-
teristics of the surfaces of the pinion and gears (for exam-
ple, the curvature of the teeth surfaces in any given direc-
tion etc.). These characteristics are the basis for determin-
ing the performance indicators of transmission, whose 
teeth are generating by a hyperbolic basic rack. The com-
parative analysis of such transmissions can be carried out 
not only with traditional, but also with other types of gear-
ings with the use of these indicators. 
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